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1 Basic integrals 11

1 Basic integrals
∫

dx =
∫

1 dx = x+ c, for x∈R (i.e. f(x) = 1, x∈R). [c = constant]∫
xa dx = xa+1

a+1 + c, for a∈R, a 6= −1, x∈R− {0}.∫
dx
x = ln |x|+ c, for x∈R− {0}.∫

f ′(x)
f(x) dx = ln |f(x)|+ c, for f(x) 6=0, x∈D(f).∫

eax dx = eax
a + c, for a∈R, a 6= 0, x∈R,

∫
ex dx = ex + c.∫

ax dx = ax

ln a + c, for a > 0, a 6= 1, x∈R,
∫

ex dx = ex
ln e + c = ex + c.∫

sin axdx = − cos ax
a + c, for a∈R, a 6= 0, x∈R,

∫
sin x dx = − cosx+ c.∫

cos axdx = sin ax
a + c, for a∈R, a 6= 0, x∈R,

∫
cosxdx = sin x+ c.∫

dx
cos2 ax = tg ax

a + c, for a∈R, a 6= 0, x∈R−
{

(2k + 1)π2 ; k∈Z
}
,

∫
dx

cos2 x = tg x+ c.∫
dx

sin2 ax = − cotg ax
a + c, for a∈R, a 6= 0, x∈R− {kπ ; k∈Z},

∫
dx

sin2 x = − cotg x+ c.∫
dx√
a2−x2 = arcsin x

a + c = − arccos xa + c, for a > 0, x∈(−a ; a).∫ √
a2−x2 dx = x

√
a2−x2

2 + a2

2

∫
dx√
a2−x2 , for a > 0, x∈(−a ; a).∫

dx√
x2−a2 = ln

∣∣x+
√
x2 − a2

∣∣+ c, for a > 0, x∈(−∞ ; −a) ∪ (a ; ∞).∫ √
x2−a2 dx = x

√
x2−a2

2 − a2

2

∫
dx√
x2−a2 , for a > 0, x∈(−∞ ; −a) ∪ (a ; ∞).∫

dx√
x2+a2 = ln

(
x+
√
x2 + a2

)
+ c, for a > 0, x∈R.∫ √

x2+a2 dx = x
√
x2+a2

2 + a2

2

∫
dx√
x2+a2 , for a > 0, x∈R.∫

dx
x2+a2 = 1

a arctg x
a + c− 1

a arccotg x
a + c, for a > 0, x∈R.∫

dx
x2−a2 =

∫
1

2a

[
1

x−a −
1

x+a

]
dx = 1

2a ln
∣∣x−a
x+a

∣∣+ c, for a > 0, x∈R− {±a}.∫
sinh ax dx = cosh ax

a + c, for a∈R, a 6= 0, x∈R,
∫

sinh xdx = cosh x+ c.∫
cosh ax dx = sinh ax

a + c, for a∈R, a 6= 0, x∈R,
∫

cosh xdx = sinh x+ c.∫
dx

cosh2 ax
= tgh ax

a + c, for a∈R, a 6= 0, x∈R,
∫

dx
cosh2 x

= tgh x+ c.∫
dx

sinh2 ax
= − cotgh ax

a + c, for a∈R, a 6= 0, x∈R− {0},
∫

dx
sinh2 x

= − cotgh x+ c.
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2 Basic integrals — Appendix 12

2 Basic integrals — Appendix

∫
dx√

a2−b2x2 =
∫

dx
b
√

a2
b2 −x2

= 1
b arcsin bx

a + c = − 1
b arccos bxa + c,

for a > 0, b > 0, x∈
(
−ab ; ab

)
.

∫
dx√

b2x2−a2 =
∫

dx
b
√
x2− a2

b2

= 1
b ln

∣∣∣x+
√
x2 − a2

b2

∣∣∣+ c1 = 1
b ln

∣∣∣ bx+
√
b2x2−a2

b

∣∣∣+ c1

= 1
b ln

∣∣bx+
√
b2x2 − a2

∣∣− 1
b ln |b|+ c1 = 1

b ln
∣∣bx+

√
b2x2 − a2

∣∣+ c,
for a > 0, b > 0, x∈

(
−∞ ; −ab

)
∪
(
a
b ; ∞

)
.

∫
dx√

b2x2+a2 =
∫

dx
b
√
x2+ a2

b2

= 1
b ln

(
x+

√
x2 + a2

b2

)
+ c1 = 1

b ln
(
bx+
√
b2x2+a2

b

)
+ c1

= 1
b ln

(
bx+

√
b2x2 + a2

)
− 1

b ln |b|+ c1 = 1
b ln

(
bx+

√
b2x2 + a2

)
+ c,

for a > 0, b > 0, x∈R.

∫
dx√

−x2+qx+r
=
[
−x2+qx+r = −(x2−qx−r) = −[(x− q

2 )2−r− q2

4 ] = − (2x−q)2

4 + 4r+q2

4

]
= arcsin 2x−q√

4r+q2
+ c = − arccos 2x−q√

4r+q2
+ c, for q, r∈R, 4r+q2>0, x∈R.

∫
dx√

x2+qx+r
=
[
x2 + qx+ r = (x+ q

2 )2 + r − q2

4 = (2x+q)2

4 + 4r−q2

4

x+ q
2 +
√
x2 + qx+ r = 2x+q+2

√
x2+qx+r

2

]
= ln

(
2x+q + 2

√
x2+qx+r

)
+ c, for q, r∈R, 4r−q2>0, x∈R,

= ln |2x+q|+ c, for q, r∈R, 4r−q2 =0, x∈R−
{
− q2
}
,

= ln |2x+q+2
√
x2+qx+r|+ c, for q, r∈R, 4r−q2<0, x∈R, x2+qx+r > 0.

∫
dx

b2x2+a2 = 1
b2

∫
dx

x2+ a2
b2

= 1
b2
b
a arctg bx

a + c = 1
ab arctg bx

a + c

= − 1
b2
b
a arccotg bx

a + c = − 1
ab arccotg bx

a + c, for a > 0, b > 0, x∈R.

∫
dx

b2x2−a2 = 1
b2

∫
dx

x2− a2
b2

= 1
b2

b
2a ln

∣∣∣x− abx+ a
b

∣∣∣+ c = 1
2ab ln

∣∣∣ bx−abx+a

∣∣∣+ c,

for a > 0, b > 0, x∈R−
{
±ab
}
.

∫
dx

a2−b2x2 = −
∫

dx
b2x2−a2 = − 1

2ab ln
∣∣∣ bx−abx+a

∣∣∣+ c = 1
2ab ln

∣∣∣ bx+a
bx−a

∣∣∣+ c,

for a > 0, b > 0, x∈R−
{
±ab
}
.
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3 Substitution 13

3 Substitution
Theorem.

f(x)∈C(I), x = ϕ(t), t∈J, ϕ(I) ⊂ I, ϕ′(t)∈C(J) =⇒
∀t∈J :

∫
f(x) dx =

∫
f [ϕ(t)] dϕ(t) =

∫
f [ϕ(t)]ϕ′(t) dt.

∫ √
1− x2 dx =

[
x = sin t, t = arcsinx, dx = cos tdt, x∈(−1 ; 1) , t∈

(
−π2 ; π2

)
√

1− x2 =
√

1− sin2 t =
√

cos2 t = |cos t| = cos t

]
=
∫

cos2 tdt

=
∫

1+cos 2t
2 dt = t

2 + sin 2t
4 + c = t

2 + 2 sin t cos t
4 + c = arcsin x

2 + x
√

1−x2

2 + c,
for x∈(−1 ; 1).

∫
sin3 t cos tdt =

[
x = sin t

dx = cos t dt

]
=
∫
x3 dx = x4

4 + c = sin4 t
4 + c, for t∈R.

∫
dx√

x+1+ 3√x+1 =
∫

dx
( 6√x+1)3+( 6√x+1)2 =

[ 6√x+ 1 = t

x+ 1 = t6, dx = 6t5 dt

]
=
∫

6t5 dt
t3+t2 = 6

∫
t3 dt
t+1

= 6
∫
t3+t2−t2−t+t+1−1

t+1 dt = 6
∫ [

t3+t2
t+1 −

t2+t
t+1 + t+1

t+1 −
1
t+1

]
dt

= 6
[
t3

3 −
t2

2 + t− ln |t+ 1|
]

+ c

= 2
(

6
√
x+ 1

)3 − 3
(

6
√
x+ 1

)2 + 6 6
√
x+ 1− 6 ln

∣∣1 + 6
√
x+ 1

∣∣+ c

= 2
√
x+ 1− 3 3

√
x+ 1 + 6 6

√
x+ 1− 6 ln

∣∣1 + 6
√
x+ 1

∣∣+ c, for x > −1.

∫
dx√

5+4 ex =
[

ex = t, t > 0
x = ln t, dx = dt

t

]
=
∫

dt
t
√

5+4t =
[

4t = u2

4 dt = 2udu

]
=
∫

4
u2
√

5+u2
u du

2

= 2
∫

du
u
√

5+u2 =
[
u =

√
5
v
, du = −

√
5 dv
v2 , u > 0, v > 0

√
5 + u2 =

√
5 + 5

v2 =
√

5
v

√
v2 + 1

]
= 2
∫

v√
5

v√
5
√
v2+1

−
√

5 dv
v2

= − 2√
5

∫
dv√
v2+1 = − 2√

5 ln
(
v +
√
v2 + 1

)
+ c1 = − 2√

5 ln
(√

5
u +

√
5
u2 + 1

)
+ c1

= − 2√
5 ln

(√
5
u +

√
5+u2

u

)
+ c1 = − 2√

5 ln
√

5+
√

5+u2

u + c1

= 2√
5

[
ln u− ln

(√
5 +
√

5 + u2
)]

+ c1 = 2√
5

[
ln (4t) 1

2 − ln
(√

5 +
√

5 + 4t
)]

+ c1

= 2√
5

[ 1
2 ln (4 ex)− ln

(√
5 +
√

5 + 4 ex
)]

+ c1

= 2√
5

[ 1
2 ln 4 + 1

2 ln ex − ln
(√

5 +
√

5 + 4 ex
)]

+ c1

= ln 4√
5 + x√

5 −
2√
5 ln

(√
5 +
√

5 + 4 ex
)

+ c1 = x√
5 −

2√
5 ln

(√
5 +
√

5 + 4 ex
)

+ c,
for x∈R.
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3 Substitution 14

∫
f
(
x, m
√

ax+b
cx+d

)
dx for ad− bc 6=0[

Substitution t = m

√
ax+b
cx+d

]
=⇒ tm = ax+b

cx+d , x = dtm−b
a−ctm , dx = mtm−1(ad−bc)

(a−ctm)2 dt

∫ √
1−
√
x√

1+
√
x

dx =
∫ √

1−
√
x√

1+
√
x
·
√

1−
√
x√

1−
√
x

dx =
∫

1−
√
x√

1−x dx =
∫

dx√
1−x −

∫ √
x√

1−x dx

=
[

1− x = u x
1−x = t2, x = t2 − xt2, x = t2

1+t2

dx = − du dx = 2t(1+t2)−t2·2t
(1+t2)2 dt = 2t dt

(1+t2)2

]
=
∫

(1− x)− 1
2 dx−

∫ √
x

1−x dx

= −
∫
u−

1
2 du−

∫
t·2t dt

(1+t2)2 = −u
1
2

1
2
− 2
∫

t2 dt
(1+t2)2 = −2

√
u− 2

∫
1+t2−1
(1+t2)2 dt

= −2
√

1−x− 2
∫ [

1
1+t2 −

1
(1+t2)2

]
dt = −2

√
1−x− 2

[
arctg t− 1

2 arctg t− 1
2

t
t2+1

]
+ c

=
[

t2 + 1 = x
1−x + 1 = x+1−x

1−x = 1
1−x

t
t2+1 = (1− x)

√
x

1−x =
√

(1− x)x =
√
x− x2

]
= −2

√
1−x− arctg t+ t

t2+1 + c

= −2
√

1− x− arctg
√

x
1−x +

√
x− x2 + c, for x∈〈0 ; 1).

∫
f(x,

√
ax2 + bx+ c) dx for a 6=0 [Euler substitutions . . . ES][

1st ES
√
ax2 + bx+ c = t± x

√
a for a > 0

]
t =
√
ax2 + bx+ c∓ x

√
a,

ax2 + bx+ c = t2 ± 2tx
√
a+ ax2, x = t2−c

b∓2t
√
a
, dx = 2∓t

2√a+tb∓c
√
a

(b∓2t
√
a)2 dt

[
2nd ES

√
ax2 + bx+ c = xt±

√
c for c > 0

]
t =

√
ax2+bx+c∓

√
c

x ,
ax2 + bx+ c = x2t2 ± 2tx

√
c+ c, x = ±2t

√
c−b

a−t2 (x 6=0), dx = 2±t
2√c−tb±a

√
c

(a−t2)2 dt

[
3rd ES t =

√
ax−u
x−v for u, v real roots of the ax2+bx+c=0

]
x = vt2−au

t2−a , dx = 2ta(u−v)
(t2−a)2 dt

∫
dx√
x2+a2 =

 1st ES
√
x2+a2 = t−x, x2+a2 = t2−2tx+x2, 2tx = t2−a2, x = t2−a2

2t
√
x2 + a2 = t− t2−a2

2t = t2+a2

2t , dx = 2t·2t−2(t2−a2)
4t2 dt = 2t2+2a2

4t2 dt = t2+a2

2t2 dt
√
a2+x2 >

√
x2 ≥ x,

√
a2+x2−x > 0, ln

∣∣x+
√
a2+x2

∣∣ = ln
(
x+
√
a2+x2

)


=
∫

2t
t2+a2

t2+a2

2t2 dt =
∫

dt
t = ln |t|+ c = ln

∣∣x+
√
x2 + a2

∣∣+ c

= ln
(
x+
√
x2 + a2

)
+ c, for a∈R, x∈R.
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3 Substitution 15

∫
dx√
a2−x2 =

[ √
a2 − x2 = xt+ a, a2 − x2 = x2t2 + 2txa+ a2, x = −2ta

t2+1 , x 6=0, t =
√
a2−x2−a

x

2nd ES
√
a2−x2 = −2t2a

t2+1 +a = a(1−t2)
t2+1 , dx = −2a(t2+1)+2ta·2t

(t2+1)2 dt = 2a(t2−1)
(t2+1)2 dt

]
=
∫

t2+1
a(1−t2)

2a(t2−1)
(t2+1)2 dt = −2

∫
dt
t2+1 = −2 arctg t+ c = −2 arctg

√
a2−x2−a

x + c,
for a > 0, x∈(−a ; a)− {0}.

∫
dx√
x(1−x)

=
[

x(1−x)=x−x2>0, x∈(0 ; 1) , t=
√

x
1−x >0, t2 = x

1−x , t
2−t2x=x, x= t2

t2+1

3rd ES dx = 2t(t2+1)−t2·2t
(t2+1)2 dt = 2t dt

(t2+1)2 , x(1−x) = t2

t2+1

(
1− t2

t2+1

)
= t2

(t2+1)2

]
=
∫
t2+1
t

2t dt
(t2+1)2 =

∫
2 dt
t2+1 = 2 arctg t+ c = 2 arctg

√
x

1−x + c, for x∈(0 ; 1).

∫
f(sin x, cosx) dx [Universal trig substitution . . . UTS][
UTS t = tg x

2 , x = 2 arctg t, x∈(−π + 2kπ ; π + 2kπ) , k∈Z, t∈R
]

dx = 2 dt
t2+1 ,

sin x =
[

2 sin x
2 cos x2 = 2 sin x

2 cos x2
sin2 x

2 +cos2 x
2

= 2 sin x
2 cos x2

sin2 x
2 +cos2 x

2
· cos−2 x

2
cos−2 x

2
= 2 tg x2

tg2 x
2 +1

]
= 2t

t2+1

cosx =
[

cos2 x
2 − sin2 x

2 = cos2 x
2−sin2 x

2
sin2 x

2 +cos2 x
2

= cos2 x
2−sin2 x

2
sin2 x

2 +cos2 x
2
· cos−2 x

2
cos−2 x

2
= 1−tg2 x

2
tg2 x

2 +1

]
= 1−t2

t2+1

∫
dx

cos x =
[
t = tg x

2 , dx = 2 dt
1+t2 , cosx = 1−t2

1+t2

]
=
∫

1+t2
1−t2

2 dt
1+t2 =

∫
2 dt

1−t2 = −
∫

2 dt
t2−1

= − 2
2 ln

∣∣∣ t−1
t+1

∣∣∣+ c = ln
∣∣∣ t+1
t−1

∣∣∣+ c = ln
∣∣∣ tg x

2 +1
tg x

2−1

∣∣∣+ c, for x∈R−
{

(2k + 1)π2 ; k∈Z
}
.

∫
dx

1+cos x =
[
t = tg x

2 , dx = 2 dt
1+t2 , 1 + cosx = 1 + 1−t2

1+t2 = 2
1+t2

]
=
∫

1+t2
2

2 dt
1+t2 =

∫
dt = t+ c

= tg x
2 + c, for x∈R− {π + 2kπ ; k∈Z}.

∫
dx

sin x =
[
t = tg x

2 , dx = 2 dt
1+t2 , sinx = 2t

1+t2
]

=
∫

1+t2
2t

2 dt
1+t2 =

∫
dt
t = ln |t|+ c

= ln
∣∣tg x

2
∣∣+ c, for x∈R− {kπ ; k∈Z}.

∫
dx

1+sin x =
[
t = tg x

2 , dx = 2 dt
1+t2 , 1 + sinx = 1 + 2t

1+t2 = 1+2t+t2
1+t2

]
=
∫

1+t2
(1+t)2

2 dt
1+t2 =

∫
2 dt

(1+t)2

=
[

1 + t = u
dt = du

]
= 2
∫

du
u2 = 2

∫
u−2 du = 2u

−1

−1 + c = c− 2
t+1 = c− 2

tg x
2 +1 ,

for x∈R−
{
π
2 + kπ ; k∈Z

}
.
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3 Substitution 16

∫
f(sin x, cosx) dx [Universal hyperbolic substitution . . . UHS][
UHS t = tgh x

2 , x = 2 argtgh t = 1
2 ln 1+t

1−t , x∈R, t∈(−1 ; 1)
]

dt = dx
2 cosh2 x

2
,

dx =
[

2 cosh2 x
2 dt = 2 cosh2 x

2 dt
cosh2 x

2−sinh2 x
2

= 2 cosh2 x
2 dt

cosh2 x
2−sinh2 x

2
· cos−2 x

2
cos−2 x

2
= 2 dt

1−tg2 x
2

]
= 2 dt

1−t2

sinh x =
[

2 sinh x
2 cosh x

2 = 2 sinh x
2 cosh x

2
cosh2 x

2−sinh2 x
2

= 2 sinh x
2 cosh x

2
cosh2 x

2−sinh2 x
2
· cosh−2 x

2
cosh−2 x

2
= 2 tgh x

2
1−tgh2 x

2

]
= 2t

1−t2

cosh x =
[

cosh2 x
2 + sinh2 x

2 = cosh2 x
2 +sinh2 x

2
cosh2 x

2−sinh2 x
2

= cosh2 x
2 +sinh2 x

2
cosh2 x

2−sinh2 x
2
· cosh−2 x

2
cosh−2 x

2
= 1+tg2 x

2
1−tg2 x

2

]
= 1+t2

1−t2

∫
dx

sinh x =
[
t = tgh x

2 , dx = 2 dt
1−t2 , x∈R−{0}

sinhx = 2t
1−t2 , t∈(−1 ; 1)−{0}

]
=
∫

1−t2
2t

2 dt
1−t2 =

∫
dt
t = ln |t|+ c

= ln
∣∣tgh x

2
∣∣+ c, for x∈R− {0}.

∫
dx

1+sinh x =
[

t = tgh x
2 , sinhx = 2t

1−t2

dx = 2 dt
1−t2 , x∈R, t∈(−1 ; 1)

]
=
∫

2 dt
1−t2

1+ 2t
1−t2

=
∫

2 dt
1−t2

1−t2+2t
1−t2

= −
∫

2 dt
t2−2t−1

= −
∫

2 dt
(t−1)2−2 = − 2

2
√

2 ln
∣∣∣ t−1−

√
2

t−1+
√

2

∣∣∣+ c = −
√

2
2 ln

∣∣∣ tgh x
2−1−

√
2

tgh x
2−1+

√
2

∣∣∣+ c,
for x∈R, sinh x 6=0.

∫
dx

cosh x =
[
t = tgh x

2 , dx = 2 dt
1−t2 , x∈R

coshx = 1+t2
1−t2 , t∈(−1 ; 1)

]
=
∫

1−t2
1+t2

2 dt
1−t2 =

∫
2 dt

1+t2 = 2 arctg t+ c

= 2 arctg tgh x
2 + c, for x∈R.

∫
dx

1+cosh x =
[

t = tgh x
2 , coshx = 1+t2

1−t2

dx = 2 dt
1−t2 , x∈R, t∈(−1 ; 1)

]
=
∫

2 dt
1−t2

1+ 1+t2
1−t2

=
∫

2 dt
1−t2

2
1−t2

=
∫

dt = t+ c

= tgh x
2 + c, for x∈R.

∫
dx

1+cosh x =
[ 1

cosh x+1
cosh x−1
cosh x−1 = cosh x−1

cosh2 x−1 = cosh x−1
sinh2 x

]
=
∫

cosh x dx
sinh2 x

−
∫

dx
sinh2 x

=
[

t = sinhx x < 0⇒ t < 0
dt = coshxdx x > 0⇒ t > 0

]
=
∫

dt
t2 − cotgh x = 1

−t − cotgh x+ c

= − 1
t − cotgh x+ c = − 1

sinh x −
cosh x
sinh x + c = − 1+cosh x

sinh x + c, for x∈R−{0}.

∫
dx

1+cosh x =
∫

dx
2 cosh2 x

2
=
[
t = x

2 , x∈R
dt = dx

2 , t∈R

]
=
∫

dt
cosh2 t

= tgh t+ c = tgh x
2 + c, for x∈R.

∫
dx

1+cosh x =
∫

dx
1+ ex + e−x

2
=
∫

2 dx
2+ex + e−x =

[
t = ex, x = ln t, dx = dt

t

e−x = 1
t
, x∈R, t∈(0 ; ∞)

]
=
∫

2 dt
t(2+t+ 1

t )

=
∫

2 dt
t2+2t+1 =

∫
2 dt

(t+1)2 =
∫

2(t+1)−2 dt = 2 (t+1)−1

−1 + c = − 2
ex +1 + c, for x∈R.
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4 Integration by parts (per partes) 17

4 Integration by parts (per partes)

Theorem.

Let f, g be functions differentiable on an interval I.
Then fg′ is integrable on I if and only if f ′g is integrable on I, and

∀x∈I :
∫
f ′(x)g(x) dx = f(x)g(x)−

∫
f(x)g′(x) dx.

∫
(x+ 1) ex dx =

[
u =x+ 1 u′= 1
v′= ex v = ex

]
= (x+ 1) ex−

∫
ex dx = (x+ 1) ex− ex +c

= x ex +c, for x∈R.

∫
arctg xdx =

[
u′= 1 u =x
v = arctg x v′= 1

1+x2

]
= x arctg x−

∫
x

1+x2 dx = x arctg x− 1
2

∫
2x

1+x2 dx

= x arctg x− 1
2 ln

∣∣1 + x2
∣∣+ c = x arctg x− 1

2 ln
(
1 + x2)+ c

= x arctg x− ln
√

1 + x2 + c, for x∈R.

∫
x arctg xdx =

[
u′=x u = x2

2
v = arctg x v′= 1

1+x2

]
= x2

2 arctg x− 1
2

∫
x2 dx
1+x2

= x2

2 arctg x− 1
2

∫
(1+x2−1) dx

1+x2 = x2

2 arctg x− 1
2

∫
dx+ 1

2

∫
dx

1+x2

= x2

2 arctg x− x
2 + 1

2 arctg x+ c =
(
x2

2 + 1
2
)

arctg x− x
2 + c, for x∈R.

∫
ln xdx =

[
u = lnx u′= 1

x
v′= 1 v =x

]
= x ln x−

∫
x
x dx = x ln x−

∫
dx = x ln x− x+ c,

for x > 0.

∫
x ln xdx =

[
u = lnx u′= 1

x

v′=x v = x2

2

]
= x2

2 ln x−
∫
x2

2
1
x dx = x2

2 ln x−
∫
x
2 dx

= x2

2 ln x− 1
2 ·

x2

2 dx = x2

2 ln x− x2

4 + c, for x > 0.

∫
xn ln xdx =

[
u = lnx u′= 1

x

v′=xn v = xn+1

n+1

]
= xn+1

n+1 ln x−
∫
xn+1

n+1
1
x dx = xn+1

n+1 ln x− 1
n+1

∫
xn dx

= xn+1

n+1 ln x− 1
n+1 ·

xn+1

n+1 = xn+1

n+1 ln x− xn+1

(n+1)2 + c, for x > 0, n∈N .

∫
ln x√
x

dx =
[
u = lnx u′= 1

x

v′=x−
1
2 v = 2x

1
2

]
= 2
√
x ln x− 2

∫
x

1
2
x dx = 2

√
x ln x− 2

∫
x−

1
2 dx

= 2
√
x ln x− 2 · 2x 1

2 + c = 2
√
x ln x− 4

√
x+ c, for x > 0.
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4 Integration by parts (per partes) 18

∫
x ln2 xdx =

[
u = ln2 x u′= 2 ln x

x

v′=x v = x2

2

]
= x2

2 ln2 x−
∫
x2

2
2 ln x
x dx = x2

2 ln2 x−
∫
x ln xdx

=
[
u = lnx u′= 1

x

v′=x v = x2

2

]
= x2

2 ln2 x−
[
x2

2 ln x−
∫
x2

2
1
x dx

]
= x2

2 ln2 x− x2

2 ln x+
∫
x dx

2

= x2

2 ln2 x− x2

2 ln x+ x2

4 + c, for x > 0.

In =
∫

sinn xdx =
∫

sin x sinn−1 xdx =
[
u = sinn−1 x u′= (n−1) sinn−2 x cosx
v′= sinx v =− cosx

]
= − cosx sinn−1 x+ (n−1)

∫
sinn−2 x cos2 xdx

= − cosx sinn−1 x+ (n−1)
∫

sinn−2 x(1−sin2 x) dx

= − cosx sinn−1 x+ (n−1)
∫

sinn−2 xdx− (n−1)
∫

sinn xdx

=
[

Equation In = − cosx sinn−1 x+ (n−1)In−2 − (n−1)In
⇒ In + (n−1)In = − cosx sinn−1 x+ (n−1)In−2 ⇒ In = − cos x sinn−1 x

n
+ n−1

n
In−2

]
= − cos x sinn−1 x

n + n−1
n

∫
sinn−2 xdx, for x∈R, n = 3, 4, 5, . . . .

I1 =
∫

sin xdx = − cosx+ c, for x∈R.

I2 =
∫

sin2 xdx =
∫

1−cos 2x
2 dx = x

2 −
sin 2x

4 + c, for x∈R.

In =
∫

cosn xdx =
∫

cosx cosn−1 x dx =
[
u = cosn−1 x u′=−(n−1) cosn−2 x sinx
v′= cosx v = sinx

]
= sin x cosn−1 x+ (n−1)

∫
cosn−2 x sin2 xdx

= sin x cosn−1 x+ (n−1)
∫

cosn−2 x(1−cos2 x) dx =

= sin x cosn−1 x+ (n−1)
∫

cosn−2 xdx− (n−1)
∫

cosn xdx

=
[

Equation In = sinx cosn−1 x+ (n−1)In−2 − (n−1)In
⇒ In + (n−1)In = sinx cosn−1 x+ (n−1)In−2 ⇒ In = sin x cosn−1 x

n
+ n−1

n
In−2

]
= sin x cosn−1 x

n + n−1
n

∫
cosn−2 x dx, for x∈R, n = 3, 4, 5, . . . .

I1 =
∫

cosxdx = sin x+ c, for x∈R.

I2 =
∫

cos2 x dx =
∫

1+cos 2x
2 dx = x

2 + sin 2x
4 + c, for x∈R.
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5 Partial fractions

∫
dx

(x−a)n =
[
x−a = t
dx = du

]
=
∫

dt
tn

=


∫

dt
t = ln |t|+ c = ln |x−a|+ c, for a∈R, x∈R− {a} , n = 1,∫
t−n dt = t1−n

1−n + c = (x−a)1−n

1−n + c, for a∈R, x∈R− {a} , n=2, 3, 4, . . . .

∫
dx

(x+1)n dx =
[
x+ 1 = t
dx = dt

]
=
∫
t−n dt = t1−n

1−n + c = (x+1)1−n

1−n + c = 1
(1−n)(x+1)n−1 + c,

for n = 2, 3, 4, . . . , x∈R− {−1}.

∫
dx

(x−1)n dx =
[
x− 1 = t
dx = dt

]
=
∫
t−n dt = t1−n

1−n + c = (x−1)1−n

1−n + c = 1
(1−n)(x−1)n−1 + c,

for n = 2, 3, 4, . . . , x∈R− {1}.

∫
dx

x2−a2 =
∫

1
2a

[
1

x−a −
1

x+a

]
dx = 1

2a ln
∣∣x−a
x+a

∣∣+ c, for a > 0, x∈R− {±a}.

∫
dx

x2+a2 = 1
a arctg x

a + c = − 1
a arccotg x

a + c, for a > 0, x∈R.

∫
dx
x2+b =


1√
b

arctg x√
b

+ c = − 1√
b

arccotg x√
b

+ c, for b > 0, x∈R,

1
2
√
−b ln

∣∣∣x−√−b
x+
√
−b

∣∣∣+ c, for b < 0, x∈R− {±
√
−b}.

∫
dx

x2+ax+b =
[

x2 + ax+ b = (x+ a
2 )2 + b− a2

4
t=x+ a

2 , dt=dx, α2 =±(b− a2

4 ), α≥0

]
=
∫

dt
t2±α2

=



∫
dt

t2−α2 = 1
2α ln

∣∣ t−α
t+α
∣∣+ c = 1

2α ln
∣∣∣∣x+ a

2−
√

a2
4 −b

x+ a
2 +
√

a2
4 −b

∣∣∣∣+ c, for 4b−a2<0,∫
dt
t2 = t−2+1

−2+1 + c = − 1
t + c = − 1

x+ a
2

+ c, for 4b−a2 =0,∫
dt

t2+α2 = 1
α arctg t

α+c= 1√
b− a2

4

arctg x+ a
2√

b− a2
4

+c, for 4b−a2>0,

for a, b∈R, x∈R, x2+ax+b 6=0.
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In=
∫

dx
(x2±a2)n = 1

±a2

∫
±a2 dx

(x2±a2)n = 1
±a2

∫
x2±a2−x2

(x2±a2)n dx

= 1
±a2

∫
x2±a2

(x2±a2)n dx− 1
±a2

∫
x2 dx

(x2±a2)n = 1
±a2

∫
dx

(x2±a2)n−1 − 1
±2a2

∫
x·2x dt

(x2±a2)n

=
[
u =x u′= 1
v′= 2x

(x2±a2)n v = (x2±a2)1−n

1−n = 1
(1−n)(x2±a2)n−1

]
= 1
±a2

∫
dx

(x2±a2)n−1 − 1
±2a2

[
x

(1−n)(x2±a2)n−1 − 1
1−n

∫
dx

(x2±a2)n−1

]
= 1
±a2

∫
dx

(x2±a2)n−1 − x
±2a2(1−n)(x2±a2)n−1 + 1

±2a2
1

1−n

∫
dx

(x2±a2)n−1

= 1
±2a2

(
2+ 1

1−n
)∫ dx

(x2±a2)n−1 − x
±2a2(1−n)(x2±a2)n−1

= 3−2n
±2a2(1−n)

∫
dx

(x2±a2)n−1 − x
±2a2(1−n)(x2±a2)n−1

= 3−2n
±2a2(1−n)In−1 − x

±2a2(1−n)(x2±a2)n−1 , for a>0, n = 2, 3, 4, . . . , x∈R, x2 ± a2 6=0.

∫
dx

(x2−a2)n = 3−2n
2a2(n−1)

∫
dx

(x2−a2)n−1 − x
2a2(n−1)(x2−a2)n−1 ,

for a > 0, n = 2, 3, 4, . . . , x∈R−{±a}.∫
dx

(x2+a2)n = 3−2n
2a2(1−n)

∫
dx

(x2+a2)n−1 + x
2a2(n−1)(x2+a2)n−1 , for a > 0, n = 2, 3, 4, . . . , x∈R.

In=
∫

dx
(x2+ax+b)n =

[
x2 + ax+ b = (x+ a

2 )2 + b− a2

4
t=x+ a

2 , dt=dx, α2 =±(b− a2

4 ), α≥0

]
=
∫

dt
t2±α2

= 3−2n
±2α2(1−n)

∫
dt

(t2±α2)n−1 − t
±2α2(1−n)(t2±α2)n−1

= 3−2n
2(b− a2

4 )(1−n)

∫
dx

(x2+ax+b)n−1 −
x+ a

2
2(b− a2

4 )(1−n)(x2+ax+b)n−1

= 3−2n
2(b− a2

4 )(1−n)
In−1 −

x+ a
2

2(b− a2
4 )(1−n)(x2+ax+b)n−1 ,

for a, b∈R, n = 2, 3, 4, . . . , x∈R, x 6= −a±
√
a2−4b

2 .

∫
2x+a

(x2+ax+b)n dx =
[
x2+ax+b=u

(2x+a) dx=du

]
=
∫

du
un

=
{ln |u|+ c = ln

∣∣x2 + ax+ b
∣∣+ c, for n = 1,

u1−n

1−n +c= 1
(1−n)(x2+ax+b)n−1 +c, for n=2, 3, 4, . . . , a, b∈R, x∈R, x 6= −a±

√
a2−4b

2 .

∫
x+A

(x2+ax+b)n dx = 1
2

∫
2x+a+2A−a
(x2+ax+b)n dx = 1

2

∫
2x+a

(x2+ax+b)n dx+ 2A−a
2

∫
dx

(x2+ax+b)n

for n=2, 3, 4 . . . , a, b∈R, x∈R, x 6= −a±
√
a2−4b

2 .
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In=
∫

dx
(x2−a2)n = 3−2n

2a2(n−1)In−1− x
2a2(n−1)(x2−a2)n−1 ,

for a>0, n=2, 3, 4, . . . , x∈R−{±a}.

∫
dx

(x2−a2)2 = 3−2·2
2a2(2−1)

∫
dx

x2−a2 − x
2a2(2−1)(x2−a2) = −1

2a2

∫
dx

x2−a2− x
2a2(x2−a2)

= −1
2a2

1
2a ln

∣∣x−a
x+a

∣∣− x
2a2(x2−a2) + c = −1

4a3 ln
∣∣x−a
x+a

∣∣− x
2a2(x2−a2) + c,

for a > 0, x∈R− {±a}.

∫
dx

(x2−a2)3 = 3−2·3
2a2(3−1)

∫
dx

(x2−a2)2 − x
2a2(3−1)(x2−a2)2 = −3

4a2

∫
dx

(x2−a2)2 − x
4a2(x2−a2)2

= −3
4a2

[
−1
4a3 ln

∣∣x−a
x+a

∣∣− x
2a2(x2−a2)

]
− x

4a2(x2−a2)2

= 3
16a5 ln

∣∣x−a
x+a

∣∣+ 3x
8a4(x2−a2) −

x
4a2(x2−a2)2 + c, for a > 0, x∈R− {±a}.

∫
dx

(x2−a2)4 = 3−2·4
2a2(4−1)

∫
dx

(x2−a2)3 − x
2a2(4−1)(x2−a2)3 = −5

6a2

∫
dx

(x2−a2)3 − x
6a2(x2−a2)3

= −5
6a2

[
3

16a5 ln
∣∣x−a
x+a

∣∣+ 3x
8a4(x2−a2) −

x
4a2(x2−a2)2

]
− x

6a2(x2−a2)3

= −5
32a7 ln

∣∣x−a
x+a

∣∣− 5x
16a6(x2−a2) + 5x

24a4(x2−a2)2 − x
6a2(x2−a2)3 , for a > 0, x∈R− {±a}.

In =
∫

dx
(x2+a2)n = 3−2n

2a2(1−n)In−1 + x
2a2(n−1)(x2+a2)n−1 , for a > 0, n = 2, 3, 4, . . . , x∈R.

∫
dx

(x2+a2)2 = 3−2·2
2a2(1−2)

∫
dx

x2+a2 + x
2a2(2−1)(x2+a2) = 1

2a2

∫
dx

x2+a2 + x
2a2(x2+a2)

= 1
2a2

1
a arctg x

a + x
2a2(x2+a2) + c = 1

2a3 arctg x
a + x

2a2(x2+a2) + c, for a > 0, x∈R.

∫
dx

(x2+a2)3 = 3−2·3
2a2(1−3)

∫
dx

(x2+a2)2 + x
2a2(3−1)(x2+a2)2 = 3

4a2

∫
dx

(x2+a2)2 + x
4a2(x2+a2)2

= 3
4a2

[
1

2a3 arctg x
a + x

2a2(x2+a2)

]
+ x

4a2(x2+a2)2 + c

= 3
8a5 arctg x

a + 3x
8a4(x2+a2) + x

4a2(x2+a2)2 + c, for a > 0, x∈R.

∫
dx

(x2+a2)4 = 3−2·4
2a2(1−4)

∫
dx

(x2+a2)3 + x
2a2(4−1)(x2+a2)3 = 5

6a2

∫
dx

(x2+a2)3 + x
6a2(x2+a2)3

= 5
6a2

[
3

8a5 arctg x
a + 3x

8a4(x2+a2) + x
4a2(x2+a2)2

]
+ x

6a2(x2+a2)3 + c

= 5
16a7 arctg x

a + 5x
16a6(x2+a2) + 5x

24a4(x2+a2)2 + x
6a2(x2+a2)3 + c, for a > 0, x∈R.
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In=
∫

dx
(x2+1)n =

∫
x2+1−x2

(x2+1)n dx =
∫

x2+1
(x2+1)n dx−

∫
x2 dx

(x2+1)n =
∫

dx
(x2+1)n−1 − 1

2

∫
x·2x dt

(x2+1)n

=
[
u =x u′= 1
v′= 2x

(x2+1)n v = (x2+1)1−n

1−n = 1
(1−n)(x2+1)n−1

]
=
∫

dx
(x2+1)n−1 − 1

2

[
x

(1−n)(x2+1)n−1 − 1
1−n

∫
dx

(x2+1)n−1

]
=
∫

dx
(x2+1)n−1 − x

2(1−n)(x2+1)n−1 + 1
2(1−n)

∫
dx

(x2+1)n−1

=
(
1+ 1

2(1−n)
)∫ dx

(x2+1)n−1 − x
2(1−n)(x2+1)n−1 = 3−2n

2(1−n)

∫
dx

(x2+1)n−1 − x
2(1−n)(x2+1)n−1

= 3−2n
2(1−n)In−1 − x

2(1−n)(x2+1)n−1 , for n = 2, 3, 4, . . . , x∈R.

∫
dx

(x2+1)2 =
∫
x2+1−x2

(x2+1)2 dx =
∫

x2+1
(x2+1)2 dx−

∫
x2 dx

(x2+1)2 =
∫

dx
x2+1 −

1
2

∫
x·2x dt

(x2+1)2

=
[
u =x u′= 1
v′= 2x

(x2+1)2 v = (x2+1)1−2

1−2 = − 1
x2+1

]
=
∫

dx
x2+1 −

1
2

[
− x

x2+1 +
∫

dx
x2+1

]
= 1

2

∫
dx
x2+1 + 1

2
x

x2+1 = 1
2 arctg x+ x

2(x2+1) + c, for x∈R.

∫
x dx

(x2+1)n =
[
x2+1 = t
2xdx=dt

]
= 1

2

∫
dt
tn

=


1
2 |t|+c = 1

2 ln
∣∣x2+1

∣∣+c = 1
2 ln

(
x2+1

)
+c, for n = 1, x∈R,

1
2
t−n+1

−n+1 + c = 1
2(1−n)tn−1 + c = 1

2(1−n)(x2+1)n−1 + c, for n = 2, 3, 4, . . . , x∈R.

∫
dx

x2+4x+3 =
[
x2 + 4x+ 3 = (x+ 2)2 − 1

x+ 2 = t, dx = dt

]
=
∫

dt
t2−1 =

∫
dt

(t−1)(t+1) = 1
2

∫ [ 1
t−1 −

1
t+1
]

dx

= 1
2 ln

∣∣ t−1
t+1
∣∣+ c = 1

2 ln
∣∣x+1
x+3

∣∣+ c, for x∈R−{−1,−3}.∫
dx

x2+4x+3 =
[
x2 + 4x+ 3 = (x+ 3)(x+ 1)

1
(x+3)(x+1) = 1

2

[
1
x+1 −

1
x+3

] ] = 1
2

∫ [ 1
x+1 −

1
x+3

]
dx

= 1
2
[

ln |x+ 1| − ln |x+ 3|
]

= 1
2 ln

∣∣x+1
x+3

∣∣+ c, for x∈R−{−1,−3}.

∫
dx

x2+4x+2 =
[
x2 + 4x+ 2 = (x+ 2)2 − 2

x+ 2 = t, dx = dt

]
=
∫

dt
t2−2 = 1

2 ln
∣∣∣ t−√2
t+
√

2

∣∣∣+ c = 1
2 ln

∣∣∣x+2−
√

2
x+2+

√
2

∣∣∣+ c,

for x∈R−
{
−2±

√
2
}
.∫

dx
x2+4x+2 =

∫
dx

(x+2)2−2 = 1
2 ln

∣∣∣x+2−
√

2
x+2+

√
2

∣∣∣+ c, for x∈R−
{
−2±

√
2
}
.
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∫
dx

x2+4x+5 =
[
x2+4x+5=(x+2)2+1
x+ 2 = t, dx = dt

]
=
∫

dt
t2+1 = arctg t+ c = arctg (x+2) + c, for x∈R.

∫
dx

x2+4x+5 =
∫

dx
(x+2)2+1 = arctg (x+2) + c, for x∈R.

∫
dx

x2+4x+6 =
[
x2+4x+6=(x+2)2+2
x+ 2 = t, dx = dt

]
=
∫

dt
t2+2 = 1√

2 arctg t√
2 + c = 1√

2 arctg x+2√
2 + c,

for x∈R.∫
dx

x2+4x+6 =
∫

dt
(x+2)2+2 = 1√

2 arctg x+2√
2 + c, for x∈R.

∫
dx

(x2+4x+3)2 =
[
x2 + 4x+ 3 = (x+ 2)2 − 1 = t2 − 1

x+ 2 = t, dx = dt

]
=
∫

dt
(t2−1)2 = −

∫
− dt

(t2−1)2

= −
∫

(t2−1−t2) dt
(t2−1)2 = −

∫
dt
t2−1 +

∫
t2 dt

(t2−1)2 = −
∫

dt
t2−1 + 1

2

∫
t·2t dt

(t2−1)2

=
[
u = t u′= 1
v′= 2t

(t2−1)2 v = (t2−1)1−2

1−2 = − 1
t2−1

]
= −

∫
dt
t2−1 + 1

2

[
− t

t2−1 +
∫

dt
t2−1

]
= − 1

2

∫
dt
t2−1 −

1
2

t
t2−1 = − 1

2
1
2 ln

∣∣ t−1
t+1
∣∣− 1

2
t

t2−1 + c = − 1
4 ln

∣∣x+2−1
x+2+1

∣∣− 1
2

x+2
x2+4x+3 + c

= − 1
4 ln

∣∣x+1
x+3

∣∣− 1
2

x+2
x2+4x+3 + c, for x∈R−{−1,−3}.

∫
dx

(x2+4x+2)2 =
[
x2+4x+2 = (x+2)2−2 = t2−2

x+ 2 = t, dx = dt

]
=
∫

dt
(t2−2)2 = − 1

2

∫
−2 dt

(t2−2)2

= − 1
2

∫
(t2−2−t2) dt

(t2−2)2 = − 1
2

∫
dt
t2−2 + 1

2

∫
t2 dt

(t2−2)2 = − 1
2

∫
dt
t2−2 + 1

4

∫
t·2t dt

(t2−2)2

=
[
u = t u′= 1
v′= 2t

(t2−2)2 v = (t2−2)1−2

1−2 = − 1
t2−2

]
= − 1

2

∫
dt
t2−2 + 1

4

[
− t

t2−2 +
∫

dt
t2−2

]
= − 1

4

∫
dt
t2−2 −

1
4

t
t2−2 = − 1

4
1

2
√

2 ln
∣∣∣ t−√2
t+
√

2

∣∣∣− 1
4

t
t2−2 + c

= −
√

2
16 ln

∣∣∣x+2−
√

2
x+2+

√
2

∣∣∣− 1
4

x+2
x2+4x+3 + c, for x∈R−

{
−2±

√
2
}
.

∫
dx

(x2+4x+5)2 =
[
x2+4x+5=(x+2)2+1= t2+1

x+ 2 = t, dx = dt

]
=
∫

dt
(t2+1)2 =

∫
(t2+1−t2) dt

(t2+1)2

=
∫

dt
t2+1 −

∫
t2 dt

(t2+1)2 =
∫

dt
t2+1 −

1
2

∫
t·2t dt

(t2+1)2 =
[
u = t u′= 1
v′= 2t

(t2+1)2 v = (t2+1)1−2

1−2 = − 1
t2+1

]
=
∫

dt
t2+1 −

1
2

[
− t

t2+1 +
∫

dt
t2+1

]
= 1

2

∫
dt
t2+1 + 1

2
t

t2+1 = 1
2 arctg t+ 1

2
t

t2+1 + c

= 1
2 arctg (x+2) + 1

2
x+2

x2+4x+5 + c, for x∈R.
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∫
dx

(x2+4x+6)2 =
[
x2+4x+6=(x+2)2+2= t2+2

x+ 2 = t, dx = dt

]
=
∫

dt
(t2+2)2 = 1

2

∫
2 dt

(t2+2)2 = 1
2

∫
(t2+2−t2) dt

(t2+2)2

= 1
2

∫
dt
t2+2 −

1
2

∫
t2 dt

(t2+2)2 = 1
2

∫
dt
t2+2 −

1
4

∫
t·2t dt

(t2+2)2 =
[
u = t u′= 1
v′= 2t

(t2+2)2 v = (t2+2)1−2

1−2 = − 1
t2+2

]
= 1

2

∫
dt
t2+2 −

1
4

[
− t

t2+2 +
∫

dt
t2+2

]
= 1

4

∫
dt
t2+2 + 1

4
t

t2+2 = 1
4

1√
2 arctg t√

2 + 1
4

t
t2+2 + c

=
√

2
8 arctg x+2√

2 + 1
4

x+2
x2+4x+6 + c, for x∈R.

∫
dx

(x2+4x+2)3 =
[
x2+4x+2 = (x+2)2−2 = t2−2

x+ 2 = t, dx = dt

]
=
∫

dt
(t2−2)3 = − 1

2

∫
−2 dt

(t2−2)3

= − 1
2

∫
(t2−2−t2) dt

(t2−2)3 = − 1
2

∫
dt

(t2−2)2 + 1
2

∫
t2 dt

(t2−2)3 = − 1
2

∫
dt

(t2−2)2 + 1
4

∫
t·2t dt

(t2−2)3

=
[
u = t u′= 1
v′= 2t

(t2−2)3 v = (t2−2)1−3

1−3 = − 1
2(t2−2)2

]
= − 1

2

∫
dt

(t2−2)2 + 1
4

[
− t

2(t2−2)2 +
∫

dt
2(t2−2)2

]
= − 3

8

∫
dt

(t2−2)2 − 1
8

t
(t2−2)2 = 3

16

∫
−2 dt

(t2−2)2 − 1
8

t
(t2−2)2 = 3

16

∫
(t2−2−t2) dt

(t2−2)2 − 1
8

t
(t2−2)2

= 3
16

∫
dt
t2−2 −

3
16

∫
t2 dt

(t2−2)2 − 1
8

t
(t2−2)2 = 3

16

∫
dt
t2−2 −

3
32

∫
t·2t dt

(t2−2)2 − 1
8

t
(t2−2)2

=
[
u = t u′= 1
v′= 2t

(t2−2)2 v = (t2−2)1−2

1−2 = − 1
t2−2

]
= 3

16

∫
dt
t2−2 −

3
32

[
− t

t2−2 +
∫

dt
t2−2

]
− 1

8
t

(t2−2)2

= 3
32

∫
dt
t2−2 + 3

32
t

t2−2 −
1
8

t
(t2−2)2 = 3

32
1

2
√

2 ln
∣∣∣ t−√2
t+
√

2

∣∣∣+ 3
32

t
t2−2 −

1
8

t
(t2−2)2 + c

= 3
√

2
128 ln

∣∣∣x+2−
√

2
x+2+

√
2

∣∣∣+ 3
32

x+2
x2+4x+3 −

1
8

x+2
(x2+4x+3)2 + c, for x∈R−

{
−2±

√
2
}
.

∫
dx

(x2+4x+6)3 =
[
x2+4x+6=(x+2)2+2= t2+2

x+ 2 = t, dx = dt

]
=
∫

dt
(t2+2)3 = 1

2

∫
2 dt

(t2+2)3 = 1
2

∫
(t2+2−t2) dt

(t2+2)3

= 1
2

∫
dt

(t2+2)2 − 1
2

∫
t2 dt

(t2+2)3 = 1
2

∫
dt

(t2+2)2 − 1
4

∫
t·2t dt

(t2+2)3

=
[
u = t u′= 1
v′= 2t

(t2+2)3 v = (t2+2)1−3

1−3 = − 1
2(t2+2)2

]
= 1

2

∫
dt

(t2+2)2 − 1
4

[
− t

2(t2+2)2 +
∫

dt
2(t2+2)2

]
= 3

8

∫
dt

(t2+2)2 + 1
8

t
(t2+2)2 = 3

16

∫
2 dt

(t2+2)2 + 1
8

t
(t2+2)2 = 3

16

∫
(t2+2−t2) dt

(t2+2)2 + 1
8

t
(t2+2)2

= 3
16

∫
dt
t2+2 −

3
16

∫
t2 dt

(t2+2)2 + 1
8

t
(t2+2)2 = 3

16

∫
dt
t2+2 −

3
32

∫
t·2t dt

(t2+2)2 + 1
8

t
(t2+2)2

=
[
u = t u′= 1
v′= 2t

(t2+2)2 v = (t2+2)1−2

1−2 = − 1
t2+2

]
= 3

16

∫
dt
t2+2 −

3
32

[
− t

t2+2 +
∫

dt
t2+2

]
+ 1

8
t

(t2+2)2

= 3
32

∫
dt
t2+2 + 3

32
t

t2+2 + 1
8

t
(t2+2)2 = 3

32
1√
2 arctg t√

2 + 3
32

t
t2+2 + 1

8
t

(t2+2)2

= 3
√

2
64 arctg x+2√

2 + 3
32

x+2
x2+4x+3 + 1

8
x+2

(x2+4x+3)2 + c, for x∈R.
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6 Examples

∫ [√
x3 − 1√

x

]
dx =

∫ [
x

3
2 − x− 1

2

]
dx = 2

5x
5
2 − 2x 1

2 + c = 2
√
x5

5 − 2
√
x+ c, for x > 0.

∫
x(x−a)(x−b) dx =

∫ [
x3 − (a+ b)x2 + abx

]
dx = 1

4x
4 − a+b

3 x3 + ab
2 x

2 + c,
for a, b∈R, x∈R.

∫
eax dx = 1

a

∫
a eax dx =

[
ax= t
a dx=dt

]
= 1

a

∫
et dt = et

a +c = eax
a +c, for a∈R−{0}, x∈R.

∫
sinh2 xdx =

∫
(ex− e−x)2

4 dx = 1
4

∫ [
e2x−2 ex e−x + e−2x]dx = 1

4

[
e2x

2 − 2x+ e−2x

−2

]
+ c

= e2x

8 −
e−2x

8 − x
2 + c = sinh 2x

4 − x
2 + c, for x∈R.

∫
cosh2 xdx =

∫
(ex + e−x)2

4 dx = 1
4

∫ [
e2x +2 ex e−x + e−2x]dx

= 1
4

[
e2x

2 + 2x+ e−2x

−2

]
+ c = e2x

8 −
e−2x

8 + x
2 + c = sinh 2x

4 + x
2 + c, for x∈R.

∫
[tg x+ cotg x] dx =

∫ [ sin x
cos x + cos x

sin x
]

dx =
∫ [
−(cos x)′

cos x + (sin x)′
sin x

]
dx

= − ln |cosx|+ ln |sin x|+ c = ln
∣∣ sin x

cos x
∣∣+ c = ln |tg x|+ c, for x∈R−

{
kπ
2 ; k∈Z

}
.

∫
x dx
x2+a2 = 1

2

∫
2x dx
x2+a2 = 1

2 ln
∣∣x2 + a2

∣∣+ c = 1
2 ln

(
x2 + a2)+ c, for a∈R, a 6=0, x∈R.∫

x dx
x2−a2 = 1

2

∫
2x dx
x2−a2 = 1

2 ln
∣∣x2 − a2

∣∣+ c, for a∈R, a 6=0, x∈R−{±a}.∫
dx
x =

∫
x dx
x2−02 = 1

2 ln
∣∣x2 − 02

∣∣+ c = 1
2 ln |x|2 + c = ln |x|+ c, for a=0, x∈R−{0}.

∫
x dx

(x2−a)n = 1
2

∫
2x dx

(x2−a)n =
[
x2 − a = t
2xdx = dt

]
= 1

2

∫
dt
tn = 1

2

∫
t−n dt = t1−n

2(1−n) + c

= (x2−a)1−n

2(1−n) + c, for n∈N , a∈R−{0}, x∈R, x2−a 6=0.

∫
ln cos x
sin2 x dx =

[
u = ln cosx u′= − sin x

cos x

v′= 1
sin2 x

v =− cotg x = − cos x
sin x

]
= − cotg x ln cosx−

∫
dx

= − cotg x ln cosx− x+ c, for x
〈
−π2 + 2kπ ; 2kπ

)
∪
(
2kπ ; π2 + 2kπ

〉
, k∈Z.
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∫
dx
x6+1 =

[
1

x6+1 = Ax+B
x2+1 + Cx+D

x2−
√

3x+1
+ Ex+F
x2+
√

3x+1
A = 0, B = 1

3 , C = − 1
2
√

3
, D = 1

3 , E = 1
2
√

3
, F = 1

3

]
=
∫ [ 1

3
x2+1 +

− x

2
√

3
+ 1

3

x2−
√

3x+1 +
x

2
√

3
+ 1

3

x2+
√

3x+1

]
dx = 1

3

∫
dx
x2+1 + 1

2
√

3

∫ [
x+ 2

√
3

3
x2+
√

3x+1 −
x− 2

√
3

3
x2−
√

3x+1

]
dx

= 1
3 arctg x+ 1

4
√

3

∫ [
2x+ 4

√
3

3
x2+
√

3x+1 −
2x− 4

√
3

3
x2−
√

3x+1

]
dx

= 1
3 arctg x+ 1

4
√

3

∫ [
2x+ 4

√
3

3 +
√

3−
√

3
x2+
√

3x+1 − 2x− 4
√

3
3 −
√

3+
√

3
x2−
√

3x+1

]
dx

=
[
x2 ±

√
3x+ 1 =

(
x±

√
3

2

)2
+ 1− 3

4 =
(
x±

√
3

2

)2
+ 1

4 =
(
x±

√
3

2

)2
+
(

1
2

)2
> 0

]
= 1

3 arctg x+ 1
4
√

3

∫ [
2x+
√

3
x2+
√

3x+1 −
2x−
√

3
x2−
√

3x+1

]
dx+ 1

4
√

3

∫ [ √
3

3(
x+
√

3
2

)2
+ 1

4

− −
√

3
3(

x−
√

3
2

)2
+ 1

4

]
dx

= 1
3 arctg x+ 1

4
√

3

∫
(2x+

√
3) dx

x2+
√

3x+1 −
1

4
√

3

∫
(2x−

√
3) dx

x2−
√

3x+1 + 1
12

∫
dx(

x+
√

3
2

)2
+ 1

4

+ 1
12

∫
dx(

x−
√

3
2

)2
+ 1

4

=
[
x+

√
3

2 = t, dx = dt x−
√

3
2 = u, dx = du

]
= 1

3 arctg x+ 1
4
√

3 ln
∣∣x2+

√
3x+1

∣∣− 1
4
√

3 ln
∣∣x2−

√
3x+1

∣∣+ 1
12

∫
dt

t2+ 1
4

+ 1
12

∫
du

u2+ 1
4

= 1
3 arctg x+ 1

4
√

3 ln
(
x2+
√

3x+1
)
− 1

4
√

3 ln
(
x2−
√

3x+1
)
+ 2

12 arctg 2t+ 2
12 arctg 2u+c

= 1
3 arctg x+ 1

4
√

3 ln x2+
√

3x+1
x2−
√

3x+1 + 1
6 arctg

(
2x+
√

3
)

+ 1
6 arctg

(
2x−
√

3
)

+ c, for x∈R.

∫
x dx
x6+1 =

[
x2 = t

2xdx = dt

]
= 1

2

∫
dt
t3+1 = 1

2

∫
dt

(t+1)(t2−t+1) =
[ 1

t3+1 = A
t+1 + Bt+C

t2−t+1

A = 1
3 , B = − 1

3 , C = 2
3

]
= 1

2

∫ [ 1
3
t+1 + − t3 + 2

3
t2−t+1

]
dt = 1

6

∫
dt
t+1 −

1
6

∫
t−2

t2−t+1 dt = 1
6

∫
dt
t+1 −

1
12

∫
2t−4
t2−t+1 dt

= 1
6

∫
dt
t+1 −

1
12

∫
2t−1−3
t2−t+1 dt =

[
t2 − t+ 1 =

(
t− 1

2

)2
+ 1− 1

4 =
(
t− 1

2

)2
+ 3

4 > 0
]

= 1
6 ln |t+ 1| − 1

12

∫
2t−1
t2−t+1 dt+ 1

12

∫
3 dt

t2−t+1

= 1
12 ln (t+ 1)2 − 1

12 ln
∣∣t2 − t+ 1

∣∣+ 1
4

∫
dt

(t− 1
2 )2+ 3

4
=
[
t− 1

2 = z
dt = dz

]
= 1

12 ln (t+ 1)2 − 1
12 ln

(
t2 − t+ 1

)
+ 1

4

∫
dz

z2+ 3
4

= 1
12 ln (t+1)2

t2−t+1 + 1
4

2√
3 arctg 2z√

3 + c1

= 1
12 ln t2+2t+1

t2−t+1 + 1
2
√

3 arctg 2t−1√
3 +c1 = 1

12 ln x4+2x2+1
x4−x2+1 +

√
3

6 arctg 2x2−1√
3 +c1, for x∈R.

∫
x dx
x6+1 =

[
x

x6+1 = Ax+B
x2+1 + Cx+D

x2−
√

3x+1
+ Ex+F
x2+
√

3x+1
A= 1

3 , B=0, C=− 1
6 , D=

√
3

6 , E=− 1
6 , F =−

√
3

6

]
=
∫ [

x
3

x2+1 + − x6 +
√

3
6

x2−
√

3x+1 + − x6−
√

3
6

x2+
√

3x+1

]
dx = 1

6

∫
2x dx
x2+1 −

1
12

∫ [
2x−2

√
3

x2−
√

3x+1 + 2x+2
√

3
x2+
√

3x+1

]
dx

= 1
6 ln

∣∣x2+1
∣∣− 1

12

∫ [
2x−
√

3−
√

3
x2−
√

3x+1 + 2x+
√

3+
√

3
x2+
√

3x+1

]
dx =

[
x2±
√

3x+1 =
(
x±
√

3
2

)2
+ 1

4 > 0
]

= 1
12 ln (x2+1)2− 1

12

∫ [
2x−
√

3
x2−
√

3x+1+ 2x+
√

3
x2+
√

3x+1

]
dx+ 1

12

∫ [ √
3(

x−
√

3
2

)2
+ 1

4

−
√

3(
x+
√

3
2

)2
+ 1

4

]
dx

=
[
x−
√

3
2 = t, dx = dt x+

√
3

2 = u, dx = du
]
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= 1
12 ln

(
x4+2x2+1

)
− 1

12 ln
∣∣x2−

√
3x+1

∣∣− 1
12 ln

∣∣x2+
√

3x+1
∣∣+ 1

12

∫ √
3 dt

t2+ 1
4
− 1

12

∫ √
3 du

u2+ 1
4

=
[ ∣∣x2−

√
3x+1

∣∣ · ∣∣x2+
√

3x+1
∣∣ =
(
x2−
√

3x+1
)(
x2+
√

3x+1
)

= x4−x2+1 > 0
]

= 1
12 ln x4+2x2+1

x4−x2+1 + 2
√

3
12 arctg 2t− 2

√
3

12 arctg 2u+ c2

= 1
12 ln x4+2x2+1

x4−x2+1 +
√

3
6 arctg

(
2x−
√

3
)
−
√

3
6 arctg

(
2x+
√

3
)

+ c2, for x∈R.

∫
x dx
x6+1 = 1

12 ln x4+2x2+1
x4−x2+1 +

√
3

6 arctg 2x2−1√
3 +c1

= 1
12 ln x4+2x2+1

x4−x2+1 +
√

3
6 arctg

(
2x−
√

3
)
−
√

3
6 arctg

(
2x+
√

3
)

+ c2, for x∈R.

1
12 lnx

4+2x2+1
x4−x2+1 +

√
3

6 arctg 2x2−1√
3 −

[
1

12 lnx
4+2x2+1
x4−x2+1 +

√
3

6 arctg
(
2x−
√

3
)
−
√

3
6 arctg

(
2x+
√

3
)]

=
√

3
6 arctg 2x2−1√

3 −
√

3
6 arctg

(
2x−
√

3
)

+
√

3
6 arctg

(
2x+
√

3
)

=
√

3
6

[
arctg 2x2−1√

3 −arctg
(
2x−
√

3
)
+arctg

(
2x+
√

3
)]

=
[

arctgα= π
2 −arccotgα

for α∈R

]
=
√

3
6

[
arctg 2x2−1√

3 −
π
2 +arccotg

(
2x−
√

3
)
+ π

2−arccotg
(
2x+
√

3
)]

=
√

3
6

[
arctg 2x2−1√

3 +arccotg
(
2x−
√

3
)
−arccotg

(
2x+
√

3
)]

=
[

arccotgα− arccotg β = arccotg αβ+1
β−α , for α, β∈R, α 6= β

]
=
√

3
6

[
arctg 2x2−1√

3 +arccotg (2x−
√

3)(2x+
√

3)+1
(2x+

√
3)−(2x−

√
3)

]
=
√

3
6

[
arctg 2x2−1√

3 +arccotg 4x2−3+1
2
√

3

]
=
√

3
6

[
arctg 2x2−1√

3 +arccotg 2x2−1√
3

]
=
[

arctgα+arctgα= π
2 , for α∈R

]
=
√

3
6
π
2 = const., for x∈R.

∫
x2 dx
x6+1 =

[
x2

x6+1 = Ax+B
x2−
√

3x+1
+ Cx+D
x2+
√

3x+1
+ Ex+F

x2+1 A=0, B= 1
6 , C=0, D= 1

6 , E=0, F =− 1
3

]
=
∫ [ 1

6
x2−
√

3x+1 +
1
6

x2+
√

3x+1 + − 1
3

x2+1

]
dx = 1

6

∫
dx

x2−
√

3x+1 + 1
6

∫
dx

x2+
√

3x+1 −
1
3

∫
dx
x2+1

=
[
x2 ±

√
3x+ 1 =

(
x±

√
3

2

)2
+ 1

4 > 0
]

= 1
6

∫
dx(

x−
√

3
2

)2
+ 1

4

+ 1
6

∫
dx(

x+
√

3
2

)2
+ 1

4

− 1
3 arctg x

=
[
x−

√
3

2 = t, dx = dt x+
√

3
2 = u, dx = du

]
= 1

6

∫
dt

t2+ 1
4

+ 1
6

∫
du

u2+ 1
4
− 1

3 arctg x

= 2
6 arctg 2t+ 2

6 arctg 2u− 1
3 arctg x+ c2

= 1
3 arctg

(
2x−

√
3
)

+ 1
3 arctg

(
2x+

√
3
)
− 1

3 arctg x+ c1, for x∈R.

∫
x2 dx
x6+1 = 1

3

∫
3x2 dx
x6+1 =

[
x3 = t

3x2dx = dt

]
= 1

3

∫
dt
t2+1 = 1

3 arctg t+ c1 = 1
3 arctg x3 + c2, for x∈R.

∫
x2 dx
x6+1 = 1

3 arctg
(
2x−

√
3
)

+ 1
3 arctg

(
2x+

√
3
)
− 1

3 arctg x+ c1, for x∈R,

= 1
3 arctg x3 + c2, for x∈R.
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1
3 arctg

(
2x−

√
3
)

+ 1
3 arctg

(
2x+

√
3
)
− 1

3 arctg x− 1
3 arctg x3 =

[
arctgα= π

2 −arccotgα
for α∈R

]
= π

2−
1
3 arccotg

(
2x−

√
3
)
+π

2−
1
3 arccotg

(
2x+

√
3
)
−π

2 + 1
3 arccotg x−π

2 + 1
3 arccotg x3

= 1
3
[
arccotg x+ arccotg x3]− 1

3
[
arccotg

(
2x−

√
3
)

+ arccotg
(
2x+

√
3
)]

=
[

arccotgα+ arccotg β = arccotg αβ−1
α+β , for α, β∈R, α 6= −β

]
= 1

3 arccotg x·x3−1
x+x3 − 1

3 arccotg (2x−
√

3)(2x+
√

3)−1
(2x+

√
3)+(2x−

√
3) = 1

3 arccotg x4−1
x3+x −

1
3 arccotg 4x2−4

4x

= 1
3 arccotg (x2−1)(x2+1)

x(x2+1) − 1
3 arccotg x2−1

x = 1
3 arccotg x2−1

x − 1
3 arccotg x2−1

x

= 0 = const., for x∈R.

∫
x3 dx
x6+1 = 1

2

∫
2x·x2

x6+1 dx =
[

x2 = t
2xdx = dt

]
= 1

2

∫
t dt
t3+1 = 1

2

∫
t dt

(t+1)(t2−t+1)

=
[

t
t3+1 = A

t+1 + Bt+C
t2−t+1 A=− 1

3 , B= 1
3 , C= 1

3

]
= 1

2

∫ [
− 1

3
t+1 +

t
3 + 1

3
t2−t+1

]
dt

= 1
6

∫
t+1

t2−t+1 dt− 1
6

∫
dt
t+1 = 1

12

∫
2t+2
t2−t+1 dt− 1

6

∫
dt
t+1 = 1

12

∫
2t−1+3
t2−t+1 dt− 1

6

∫
dt
t+1

=
[
t2−t+1 = (t− 1

2 )2+1− 1
4 = (t− 1

2 )2+ 3
4 > 0

]
= 1

12

∫
2t−1
t2−t+1 dt+ 1

4

∫
dt

(t− 1
2 )2+ 3

4
− 1

6

∫
dt
t+1

=
[
z = t− 1

2
dz = dt

]
= 1

12 ln
(
t2−t+1

)
+ 1

4

∫
dz

z2+ 3
4
− 1

6 ln |t+1|

= 1
12 ln

(
t2−t+1

)
+ 1

4
2√
3 arctg 2z√

3 −
1

12 ln (t+1)2 = 1
12 ln t2−t+1

(t+1)2 + 1
2
√

3 arctg 2t−1√
3 + c

= 1
12 ln x4−x2+1

(x2+1)2 + 1
2
√

3 arctg 2x2−1√
3 + c, for x∈R.

∫
x4 dx
x6+1 =

[
x4

x6+1 = Ax+B
x2+1 + Cx+D

x2−
√

3x+1
+ Ex+F
x2+
√

3x+1
A=0, B= 1

3 , C= 1
2
√

3
, D=− 1

6 , E=− 1
2
√

3
, F =− 1

6

]
=
∫ [ 1

3
x2+1 +

x

2
√

3
− 1

6

x2−
√

3x+1 +
− x

2
√

3
− 1

6

x2+
√

3x+1

]
dx = 1

3

∫
dx
x2+1 + 1

2
√

3

∫ [
x−
√

3
3

x2−
√

3x+1−
x+
√

3
3

x2+
√

3x+1

]
dx

= 1
3 arctg x+ 1

4
√

3

∫ [
2x− 2

√
3

3 +
√

3−
√

3
x2−
√

3x+1 − 2x+ 2
√

3
3 −
√

3+
√

3
x2+
√

3x+1

]
dx

=
[
x2 ±

√
3x+ 1 =

(
x±

√
3

2

)2
+ 1− 3

4 =
(
x±

√
3

2

)2
+ 1

4 > 0
]

= 1
3 arctg x+ 1

4
√

3

∫ [
2x−
√

3
x2−
√

3x+1 −
2x+
√

3
x2+
√

3x+1

]
dx+ 1

4
√

3

∫ [ √
3

3(
x−
√

3
2

)2
+ 1

4

− −
√

3
3(

x+
√

3
2

)2
+ 1

4

]
dx

=
[
x−

√
3

2 = t, dx = dt x+
√

3
2 = u, dx = du

]
= 1

3 arctg x+ 1
4
√

3 ln
∣∣x2−

√
3x+1

∣∣− 1
4
√

3 ln
∣∣x2+

√
3x+1

∣∣+ 1
12

∫
dt

t2+ 1
4

+ 1
12

∫
du

u2+ 1
4

= 1
3 arctg x+ 1

4
√

3 ln x2−
√

3x+1
x2+
√

3x+1 + 2
12 arctg 2t+ 2

12 arctg 2u+ c

= 1
3 arctg x+ 1

4
√

3 ln x2−
√

3x+1
x2+
√

3x+1 + 1
6 arctg

(
2x−
√

3
)

+ 1
6 arctg

(
2x+
√

3
)

+ c, for x∈R.

∫
x5 dx
x6+1 = 1

6

∫
6x5

x6+1 dx =
[

x6 = t
6x5 dx = dt

]
= 1

3

∫
dt
t+1 = 1

6 ln |t+ 1|+ c = 1
6 ln

∣∣x6 + 1
∣∣+ c

= 1
6 ln

(
x6 + 1

)
+ c, for x∈R.
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∫
x6 dx
x6+1 =

∫
x6+1−1
x6+1 dx =

∫ [
1− 1

x6+1

]
dx =

∫
dx−

∫
dx
x6+1

= x− 1
3 arctg x− 1

4
√

3 ln x2+
√

3x+1
x2−
√

3x+1−
1
6 arctg

(
2x+
√

3
)
− 1

6 arctg
(
2x−
√

3
)
+c, for x∈R.

∫
dx
x ln x =

∫
1
x

ln x dx =
∫

[ln x]′
ln x dx = ln |ln x|+ c, for x > 0.

∫
ln x√
x

dx =
[
u = lnx u′= 1

x

v′=x−
1
2 v = 2x

1
2

]
= 2
√
x ln x− 2

∫
x

1
2
x dx = 2

√
x ln x− 2

∫
x−

1
2 dx

= 2
√
x ln x− 2 · 2x 1

2 + c = 2
√
x ln x− 4

√
x+ c, for x > 0.

∫
dx√
x(1−x)

=
[
x(1−x)=x−x2>0, x∈(0 ; 1)
t = 1

x
, x = 1

t
, dx = −dt

t2
, t>1

]
= −

∫
1√

1
t (1− 1

t )
dt
t2 = −

∫
dt

t
√
t−1 = · · ·/

∫
dx√
x(1−x)

=
[
x(x−1) = x2−x = (x− 1

2 )2− 1
4 , x∈(0 ; 1)

x− 1
2 = t, dx = dt, t∈

(
− 1

2 ; 1
2

) ]
=
∫

dt√
1
4−t2

= arcsin 2t+ c

= arcsin (2x−1) + c, for x∈(0 ; 1).

∫
dx√
x(1−x)

=

 3rd ES x(1−x)=x−x2>0, x∈(0 ; 1)

t =
√

x
1−x , t

2 = x
1−x , t

2 − t2x = x, x = t2

t2+1 , dx = 2t(t2+1)−t2·2t
(t2+1)2 dt = 2t dt

(t2+1)2

x(1−x)= t2

t2+1

(
1− t2

t2+1

)
= t2(t2+1−t2)

(t2+1)2 = t2

(t2+1)2 ,
√
x(1−x)= t

t2+1 , t∈(0 ; ∞)


=
∫
t2+1
t

2t dt
(t2+1)2 =

∫
2 dt
t2+1 = 2 arctg t+ c = 2 arctg

√
x

1−x + c, for x∈(0 ; 1).

∫
1+x√
1−x2 dx =

[
1− x2 > 0
x∈(−1 ; 1)

]
=
∫

1+x√
(1−x)(1+x)

dx =
∫ √

1+x
1−x dx

=
[ √

1+x
1−x = t, 1+x

1−x = t2, 1 + x = t2 − t2x, x = t1−1
t2+1

dx = 2t(t2+1)−(t2−1)2t
(t2+1)2 dt = 4t dt

(t2+1)2 , t∈(0 ; ∞)

]
=
∫

4t2 dt
(t2+1)2 =

∫
2t·2t dt
(t2+1)2

=
[
u = 2t u′= 2
v′= 2t

(t2+1)2 v =− 1
t2+1

]
= − 2t

t2+1 −
∫
−2 dt
t2+1 = 2

∫
dt
t2+1 −

2t
t2+1

= 2 arctg t− 2t
t2+1 + c = 2 arctg

√
1+x
1−x −

2
√

1+x
1−x

1+x
1−x+1 + c = 2 arctg

√
1+x
1−x −

2
√

1+x
1−x

2
1−x

+ c

= 2 arctg
√

1+x
1−x −

√
1− x2 + c = 2 arctg

√
1+x
1−x −

√
1− x2 + c, for x∈(−1 ; 1).

∫
1+x√
1−x2 dx =

∫
dx√
1−x2 +

∫
x dx√
1−x2 = arcsin x− 1

2

∫
dt√
t

=
[

t = 1− x2

dt = −2xdx, x dx = −dt
2

]
= arcsin x− 1

2

∫
t−

1
2 dt = arcsin x− 1

2
t

1
2
1
2

+ c = arcsin x−
√
t+ c

= arcsin x−
√

1− x2 + c, for x∈(0 ; 1).
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∫
dx

(x−√x2−1)2 =
∫

1
(x−√x2−1)2

(x+
√
x2−1)2

(x+
√
x2−1)2 dx =

∫
x2+2x

√
x2−1+[x2−1]

(x2−[x2−1])2 dx

=
∫

2x2−1+2x
√
x2−1

12 dx =
∫

(2x2 − 1) dx+
∫

2x
√
x2 − 1 dx =

[
x2 − 1 = t
2xdx = dt

]
=
∫

(2x2 − 1) dx+
∫
t

1
2 dt = 2

3x
3 − x+ 2

3 t
3
2 + c = 2

3x
3 − x+ 2

3
(
x2 − 1

) 3
2 + c

= 2
3x

3 − x+ 2
3
√

(x2 − 1)3 + c, for x∈R−(−1 ; 1).

∫
xn

x−1 dx =
∫
xn−1+1
x−1 dx =

∫
xn−1
x−1 dx+

∫
dx
x−1 =

∫ [
xn−1 + · · ·+ x+ 1

]
dx+

∫
dx
x−1

= xn

n + · · ·+ x2

2 + x+ ln |x−1|+ c = ln |x−1|+
n∑
k=1

xk

k + c, for x∈R−{1}, n∈N .

∫
x
x−1 dx =

∫
x−1+1
x−1 dx =

∫
dx+

∫
dx
x−1 = x+ ln |x−1|+ c, for x∈R−{1}.

∫
x3

x−1 dx =
∫
x3−1+1
x−1 dx =

∫ [
x2 + x+ 1

]
dx+

∫
dx
x−1 = x3

3 + x2

2 + x+ ln |x−1|+ c,
for x∈R−{1}.

∫
x9

x−1 dx =
∫
x9−1+1
x−1 dx = x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1 + ln |x− 1|+ c

= x9

9 + x8

8 + x7

7 + x6

6 + x5

5 + x4

4 + x3

3 + x2

2 + x+ ln |x− 1|+ c, for x∈R−{1}.

∫
dx

cos x =
[

UTS t = tg x
2

dx = 2 dt
1+t2 , cosx = 1−t2

1+t2

]
=
∫

1+t2
1−t2

2 dt
1+t2 =

∫
2 dt

1−t2 = −
∫

2 dt
t2−1 = − 2

2 ln
∣∣∣ t−1
t+1

∣∣∣+ c

= − ln
∣∣∣ t−1
t+1

∣∣∣+ c = ln
∣∣∣ t+1
t−1

∣∣∣+ c = ln
∣∣∣ tg x

2 +1
tg x

2−1

∣∣∣+ c, for x∈R−
{
π
2 + kπ ; k∈Z

}
.

∫
dx

cos x =
∫

cos x dx
cos2 x =

∫
cos x dx
1−sin2 x =

[
t = sinx

dt = cosx dx

]
=
∫

dt
1−t2 = −

∫
dt
t2−1 = − 1

2 ln
∣∣∣ t−1
t+1

∣∣∣+ c

= 1
2 ln

∣∣∣ t+1
t−1

∣∣∣+ c = 1
2 ln

∣∣∣ sin x+1
sin x−1

∣∣∣+ c = 1
2 ln 1+sin x

1−sin x + c, for x∈R−
{
π
2 + kπ ; k∈Z

}
.

∫
dx

1+cos x =
[

UTS t = tg x
2 , dx = 2 dt

1+t2

1 + cosx = 1 + 1−t2
1+t2 = 2

1+t2

]
=
∫

1+t2
2

2 dt
1+t2 =

∫
dt = t+ c = tg x

2 + c,

for x∈R−{π + 2kπ ; k∈Z}.

∫
dx

1+cos x =
∫

1−cos x
(1+cos x)(1−cos x) dx =

∫
1−cos x
1−cos2 x dx =

∫
dx

sin2 x −
∫

cos x
sin2 x dx =

[
sinx = t

cosxdx = dt

]
= − cotg x−

∫
dt
t2 = − cotg x− t−1

−1 + c = − cotg x+ 1
t + c = − cotg x+ 1

sin x + c

= − cos x
sin x + 1

sin x + c = 1−cos x
sin x + c, for x∈R−{kπ ; k∈Z}.
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∫
dx

sin x =
[

UTS t = tg x
2

dx = 2 dt
1+t2 , sinx = 2t

1+t2

]
=
∫

1+t2
2t

2 dt
1+t2 =

∫
dt
t = ln |t|+ c = ln

∣∣tg x
2
∣∣+ c,

for x∈R−{kπ ; k∈Z}.

∫
dx

sin x =
∫

sin x dx
sin2 x =

∫
sin x dx

1−cos2 x =
[

t = cosx
dt = − sinxdx

]
= −

∫
dt

1−t2 =
∫

dt
t2−1 = 1

2 ln
∣∣∣ t−1
t+1

∣∣∣+ c

= 1
2 ln

∣∣∣ cos x−1
cos x+1

∣∣∣+ c = 1
2 ln 1−cos x

1+cos x + c = ln
√

1−cos x
1+cos x + c, for x∈R−{kπ ; k∈Z}.

∫
dx

1+sin x =
[

UTS t = tg x
2 , dx = 2 dt

1+t2

1 + sinx = 1 + 2t
1+t2 = 1+2t+t2

1+t2

]
=
∫

1+t2
(1+t)2

2 dt
1+t2 =

∫
2 dt

(1+t)2 =
[

1 + t = u
dt = du

]
= 2
∫

du
u2 = 2u

−1

−1 + c = c− 2
u = c− 2

t+1 = c− 2
tg x

2 +1 , for x∈R−
{
−π2 + 2kπ ; k∈Z

}
.

∫
dx

1+sin x =
∫

1−sin x
(1+sin x)(1−sin x) dx =

∫
1−sin x
1−sin2 x dx =

∫
1−sin x
cos2 x dx =

∫
dx

cos2 x −
∫

sin x
cos2 x dx

=
[

cosx = t
− sinxdx = dt

]
= tg x+

∫
dt
t2 = tg x+ t−1

−1 + c = tg x− 1
t + c = tg x− 1

cos x + c

= sin x
cos x −

1
cos x + c = sin x−1

cos x + c, for x∈R−
{
π
2 + kπ ; k∈Z

}
.

∫
sin x dx√

cos5 x
=
[

cosx = t
− sinx dx = dt

]
=
∫
− dt√
t5

= −
∫
t−

5
2 dt = − t

− 3
2

− 3
2

+c = 2
3

1√
t3

+c = 2
3

1√
cos3 x

+c,

for x
(
−π2 + 2kπ ; π2 + 2kπ

)
, k∈Z.

∫
cos x dx
3√sin2 x

=
[

sinx = t
cosx dx = dt

]
=
∫

dt
3√
t2

=
∫
t−

2
3 dt = t

1
3
1
3

+ c = 3 3
√
t+ c = 3 3

√
sin x+ c,

for x∈(0 + 2kπ ; π + 2kπ), k∈Z.

∫
sin2 xdx =

∫
1−cos 2x

2 dx = x
2 −

sin 2x
4 + c, for x∈R.

∫
cos2 xdx =

∫
1+cos 2x

2 dx = x
2 + sin 2x

4 + c, for x∈R.

I =
∫

sin2 xdx =
∫

sin x sin xdx =
[
u = sinx u′= cosx
v′= sinx v =− cosx

]
= − cosx sin x+

∫
cos2 xdx

= − sin 2x
2 +

∫
(1−sin2 x) dx = − sin 2x

2 + x−
∫

sin2 xdx

=
[

Equation I = − sin 2x
2 + x− I ⇒ 2I = x− sin 2x

2

]
= x

2 −
sin 2x

4 + c, for x∈R.
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∫
sin2 xdx =

[
u′= 1 u =x
v = sin2 x v′= 2 sinx cosx = sin 2x

]
= x sin2 x−

∫
x sin 2xdx

=
[
u′= sin 2x u =− cos 2x

2
v =x v′= 1

]
= x sin2 x−

[
−x cos 2x

2 +
∫

cos 2x
2 dx

]
= x sin2 x+ x cos 2x

2 −
∫

cos 2x
2 dx = x sin2 x+ x cos 2x

2 − sin 2x
4 + c, for x∈R.

I =
∫

cos2 xdx =
∫

cosx cosx dx =
[
u = cosx u′=− sinx
v′= cosx v = sinx

]
= sin x cosx+

∫
sin2 xdx

= sin 2x
2 +

∫
(1−cos2 x) dx = sin 2x

2 + x−
∫

cos2 xdx

=
[

Equation I = sin 2x
2 + x− I ⇒ 2I = x+ sin 2x

2

]
= x

2 + sin 2x
4 + c, for x∈R.

∫
cos2 xdx =

[
u′= 1 u =x
v = cos2 x v′=−2 cosx sinx = − sin 2x

]
= x cos2 x+

∫
x sin 2x dx

=
[
u′= sin 2x u =− cos 2x

2
v =x v′= 1

]
= x cos2 x+

[
−x cos 2x

2 +
∫

cos 2x
2 dx

]
= x cos2 x− x cos 2x

2 +
∫

cos 2x
2 dx = x cos2 x− x cos 2x

2 + sin 2x
4 + c, for x∈R.

∫
sin3 xdx =

∫
(1− cos2 x) sin xdx =

[
cosx = t

− sinx dx = dt

]
= −

∫
(1− t2) dt =

∫
(t2 − 1) dt

= t3

3 − t+ c = cos3 x
3 − cosx+ c, for x∈R.

∫
cos3 xdx =

∫
(1− sin2 x) sin xdx =

[
sinx = t

cosx dx = dt

]
=
∫

(1− t2) dt = t− t3

3 + c

= sin x− sin3 x
3 + c, for x∈R.

In =
∫

sinn xdx =
∫

sin x sinn−1 xdx =
[
u = sinn−1 x u′= (n−1) sinn−2 x cosx
v′= sinx v =− cosx

]
= − cosx sinn−1 x+ (n−1)

∫
sinn−2 x cos2 xdx

= − cosx sinn−1 x+ (n−1)
∫

sinn−2 x(1−sin2 x) dx

= − cosx sinn−1 x+ (n−1)
∫

sinn−2 xdx− (n−1)
∫

sinn xdx

=
[

Equation In = − cosx sinn−1 x+ (n−1)In−2 − (n−1)In
⇒ In + (n−1)In = − cosx sinn−1 x+ (n−1)In−2 ⇒ In = − cos x sinn−1 x

n
+ n−1

n
In−2

]
= − cos x sinn−1 x

n + n−1
n

∫
sinn−2 xdx, for x∈R, n = 3, 4, 5, . . . .
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∫
sin2n+1 xdx =

∫
sin x sin2n xdx =

∫
sin x (sin2 x)n dx =

∫
sin x (1−cos2 x)n dx

=
[

cosx = t
− sinxdx=dt

]
=−
∫

(1−t2)n dt=−
∫ [ n∑

j=0

(
n
j

)
(−t2)j

]
dt=−

∫ [ n∑
j=0

(
n
j

)
(−1)jt2j

]
dt

= −
n∑
j=0

(
n
j

)
(−1)j

∫
t2j dt =

n∑
j=0

(
n
j

)
(−1)j+1 t2j+1

2j+1 + c =
n∑
j=0

(
n
j

)
(−1)j+1 cos2j+1 x

2j+1 + c

= −
(
n
0
)

cosx+
(
n
1
) cos3 x

3 −
(
n
2
) cos5 x

5 + · · ·+ (−1)n+1(n
n

) cos2n+1 x
2n+1 + c, for n∈N , x∈R.

In =
∫

cosn xdx =
∫

cosx cosn−1 x dx =
[
u = cosn−1 x u′=−(n−1) cosn−2 x sinx
v′= cosx v = sinx

]
= sin x cosn−1 x+ (n−1)

∫
cosn−2 x sin2 xdx

= sin x cosn−1 x+ (n−1)
∫

cosn−2 x(1−cos2 x) dx =

= sin x cosn−1 x+ (n−1)
∫

cosn−2 xdx− (n−1)
∫

cosn xdx

=
[

Equation In = sinx cosn−1 x+ (n−1)In−2 − (n−1)In
⇒ In + (n−1)In = sinx cosn−1 x+ (n−1)In−2 ⇒ In = sin x cosn−1 x

n
+ n−1

n
In−2

]
= sin x cosn−1 x

n + n−1
n

∫
cosn−2 x dx, for x∈R, n = 3, 4, 5, . . . .

∫
cos2n+1 xdx =

∫
cosx cos2n x dx =

∫
cosx (cos2 x)n dx =

∫
cosx (1−sin2 x)n dx

=
[

sinx = t
cosxdx=dt

]
=
∫

(1−t2)n dt=
∫ [ n∑

j=0

(
n
j

)
(−t2)j

]
dt=

∫ [ n∑
j=0

(
n
j

)
(−1)jt2j

]
dt

=
n∑
j=0

(
n
j

)
(−1)j

∫
t2j dt =

n∑
j=0

(
n
j

)
(−1)j t

2j+1

2j+1 + c =
n∑
j=0

(
n
j

)
(−1)j sin2j+1 x

2j+1 + c

=
(
n
0
)

sin x−
(
n
1
) sin3 x

3 +
(
n
2
) sin5 x

5 − · · ·+ (−1)n
(
n
n

) sin2n+1 x
2n+1 + c, for n∈N , x∈R.

∫
tg2 xdx =

∫
sin2 x
cos2 x dx =

∫
1−cos2 x

cos2 x dx =
∫ [ 1

cos2 x − 1
]

dx = tg x− x+ c,

for x∈R−
{
π
2 + kπ ; k∈Z

}
.

∫
cotg2 x dx =

∫
cos2 x
sin2 x dx =

∫
1−sin2 x

sin2 x dx =
∫ [ 1

sin2 x − 1
]

dx = − cotg x− x+ c,
for x∈R−{kπ ; k∈Z}.

∫
(sin x−cos x) dx

4√sin x+cos x =
[

UTS t=tg x
2 , dx= 2 dt

1+t2

cosx= 1−t2
1+t2 , sinx= 2t

1+t2

]
=
∫ (

2t
1+t2

− 1−t2

1+t2

)
2 dt

1+t2

4
√

2t
1+t2

+ 1−t2
1+t2

=
∫

(t2+2t−1) dt

(1+t2)2 4
√

1+2t−t2
1+t2

= · · ·/
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6 Examples 34

∫
(sin x−cos x) dx

4√sin x+cos x =
[

sinx+ cosx = t
(cosx− sinx) dx = dt

]
=
∫
− dt

4√t = −
∫
t−

1
4 dt = − t

3
4
3
4

+ c

= c− 4
3

4
√

(sin x+ cosx)3, for x∈
(
π
2 + 2kπ ; 3π

2 + 2kπ
)
, k∈Z.

∫
x2

sin x3 dx =
[

t = x3

dt = 3x2 dx

]
= 1

3

∫
dt

sin t =
[

UTS u = tg t
2

dt = 2 du
1+u2 , sin t = 2u

1+u2

]
= 1

3

∫
1+u2

2u
2 du

1+u2

= 1
3

∫
du
u = 1

3 ln |u|+ c = 1
3 ln

∣∣ tg x3

2
∣∣+ c, for x∈R−{ 3

√
kπ ; k∈Z}.

∫
x2

sin x3 dx =
[

t = x3

dt = 3x2 dx

]
= 1

3

∫
dt

sin t = 1
3

∫
sin t dt
sin2 t = 1

3

∫
sin t dt

1−cos2 t =
[
u = cos t = cosx3

du = − sin tdt

]
= 1

3

∫
− du
1−u2 = 1

3

∫
du
u2−1 = 1

3
1
2 ln

∣∣u−1
u+1

∣∣+ c = 1
6 ln

∣∣u−1
u+1

∣∣+ c = 1
6 ln

∣∣ cos x3−1
cos x3+1

∣∣+ c,

for x∈R−{ 3
√
kπ ; k∈Z}.

∫
dx

sin2 x cos2 x =
∫

4 dx
(2 sin x cos x)2 =

∫
4 dx

sin2 2x =
[

2x = t
2 dx = dt

]
=
∫

2 dt
sin2 t = −2 cotg t+ c

= −2 cotg 2x+ c, for x∈R−{kπ2 ; k∈Z}.

∫
dx

sin2 x cos2 x =
∫

sin2 x+cos2 x
sin2 x cos2 x dx =

∫
dx

sin2 x +
∫

dx
cos2 x = tg x− cotg x+ c = sin x

cos x −
cos x
sin x + c

= 2 sin2 x−cos2 x
2 sin x cos x + c = 2− cos 2x

sin 2x + c = −2 cotg 2x+ c, for x∈R−{kπ2 ; k∈Z}.

I =
∫

cos ax sin bxdx =
[
u = sin bx u′= b cos bx
v′= cos ax v = 1

a
sin ax

]
= sin ax sin bx

a − b
a

∫
sin ax cos bxdx

=
[
u = cos bx u′=−b sin bx
v′= sin ax v =− 1

a
cos ax

]
= sin ax sin bx

a − b
a

[
− cos ax cos bx

a − b
a

∫
cos ax sin bxdx

]
= 1

a sin ax sin bx+ b
a2 cos ax cos bx+ b2

a2

∫
cos ax sin bxdx

=
[

Equation I = 1
a

sin ax sin bx+ b
a2 cos ax cos bx+ b2

a2 I

⇒
(

1− b2

a2

)
I = 1

a
sin ax sin bx+ b

a2 cos ax cos bx, 1− b2

a2 = a2−b2

a2

]
= a

a2−b2 sin ax sin bx+ b
a2−b2 cos ax cos bx+ c, for a, b∈R−{0}, a 6=b, x∈R.

I =
∫

cos ax sin bxdx =
[
u = cos ax u′=−a sin ax
v′= sin bx v =− 1

b
cos bx

]
= − cos ax cos bx

b − a
b

∫
sin ax cos bxdx

=
[
u = sin ax u′= a cos ax
v′= cos bx v = 1

b
sin bx

]
= − cos ax cos bx

b − a
b

[
sin ax sin bx

b − a
b

∫
cos ax sin bxdx

]
= − 1

b cos ax cos bx− a
b2 sin ax sin bx+ a2

b2

∫
cos ax sin bxdx

=
[

Equation I = − 1
b

cos ax cos bx− a
b2 sin ax sin bx+ a2

b2 I

⇒
(

1− a2

b2

)
I = − 1

b
cos ax cos bx− a

b2 sin ax sin bx, 1− a2

b2 = b2−a2

b2

]
= − b

b2−a2 cos ax cos bx− a
b2−a2 sin ax sin bx+ c, for a, b∈R−{0}, a 6=b, x∈R.
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6 Examples 35

∫
cos ax sin bxdx =

[
sinα cosβ = sin (α−β)+sin (α+β)

2

]
=
∫

sin (bx−ax)+sin (bx+ax)
2 dx

=
∫ [

sin (b−a)x
2 + sin (b+a)x

2

]
dx = − cos (b−a)x

2(b−a) −
cos (b+a)x

2(b+a) + c

= − (b+a) cos (bx−ax) + (b−a) cos (bx+ax)
2(b−a)(b+a) + c =

[
cos (α± β) = cosα cosβ ∓ sinα sinβ

]
= (b+a)[cos bx cos ax+sin bx sin ax]+(b−a)[cos bx cos ax−sin bx sin ax]

2(a−b)(a+b) + c

= 2b cos bx cos ax+2a sin bx sin ax
2(a2−b2) + c = b cos ax cos bx+a sin ax sin bx

a2−b2 + c,
for a, b∈R−{0}, a 6=b, x∈R.

∫
cos ax sin ax dx =

[
2 sinα cosα = sin 2α

]
=
∫

sin 2ax
2 dx = − cos 2ax

2·2a + c = c− cos 2ax
4a ,

for a∈R−{0}, x∈R.

I =
∫

cos ax cos bxdx =
[
u = cos bx u′=−b sin bx
v′= cos ax v = 1

a
sin ax

]
= sin ax cos bx

a + b
a

∫
sin ax sin bxdx

=
[
u = sin bx u′= b cos bx
v′= sin ax v =− 1

a
cos ax

]
= sin ax cos bx

a + b
a

[
− cos ax sin bx

a + b
a

∫
cos ax cos bxdx

]
= 1

a sin ax cos bx− b
a2 cos ax sin bx+ b2

a2

∫
cos ax cos bxdx =[

Equation I = 1
a

sin ax cos bx− b
a2 cos ax sin bx+ b2

a2 I

⇒
(

1− b2

a2

)
I = 1

a
sin ax cos bx− b

a2 cos ax sin bx+ c1, 1− b2

a2 = a2−b2

a2

]
= a

a2−b2 sin ax cos bx− b
a2−b2 cos ax sin bx+ c, for a, b∈R−{0}, a 6=b, x∈R.

I =
∫

cos ax cos bxdx =
[
u = cos ax u′=−a sin ax
v′= cos bx v =− 1

b
sin bx

]
= cos ax sin bx

b + a
b

∫
sin ax sin bxdx

=
[
u = sin ax u′= a cos ax
v′= sin bx v =− 1

b
cos bx

]
= cos ax sin bx

b + a
b

[
− sin ax cos bx

b + a
b

∫
cos ax cos bxdx

]
= 1

b cos ax sin bx− a
b2 sin ax cos bx+ a2

b2

∫
cos ax cos bxdx

=
[

Equation I = 1
b

cos ax sin bx− a
b2 sin ax cos bx+ a2

b2 I

⇒
(

1− a2

b2

)
I = 1

b
cos ax sin bx− a

b2 sin ax cos bx+ c1, 1− a2

b2 = b2−a2

b2

]
= b

b2−a2 cos ax sin bx− a
b2−a2 sin ax cos bx+ c, for a, b∈R−{0}, a 6=b, x∈R.

∫
cos ax cos bxdx =

[
cosα cosβ = cos (α+β)+cos (α−β)

2

]
=
∫

cos (ax+bx)+cos (ax−bx)
2 dx

=
∫ [

cos (a+b)x
2 + cos (a−b)x

2

]
dx = sin (a+b)x

2(a+b) + sin (a−b)x
2(a−b) + c

= (a−b) sin (ax+bx) + (a+b) sin (ax−bx)
2(a−b)(a+b) + c =

[
sin (α± β) = sinα cosβ ± cosα sinβ

]
= (a−b)[sin ax cos bx+cos ax sin bx]+(a+b)[sin ax cos bx−cos ax sin bx]

2(a−b)(a+b) + c

= 2a sin ax cos bx−2b sin bx cos ax
2(a2−b2) + c = a sin ax cos bx−b cos ax sin bx

a2−b2 + c,
for a, b∈R−{0}, a 6=b, x∈R.
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6 Examples 36

∫
cos2 axdx =

[
cos2 α = 1+cos 2α

2

]
=
∫

1+cos 2ax
2 dx =

∫ [
1
2 + cos 2ax

2

]
dx = x

2 + sin 2ax
2·2a + c

= x
2 + sin 2ax

4a + c, for a∈R−{0}, x∈R.

I =
∫

sin ax sin bxdx =
[
u = sin bx u′= b cos bx
v′= sin ax v =− 1

a
cos ax

]
= − cos ax sin bx

a + b
a

∫
cos ax cos bxdx

=
[
u = cos bx u′=−b sin bx
v′= cos ax v = 1

a
sin ax

]
= − cos ax sin bx

a + b
a

[
sin ax cos bx

a + b
a

∫
sin ax sin bxdx

]
= − 1

a cos ax sin bx+ b
a2 sin ax cos bx+ b2

a2

∫
sin ax sin bxdx =[

Equation I = − 1
a

cos ax sin bx+ b
a2 sin ax cos bx+ b2

a2 I

⇒
(

1− b2

a2

)
I = − 1

a
cos ax sin bx+ b

a2 sin ax cos bx+ c1, 1− b2

a2 = a2−b2

a2

]
= − a

a2−b2 cos ax sin bx+ b
a2−b2 sin ax cos bx+ c, for a, b∈R−{0}, a 6=b, x∈R.

I =
∫

sin ax sin bxdx =
[
u = sin ax u′= a cos ax
v′= sin bx v =− 1

b
cos bx

]
= − sin ax cos bx

b + a
b

∫
cos ax cos bxdx

=
[
u = cos ax u′=−a sin ax
v′= cos bx v = 1

b
sin bx

]
= − sin ax cos bx

b + a
b

[
cos ax sin bx

b + a
b

∫
sin ax sin bxdx

]
= − 1

b sin ax cos bx+ a
b2 cos ax sin bx+ a2

b2

∫
sin ax sin bxdx =[

Equation I = − 1
b

sin ax cos bx+ a
b2 cos ax sin bx+ a2

b2 I

⇒
(

1− a2

b2

)
I = − 1

b
sin ax cos bx+ a

b2 cos ax sin bx+ c1, 1− a2

b2 = b2−a2

b2

]
= − b

b2−a2 sin ax cos bx+ a
b2−a2 cos ax sin bx+ c, for a, b∈R−{0}, a 6=b, x∈R.

∫
sin ax sin bxdx =

[
sinα sinβ = cos (α−β)−cos (α+β)

2

]
=
∫

cos (ax−bx)−cos (ax+bx)
2 dx

=
∫ [

cos (a−b)x
2 − cos (a+b)x

2

]
dx = sin (a−b)x

2(a−b) −
sin (a+b)x

2(a+b) + c

= (a+b) sin (ax−bx)− (a−b) sin (ax+bx)
2(a−b)(a+b) + c =

[
sin (α± β) = sinα cosβ ± cosα sinβ

]
= (a+b)[sin ax cos bx−cos ax sin bx]−(a−b)[sin ax cos bx+cos ax sin bx]

2(a−b)(a+b) + c

= 2b sin ax cos bx−2a sin bx cos ax
2(a2−b2) + c = b sin ax cos bx−a cos ax sin bx

a2−b2 + c,
for a, b∈R−{0}, a 6=b, x∈R.

∫
sin2 axdx =

[
sin2 α = 1−cos 2α

2

]
=
∫

1−cos 2ax
2 dx =

∫ [
1
2 −

cos 2ax
2

]
dx = x

2 −
sin 2ax

2·2a + c

= x
2 −

sin 2ax
4a + c, for a∈R−{0}, x∈R.

∫
x2 ln xdx =

[
u = lnx u′= 1

x

v′=x2 v = x3

3

]
= x3

3 ln x−
∫
x3

3
1
x dx = x3

3 ln x−
∫
x2

3 dx

= x3

3 ln x− x3

9 + c, for x > 0.
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6 Examples 37

∫
x ln2 xdx =

[
u = ln2 x u′= 2 ln x

x

v′=x v = x2

2

]
= x2

2 ln2 x−
∫
x2

2
2 ln x
x dx = x2

2 ln2 x−
∫
x ln xdx

=
[
u = lnx u′= 1

x

v′=x v = x2

2

]
= x2

2 ln2 x−
[
x2

2 ln x−
∫
x2

2
1
x dx

]
= x2

2 ln2 x− x2

2 ln x+
∫
x dx

2

= x2

2 ln2 x− x2

2 ln x+ x2

4 + c, for x > 0.

∫
dx

(1−x)x2 =
[

1
(1−x)x2 = A

x−1 + B
x2 + C

x

A = 1, B = −1, C = −1

]
=
∫ [

1
x−1 −

1
x2 − 1

x

]
dx

= ln |x− 1| − x−1

−1 − ln |x|+ c = ln
∣∣x−1
x

∣∣+ 1
x + c, for x∈R−{0, 1}.

∫ √
a2 − x2 dx =

[
x = a sin t, t = arcsin x

a
, dx = a cos t dt, x∈(−a ; a) , t∈

(
−π2 ; π2

)
√
a2−x2 =

√
a2−a2 sin2 t = a

√
1−sin2 t = a

√
cos2 t = a |cos t| = a cos t

]
=
∫
a2 cos2 tdt = a2

∫
1+cos 2t

2 dt = a2

2 t+ a2 sin 2t
4 + c = a2

2 t+ a2 2 sin t cos t
4 + c

= a2

2 t+ a sin t·a cos t
2 + c = a2

2 arcsin x
a + x

√
a2−x2

2 + c, for a > 0, x∈(−a ; a).

I =
∫ √

a2 − x2 dx =
∫

a2−x2
√
a2−x2 dx =

∫
a2 dx√
a2−x2 −

∫
x2 dx√
a2−x2 =

∫
a2 dx√
a2−x2 −

∫
x·x dx√
a2−x2

=
[
u =x u′= 1
v′= x√

a2−x2
= 2x

2
√
a2−x2

v =−
√
a2−x2

]
=
∫

a2 dx√
a2−x2−

[
−x
√
a2−x2 +

∫ √
a2−x2 dx

]
= a2 arcsin x

a +x
√
a2−x2−

∫ √
a2−x2 dx

=
[

Equation I = a2 arcsin x
a

+ x
√
a2−x2 − I ⇒ 2I = a2 arcsin x

a
+ x
√
a2−x2

]
= a2

2 arcsin x
a + x

√
a2−x2

2 + c, for a > 0, x∈(−a ; a).

∫ √
a2 − x2 dx =

 2nd ES
√
a2−x2 =a−xt, t= a−

√
a2−x2

x
, x∈(−a ; a) , x 6=0, t∈(−1 ; 1) , t 6=0

a2−x2 = x2t2−2axt+a2, 2axt = x2+x2t2, 2at = x+xt2, x = 2at
1+t2

dx= 2a(1+t2)−2at·2t
(1+t2)2 dt= 2a(1−t2)

(1+t2)2 dt,
√
a2−x2 =a−xt=a− 2at2

1+t2 = a−at2
1+t2


=
∫
a(1−t2)

1+t2
2a(1−t2)
(1+t2)2 dt = 2a2

∫
(1−t2)2

(1+t2)3 dt = 2a2
∫

1−2t2+t4
(1+t2)3 dt = 2a2

∫
1+2t2+t4−4t2

(1+t2)3 dt

=2a2
∫

(1+t2)2−4t2−4+4
(1+t2)3 dt=2a2

∫
(1+t2)2−4(1+t2)+4

(1+t2)3 dt=2a2
∫ [

1
1+t2−

4
(1+t2)2 + 4

(1+t2)3

]
dt

=
[

p. 21 :
∫

dt
(1+t2)2 = 1

2 arctg t+ t
2(t2+1) , t∈R,

∫
dt

(1+t2)3 = 3
8 arctg t+ 3t

8(t2+1) + t
4(t2+1)2 , t∈R

]
= 2a2

[
arctg t− 4

(
1
2 arctg t+ 1

2
t

1+t2

)
+ 4

(
3
8 arctg t+ 3

8
t

1+t2 + 1
4

t
(1+t2)2

)]
+ c

= a2 arctg t− a2t
1+t2 + 2a2t

(1+t2)2 + c = a2 arctg t− a
2

2at
1+t2 + 1

2t
(2at)2

(1+t2)2 + c

=
[

1
t

= x

a−
√
a2−x2

= x

a−
√
a2−x2

a+
√
a2−x2

a+
√
a2−x2

= x(a+
√
a2−x2)

a2−(a2−x2) = a+
√
a2−x2

x

]
= a2 arctg a−

√
a2−x2

x − a
2x+ a+

√
a2−x2

2x x2 + c = a2 arctg a−
√
a2−x2

x + x
√
a2−x2

2 + c,
for a > 0, x∈(−a ; a).
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∫ √
a2 + x2 dx =

[
x = a sinh t, dx = a cosh t dt, x∈R, t∈R

√
a2+x2 =

√
a2+a2 sinh2 t = a

√
1+sinh2 t = a

√
cosh2 t = a |cosh t| = a cosh t

]
=
∫
a2 cosh2 tdt =

[
u = a cosh t u′= a sinh t
v′= a cosh t v = a sinh t

]
= a2 sinh t cosh t−

∫
a2 sinh2 tdt

=
[
u = a sinh t u′= a cosh t
v′= a sinh t v = a cosh t

]
= a2 sinh t cosh t−

[
a2 sinh t cosh t−

∫
a2 cosh2 t

]
=
∫
a2 cosh2 tdt = · · ·/

∫ √
a2 + x2 dx =

[
x = a sinh t, dx = a cosh t dt, x∈R, t∈R

√
a2+x2 =

√
a2+a2 sinh2 t = a

√
1+sinh2 t = a

√
cosh2 t = a |cosh t| = a cosh t

]
=
∫
a2 cosh2 tdt = a2

∫ ( et + e−t
2

)2 dt = a2
∫

e2t +2+e−2t

4 dt = a2
∫ [

e2t

4 + 1
2 + e−2t

4

]
dt

= a2
[

e2t

8 + t
2 −

e−2t

8

]
+ c1 = a2

4
e2t− e−2t

2 + a2t
2 + c = a2

4 sinh 2t+ a2t
2 + c

=
[
t = argsinh x

a
= ln

(
x
a

+
√

x2
a2 +1

)
= ln x+

√
a2+x2

a
= ln

(
x+
√
a2+x2

)
−ln a

a2 sinh 2t = 2a sinh t · a cosh t = 2x
√
a2 + x2

]
= x

√
a2+x2

2 + a2
[

ln (x+
√
a2+x2)−ln a

]
2 + c1 = x

√
a2+x2

2 +a2

2 ln
(
x+
√
a2+x2

)
+ c1−a

2

2 ln a
=
[
c1 − a2

2 ln a = c = const.
]

= x
√
a2+x2

2 + a2

2 ln
(
x+
√
a2+x2

)
+ c, for a > 0, x∈R.

∫ √
a2 + x2 dx =

[
x = a sinh t, dx = a cosh t dt, x∈R, t∈R

√
a2+x2 =

√
a2+a2 sinh2 t = a

√
1+sinh2 t = a

√
cosh2 t = a |cosh t| = a cosh t

]
=
∫
a2 cosh2 tdt = a2

∫ ( et + e−t
2

)2 dt = a2
∫

e2t +2+e−2t

4 dt = a2
∫ [

e2t

4 + 1
2 + e−2t

4

]
dt

= a2
[

e2t

8 + t
2 −

e−2t

8

]
+ c

=



u = et > 0, x = a sinh t = a
2 (et− e−t) = a

2 (u− u−1), 2x = au− a
u
, au2 − 2xu− a = 0

u1,2 = 2x±
√

4x2+4a2

2a = 2x±2
√
a2+x2

2a = x±
√
a2+x2

a
,
√
a2+x2 > x ⇒ u = et = x+

√
a2+x2

a

t = ln x+
√
a2+x2

a
= ln

(
x+
√
a2+x2

)
− ln a, e2t = (et)2 =

(
x+
√
a2+x2

)2

a2

e−2t = a2(
x+
√
a2+x2

)2 = a2(
x+
√
a2+x2

)2

(
x−
√
a2+x2

)2(
x−
√
a2+x2

)2 =
a2
(
x−
√
a2+x2

)2

(x2−a2−x2)2 =

(
x−
√
a2+x2

)2

a2


= a2

[(
x+
√
a2+x2

)2

8a2 + ln (x+
√
a2+x2)−ln a

2 − (x−√a2+x2)2

8a2

]
+ c1

= a2
[
x2+2x

√
a2+x2+a2+x2

8a2 + ln (x+
√
a2+x2)−ln a

2 − x2−2x
√
a2+x2+a2+x2

8a2

]
+ c1

= a2
[

4x
√
a2+x2

8a2 + ln (x+
√
a2+x2)−ln a

2

]
+ c1 = x

√
a2+x2

2 + a2 ln (x+
√
a2+x2)

2 − a2

2 ln a+ c1

=
[
c1 − a2

2 ln a = c = const.
]

= x
√
a2+x2

2 + a2

2 ln
(
x+
√
a2 + x2

)
+ c, for a > 0, x∈R.
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6 Examples 39

∫ √
a2 + x2 dx =


1st ES

√
a2+x2 = t−x, a2+x2 = t2−2tx+x2, x= t2−a2

2t , t=x+
√
a2+x2

√
a2+x2 = t− t2−a2

2t = t2+a2

2t , dx= 2t·2t−2(t2−a2)
4t2 dt= 2t2+2a2

4t2 dt= t2+a2

2t2 dt
1
t

= 1
x+
√
a2+x2

x−
√
a2+x2

x−
√
a2+x2

= x−
√
a2+x2

x2−(a2+x2) = x−
√
a2+x2

a2


=
∫
t2+a2

2t
t2+a2

2t2 dt =
∫
t4+2t2a2+a4

4t3 dt = 1
4

∫ [
t+ 2a2t−1 + a4t−3] dt

= 1
4

[
t2

2 + 2a2 ln |t|+ a4 t−2

−2

]
+ c = t2

8 −
a4

2t2 + 2a2 ln |t|+ c

= (x+
√
a2+x2)2

8 − (x−√a2+x2)2

8 + a2

2 ln
∣∣x+

√
a2 + x2

∣∣+ c

= x2+2x
√
a2+x2+a2+x2

8 − x2−2x
√
a2+x2+a2+x2

8 + a2

2 ln
(
x+
√
a2 + x2

)
+ c

= 4x
√
a2+x2

8 + a2

2 ln
(
x+
√
a2 + x2

)
+ c = x

√
a2+x2

2 + a2

2 ln
(
x+
√
a2 + x2

)
+ c,

for a > 0, x∈R.

I =
∫ √

a2 + x2 dx =
∫

a2+x2
√
a2+x2 dx =

∫
a2 dx√
a2+x2 +

∫
x2 dx√
a2+x2

=
[
u =x u′= 1
v′= x√

a2+x2
= 2x

2
√
a2+x2

v =
√
a2 + x2

]
=
∫

a2 dx√
a2+x2 +

[
x
√
a2+x2 −

∫ √
a2+x2 dx

]
= a2 ln

(
x+
√
a2 + x2

)
+ x
√
a2 + x2 −

∫ √
a2 + x2 dx =[

Equation I = a2 ln
(
x+
√
a2+x2

)
+x
√
a2+x2 − I ⇒ 2I = a2 ln

(
x+
√
a2+x2

)
+x
√
a2+x2

]
= a2

2 ln
(
x+
√
a2 + x2

)
+ x
√
a2+x2

2 + c, for a > 0, x∈R.

∫ √
a2 + x2 dx =


x = a tg t, t = arctg x

a
, x∈R, t∈

(
−π2 ; π2

)
,
√

cos2 x = |cosx| = cosx

dx= a dt
cos2 t

, a2+x2 =a2+ a2 sin2 t
cos2 t

= a2 cos2 t+a2 sin2 t
cos2 t

= a2

cos2 t
,
√
a2+x2 = a

cos t

tg t = sin t
cos t , sin t = cos t · tg t = a√

a2+x2
x
a

= x√
a2+x2

, sin t± 1 = x±
√
a2+x2√

a2+x2


=
∫
a2 dt
cos3 t =

∫
a2 cos t dt

cos4 t =
∫

a2 cos t dt
(1−sin2 t)2 =

[
u = sin t

du = cos tdt

]
=
∫

a2 du
(1−u2)2 =

∫
a2 du

(u2−1)2

=
∫

a2 du
(u−1)2(u+1)2 =

[ 1
(u−1)2(u+1)2 = A

u+1 + B
(u+1)2 + C

u−1 + D
(u−1)2

A = 1
4 , B = 1

4 , C = − 1
4 , D = 1

4

]
= a2

4

∫ [
1

u+1 + 1
(u+1)2− 1

u−1 + 1
(u−1)2

]
du = a2

4

∫ [
1

u+1−
1

u−1 +(u+1)−2+(u−1)−2
]

du

= a2

4

[
ln |u+1|−ln |u−1|+ (u+1)−1

−1 + (u−1)−1

−1

]
+c1 = a2

4

[
ln
∣∣u+1
u−1

∣∣− 1
u−1−

1
u+1

]
+c1

= a2

4 ln
∣∣u+1
u−1

∣∣− a2(u+1+u−1)
4(u2−1) + c1 = a2

4 ln
∣∣u+1
u−1

∣∣+ ua2

2(1−u2) + c1

= a2

4 ln
∣∣ sin t+1

sin t−1
∣∣+ a2 sin t

2(1−sin2 t) + c1 = a2

4 ln
∣∣ sin t+1

sin t−1
∣∣+ a2

cos2 t
sin t

2 + c1

=
[

sin t+1
sin t−1 = x+

√
a2+x2

x−
√
a2+x2

· x+
√
a2+x2

x+
√
a2+x2

=

(
x+
√
a2+x2

)2

x2−(a2+x2) = −

(
x+
√
a2+x2

)2

a2

]
= a2

4 ln
∣∣∣ (x+

√
a2+x2)2

a2

∣∣∣+ (a2+x2) x
2
√
a2+x2 + c1 = a2

2 ln
∣∣x+
√
a2+x2

a

∣∣+ x
√
a2+x2

2 + c1

= a2

2 ln
∣∣x+

√
a2 + x2

∣∣− a2

2 ln a+ x
√
a2+x2

2 + c1 =
[
c1 − a2

2 ln a = c = const.
]

= a2

2 ln
(
x+
√
a2 + x2

)
+ x
√
a2+x2

2 + c, for a > 0, x∈R.
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∫ √
x2 − a2 dx = x

√
x2−a2

2 − a2

2 ln
∣∣x+
√
x2−a2

∣∣+ c, for a > 0, x∈(−∞ ; −a〉 ∪ 〈a ; ∞).∫ √
x2 − a2 dx =

[
x = a cosh t, dx = a sinh tdt, x∈〈a ; ∞) , t∈〈0 ; ∞)

√
x2−a2 =

√
a2 cosh2 t−a2 =a

√
cosh2 t− 1=a

√
sinh2 t=a |sinh t|=a sinh t

]
=
∫
a2 sinh2 tdt = a2

∫ ( et− e−t
2

)2 dt = a2
∫

e2t−2+e−2t

4 dt = a2
∫ [

e2t

4 −
1
2 + e−2t

4

]
dt

= a2
[

e2t

8 −
t
2 −

e−2t

8

]
+ c1 = a2

4
e2t− e−2t

2 − a2t
2 + c = a2

4 sinh 2t− a2t
2 + c

=
[
t = argcosh x

a
= ln

(
x
a

+
√

x2
a2 −1

)
= ln x+

√
x2−a2

a
= ln

(
x+
√
x2−a2

)
−ln a

a2 sinh 2t = 2a sinh t · a cosh t = 2x
√
x2 − a2

]
= x

√
x2−a2

2 − a2
[

ln (x+
√
x2−a2)−ln a

]
2 + c1 = x

√
x2−a2

2 − a2

2 ln
(
x+
√
x2−a2

)
+c1− a2

2 ln a
=
[
c1 − a2

2 ln a = c = const.
]

= x
√
x2−a2

2 − a2

2 ln
(
x+
√
x2−a2

)
+ c, for a > 0, x ≥ a.∫ √

x2 − a2 dx =
[
x = −t, dx = − dt, x ≤ −a, t ≥ a

]
= −

∫ √
t2 − a2 dt

= − t
√
t2−a2

2 + a2

2 ln
(
t+
√
t2−a2

)
− c2 = −−x

√
x2−a2

2 + a2

2 ln
(
−x+

√
x2−a2

)
− c2

=
[
−
(
− x+

√
x2−a2

)
= x−

√
x2−a2 =

(
x−
√
x2−a2

)
x+
√
x2−a2

x+
√
x2−a2

= x2−(x2−a2)
x+
√
x2−a2

= a2

x+
√
x2−a2

]
= x

√
x2−a2

2 + a2

2 ln
∣∣∣ a2

x+
√
x2−a2

∣∣∣− c2 = x
√
x2−a2

2 + a2

2 2 ln a− ln
∣∣x+

√
x2 − a2

∣∣− c2

=
[
a2

2 ln a− c2 = c = const.
]

= x
√
x2−a2

2 − a2

2 ln
∣∣x+
√
x2−a2

∣∣+ c, for a > 0, x ≤ −a.

∫ √
x2 − a2 dx =


1st ES

√
x2−a2 = t−x, x2−a2 = t2−2tx+x2, x= t2+a2

2t , t=x+
√
x2−a2

√
x2−a2 = t− t2+a2

2t = t2−a2

2t , dx= 2t·2t−2(t2+a2)
4t2 dt= 2t2−2a2

4t2 dt= t2−a2

2t2 dt
1
t

= 1
x+
√
x2−a2

x−
√
x2−a2

x−
√
x2−a2

= x−
√
x2−a2

x2−(x2−a2) = x−
√
x2−a2

a2


=
∫
t2−a2

2t
t2−a2

2t2 dt =
∫
t4−2t2a2+a4

4t3 dt = 1
4

∫ [
t− 2a2t−1 + a4t−3]dt

= 1
4

[
t2

2 − 2a2 ln |t|+ a4 t−2

−2

]
+ c = t2

8 −
a4

2t2 − 2a2 ln |t|+ c

= (x+
√
x2−a2)2

8 − (x−√x2−a2)2

8 − a2

2 ln
∣∣x+

√
x2 − a2

∣∣+ c

= x2+2x
√
x2−a2+x2−a2

8 − x2−2x
√
x2−a2+x2−a2

8 − a2

2 ln
∣∣x+

√
x2 − a2

∣∣+ c

= 4x
√
x2−a2

8 − a2

2 ln
∣∣x+

√
x2 − a2

∣∣+ c = x
√
x2−a2

2 − a2

2 ln
∣∣x+

√
x2 − a2

∣∣+ c,
for a > 0, x∈(−∞ ; −a〉 ∪ 〈a ; ∞).

I =
∫ √

x2 − a2 dx =
∫

x2−a2
√
x2−a2 dx =

∫
x2 dx√
x2−a2 −

∫
a2 dx√
x2−a2 =

∫
x·x dx√
x2−a2 −

∫
a2 dx√
x2−a2

=
[
u =x u′= 1
v′= x√

x2−a2
= 2x

2
√
x2−a2

v =
√
x2 − a2

]
=
[
x
√
x2−a2 −

∫ √
x2−a2 dx

]
−
∫

a2 dx√
x2−a2

= x
√
x2 − a2 −

∫ √
x2 − a2 dx− a2 ln

∣∣x+
√
x2 − a2

∣∣ =[
Equation I = x

√
x2−a2 − I − a2 ln

∣∣x+
√
x2−a2

∣∣ ⇒ 2I = x
√
x2−a2−a2 ln

∣∣x+
√
x2−a2

∣∣ ]
= x

√
x2−a2

2 − a2

2 ln
∣∣x+

√
x2 − a2

∣∣+ c, for a > 0, x∈(−∞ ; −a) ∪ (a ; ∞).
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∫
arctg xdx =

[
u′= 1 u =x
v = arctg x v′= 1

1+x2

]
= x arctg x−

∫
x

1+x2 dx = x arctg x− 1
2

∫
2x

1+x2 dx

= x arctg x− 1
2 ln

∣∣1 + x2
∣∣+ c = x arctg x− 1

2 ln
(
1 + x2)+ c

= x arctg x− ln
√

1 + x2 + c, for x∈R.

In =
∫
xn ex dx =

[
u =xn u′=nxn−1

v′= ex v = ex
]

= xn ex−n
∫
xn−1 ex dx = xn ex−nIn−1,

for n∈N , x∈R.

I0 =
∫

ex dx = ex + c, for x∈R.

I1 =
∫
x ex dx = x ex−I0 = x ex−1 ex + c, for x∈R.

I2 =
∫
x2 ex dx = x2 ex−2I1 = x2 ex−2(x ex− ex) + c = x2 ex−2x ex +2 · 1 ex + c,

for x∈R.

I3 =
∫
x3 ex dx = x3 ex−3I2 = x3 ex−3(x2 ex−2x ex +2 · 1 ex) + c

= x3 ex−3x2 ex +3 · 2x ex−3 · 2 · 1 ex + c, for x∈R.

I4 =
∫
x4 ex dx = x4 ex−4I3 = x4 ex−4(x3 ex−3x2 ex +3 · 2x ex−3 · 2 · 1 ex) + c

= x4 ex−4x3 ex +4 · 3x2 ex−4 · 3 · 2x ex +4 · 3 · 2 · 1 ex + c, for x∈R.
· · ·
In =

∫
xn ex dx = xn ex−nIn−1 =

n∑
j=0

(−1)jxn−j ex n!
(n−j)! + c = ex

n∑
j=0

(−1)jxn−jn!
(n−j)! + c

= ex
n∑
j=0

(−1)jn(n−1) · · · (n−j+1)xn−j + c

= ex
[
xn − nxn−1 + n(n−1)xn−2 − n(n−1)(n−2)xn−3 + · · ·+ (−1)nn!

]
+ c,

for n∈N , x∈R.

∫
dx√

x+1+ 3√x+1 =
∫

dx
( 6√x+1)3+( 6√x+1)2 =

[ 6√x+ 1 = t, x+ 1 = t6

dx = 6t5 dt, x > −1, t > 0

]
=
∫

6t5 dt
t3+t2 = 6

∫
t3 dt
t+1

= 6
∫
t3+t2−t2−t+t+1−1

t+1 dt = 6
∫ [

t3+t2
t+1 −

t2+t
t+1 + t+1

t+1 −
1
t+1

]
dt

= 6
∫ [

t2 − t+ 1− 1
t+1

]
dt = 6

[
t3

3 −
t2

2 + t− ln |t+ 1|
]

+ c

= 2
(

6
√
x+ 1

)3 − 3
(

6
√
x+ 1

)2 + 6 6
√
x+ 1− 6 ln

∣∣1 + 6
√
x+ 1

∣∣+ c

= 2
√
x+ 1− 3 3

√
x+ 1 + 6 6

√
x+ 1− 6 ln

∣∣1 + 6
√
x+ 1

∣∣+ c, for x > −1.

∫
ln
(
1 + x2) dx =

[
u′= 1 u =x

v = ln
(

1 + x2
)
v′= 2x

1+x2

]
= x ln

(
1 + x2)− ∫ 2x2 dx

1+x2

= x ln
(
1 + x2)− 2

∫
x2+1−1

1+x2 dx = x ln
(
1 + x2)− 2

∫ [
1− 1

1+x2

]
dx

= x ln
(
1 + x2)− 2x+ 2 arctg x+ c, for x∈R.
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∫
dx√
a2+x2 =

[
1st ES

√
a2+x2 = t−x, a2+x2 = t2−2tx+x2, x= t2−a2

2t , t=x+
√
a2+x2 > 0

√
a2+x2 = t− t2−a2

2t = t2+a2

2t , dx= 2t·2t−2(t2−a2)
4t2 dt= 2t2+2a2

4t2 dt= t2+a2

2t2 dt

]
=
∫

2t
t2+a2

t2+a2

2t2 dt =
∫

dt
t = ln |t|+ c = ln

∣∣x+
√
a2 + x2

∣∣+ c

= ln
(
x+
√
a2 + x2

)
+ c, for a > 0, x∈R.

∫
dx√
a2+x2 =


x = a tg t, t = arctg x

a
, x∈R, t∈

(
−π2 ; π2

)
,
√

cos2 x = |cosx| = cosx

dx= a dt
cos2 t

, a2+x2 =a2+ a2 sin2 t
cos2 t

= a2 cos2 t+a2 sin2 t
cos2 t

= a2

cos2 t
,
√
a2+x2 = a

cos t

tg t = sin t
cos t , sin t = cos t · tg t = a√

a2+x2
x
a

= x√
a2+x2

, sin t± 1 = x±
√
a2+x2√

a2+x2


=
∫

cos t
a

a dt
cos2 t =

∫
cos t dt

1−sin2 t =
[

u = sin t
du = cos tdt

]
=
∫

du
1−u2 = −

∫
du
u2−1 = − 1

2 ln
∣∣u−1
u+1

∣∣+ c1

= − 1
2 ln

∣∣ sin t−1
sin t+1

∣∣+ c1 =
[

sin t−1
sin t+1 = x−

√
a2+x2

x+
√
a2+x2

· x+
√
a2+x2

x+
√
a2+x2

= x2−(a2+x2)(
x+
√
a2+x2

)2 = −a2(
x+
√
a2+x2

)2

]
= − 1

2 ln
∣∣∣ a2

(x+
√
a2+x2)2

∣∣∣+ c1 = − 2
2 ln

∣∣∣ a
x+
√
a2+x2

∣∣∣+ c1 = − ln a+ ln
∣∣x+

√
a2 + x2

∣∣+ c1

=
[
x+
√
a2 + x2 > 0 c1 − ln a = c = const.

]
= ln

(
x+
√
a2 + x2

)
+ c, for a > 0, x∈R.

∫
dx√
x2−a2 =

[
1st ES

√
x2−a2 = t−x, x2−a2 = t2−2tx+x2, x= t2+a2

2t , t=x+
√
x2−a2

√
x2−a2 = t− t2+a2

2t = t2−a2

2t , dx= 2t·2t−2(t2+a2)
4t2 dt= 2t2−2a2

4t2 dt= t2−a2

2t2 dt

]
=
∫

2t
t2−a2

t2−a2

2t2 dt =
∫

dt
t = ln |t|+ c = ln

∣∣x+
√
x2 − a2

∣∣+ c,
for a > 0, x∈(−∞ ; −a) ∪ (a ; ∞).

∫
dx√
a2−x2 =

[
x = a sin t, t = arcsin x

a
, dx = a cos tdt, x∈(−a ; a) , t∈

(
−π2 ; π2

)
√
a2−x2 =

√
a2−a2 sin2 t = a

√
1−sin2 t = a

√
cos2 t = a |cos t| = a cos t

]
=
∫
a cos t dt
a cos t =

∫
dt = t+ c = arcsin x

a + c, for a > 0, x∈(−a ; a).

∫
dx√
a2−x2 =

[
x = a cos t, t = arccos x

a
, dx = −a sin tdt, x∈(−a ; a) , t∈(0 ; π)√

a2−x2 =
√
a2−a2 cos2 t = a

√
1−cos2 t = a

√
sin2 t = a |sin t| = a sin t

]
= −

∫
a sin t dt
a sin t = −

∫
dt = −t+ c = − arccos xa + c, for a > 0, x∈(−a ; a).

∫
dx√
a2−x2 =

 2nd ES
√
a2−x2 =a−xt, t= a−

√
a2−x2

x
, x∈(−a ; a) , x 6=0, t∈(−1 ; 1) , t 6=0

a2−x2 = x2t2−2axt+a2, 2axt = x2+x2t2, 2at = x+xt2, x = 2at
1+t2

dx= 2a(1+t2)−2at·2t
(1+t2)2 dt= 2a(1−t2)

(1+t2)2 dt,
√
a2−x2 =a−xt=a− 2at2

1+t2 = a−at2
1+t2 = a(1−t2)

1+t2


=
∫

1+t2
a(1−t2)

2a(1−t2)
(1+t2)2 dt = 2

∫
dt
t2+1 = 2 arctg t+ c = 2 arctg a−

√
a2−x2

x + c,
for a > 0, x∈(−a ; a)− {0}.
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∫
x2 e2x dx =

[
u =x2 u′= 2x
v′= e2x v = e2x

2

]
= x2 e2x

2 −
∫

2x e2x

2 dx = x2 e2x

2 −
∫
x e2x dx

=
[
u =x u′= 1
v′= e2x v = e2x

2

]
= x2 e2x

2 −
[
x e2x

2 −
∫

e2x

2 dx
]

= x2 e2x

2 − x e2x

2 +
∫

e2x

2 dx

= x2 e2x

2 − x e2x

2 + e2x

4 + c = e2x [x2

2 −
x
2 + 1

4
]

+ c, for x∈R.

∫
x2 e2x dx = e2x [Ax2 +Bx+ C

]
+ c = e2x [x2

2 −
x
2 + 1

4
]

+ c, for x∈R.
Derivative

x2 e2x=
[∫

x2 e2x dx
]′

=
[
e2x(Ax2+Bx+C)+c

]′
= 2 e2x(Ax2+Bx+C)+e2x(2Ax+B)

Equations 0 + 0x+ x2 = (2C +B) + (2B + 2A)x+ 2Ax2

1 = 2A, 0 = 2A+2B, 0 = B+2C, A = 1
2 , B = − 1

2 , C = 1
4


∫
x9 e2x dx =

[
u =x9 u′= 9x8

v′= e2x v = e2x

2

]
= x9 e2x

2 −
∫

9x8 e2x

2 dx =
[
u =x8 u′= 8x7

v′= e2x v = e2x

2

]
= · · ·/

∫
x9 e2x dx = e2x [Ax9 +Bx8 + Cx7 +Dx6 + Ex5 + Fx4 +Gx3 +Hx2 + Ix+ J

]
+ c

Derivative x9 e2x = 2 e2x(Ax9+Bx8+Cx7+Dx6+Ex5+Fx4+Gx3+Hx2+Ix+J)
+ e2x(9Ax8+8Bx7+7Cx6+6Dx5+5Ex4+4Fx3+3Gx2+2Hx+I)

Equations x9 = 2Ax9 + (2B+9A)x8 + (2C+8B)x7 + (2D+7C)x6 + (2E+6D)x5

+(2F+5E)x4 + (2G+4F )x3 + (2H+3G)x2 + (2I+2H)x+ (2J+I)

A= 1
2 , B=− 9

4 , C=9, D=− 63
2 , E= 189

2 , F =− 945
4 , G= 945

2 , H=− 2835
4 , I= 2835

4 , J=− 2835
8


= e2x[x9

2 −
9x8

4 +9x7− 63x6

2 + 189x5

2 − 945x4

4 + 945x3

2 − 2835x2

4 + 2835x
4 − 2835

8
]
+c, for x∈R.

∫ √
1−
√
x√

1+
√
x

dx =
∫ √

1−
√
x√

1+
√
x
·
√

1−
√
x√

1−
√
x

dx =
[

1−
√
x>0

x∈〈0 ; 1)

]
=
∫

1−
√
x√

1−x dx =
∫

dx√
1−x −

∫ √
x√

1−x dx

=
∫

(1−x)− 1
2 dx−

∫ √
x

1−x dx =
[

1−x=u x
1−x = t2, x = t2 − xt2, x = t2

1+t2

dx=−du dx = 2t(1+t2)−t2·2t
(1+t2)2 dt = 2t dt

(1+t2)2

]
= −

∫
u−

1
2 du−

∫
t·2t dt

(1+t2)2 = −u
1
2

1
2
− 2
∫

t2 dt
(1+t2)2 = −2

√
u− 2

∫
1+t2−1
(1+t2)2 dt

= −2
√

1−x− 2
∫ [

1
1+t2 −

1
(1+t2)2

]
dt =

[
p. 21 :

∫
dt

(1+t2)2 = 1
2 arctg t+ t

2(t2+1) , t∈R
]

= −2
√

1−x− 2
[
arctg t− 1

2 arctg t− 1
2

t
t2+1

]
+ c = −2

√
1−x− arctg t+ t

t2+1 + c

=
[
t2 + 1 = x

1−x + 1 = x+1−x
1−x = 1

1−x
t

t2+1 = (1−x)
√

x
1−x =

√
(1−x)x

]
= −2

√
1−x− arctg

√
x

1−x +
√
x(1−x) + c,

for x∈〈0 ; 1).
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∫
|x|dx =


∫
xdx = x2

2 + c = x |x|
2 + c, for x≥0,

−
∫
xdx = −x

2

2 + c = x |x|
2 + c, for x≤0.

∫
ln xdx =

[
u = lnx u′= 1

x

v′= 1 v =x

]
=x ln x−

∫
xdx
x =x ln x−

∫
dx=x ln x− x+ c, for x > 0.

∫
xx(ln x+ 1) dx =

[
u =xx u′=

[
eln xx

]′
=
[

ex ln x
]′

= ex ln x
[

lnx+ x
x

]
= xx(lnx+ 1)

v′= 1 v =x

]
= xx + c, for x > 0.

∫
ln
(
x+
√
x2+1

)
dx =

[
u = ln

(
x+
√
x2+1

)
u′= 1√

x2+1
v′= 1 v =x

]
= x ln

(
x+
√
x2+1

)
−
∫

x dx√
x2+1

=
[
x2 + 1 = t
2xdx = dt

]
= x ln

(
x+
√
x2+1

)
− 1

2

∫
dt√
t

= x ln
(
x+
√
x2+1

)
− 1

2

∫
t−

1
2 dt

= x ln
(
x+
√
x2+1

)
− 1

2
t

1
2
1
2

+ c = x ln
(
x+
√
x2+1

)
−
√
x2+1 + c, for x∈R.

∫
dx√

x−3+
√
x−4 =

∫
1√

x−3+
√
x−4

√
x−3−

√
x−4√

x−3−
√
x−4 dx =

∫ √
x−3−

√
x−4

x−3−(x−4) dx

=
∫ [√

x−3−
√
x−4

]
dx =

∫ [
(x−3) 1

2 − (x−4) 1
2
]

dx = (x−3)
3
2

3
2
− (x−4)

3
2

3
2

+ c

= 2
√

(x−3)3

3 − 2
√

(x−4)3

3 + c, for x > 3.

∫
min

x∈(0;∞)

{
1, 1

x

}
dx =


∫

dx = x+ c1, for x∈(0 ; 1〉 ,∫
dx
x = ln x+ c2, for x∈〈1 ; ∞) .

∫
dx

x2
√
x2−1 =

[
1st ES

√
x2−1= t−x, x2−1= t2−2tx+x2, x= t2+1

2t , t=x+
√
x2−1

√
x2−1= t− t2+1

2t = t2−1
2t , dx= 2t·2t−2(t2+1)

4t2 dt= 2t2−2
4t2 dt= t2−1

2t2 dt

]
=
∫ ( 2t

t2+1
)2 2t
t2−1

t2−1
2t2 dt =

∫
4t dt

(t2+1)2 =
[
t2+1 = u
2tdt = du

]
=
∫

2 du
u2 = 2

∫
u−2 du

= 2u
−1

−1 + c1 = c1 − 2
u = c1 − 2

t2+1 = c1 − 2
2tx = c1 − 1

x(x+
√
x2−1)

= c1 − 1
x(x+

√
x2−1) ·

x−
√
x2−1

x−
√
x2−1 = c1 − x−

√
x2−1

x(x2−x2+1) = c1 − x−
√
x2−1
x = c1 − 1 +

√
x2−1
x

=
[
c1 − 1 = c = const.

]
=
√
x2−1
x + c, for x∈(−∞ ; −1) ∪ (1 ; ∞).
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∫
dx

x2
√
x2−1 =

√
x2−1
x + c, for x∈(−∞ ; −1) ∪ (1 ; ∞).∫

dx
x2
√
x2−1 =

[
x = 1

t
, t = 1

x
, dx = −dt

t2
, x∈(1 ; ∞) , t∈(0 ; 1)

√
x2−1=

√
1
t2
−1=

√
1−t2
t

,
√

1−t2 =
√

1− 1
x2 =

√
x2−1
x

]
= −

∫
t2·t√
1−t2

dt
t2

=
∫
−t dt√
1−t2 =

[
1−t2 = u
−2tdt = du

]
= 1

2

∫
du√
u

= 1
2

∫
u−

1
2 du = 1

2
u

1
2

1
2

+ c =
√

1− t2 + c

=
√

1− 1
x2 + c =

√
x2−1
x + c, for x∈(1 ; ∞).∫

dx
x2
√
x2−1 =

[
x = −t, dx = − dt

x∈(−∞ ; −1) , t∈(1 ; ∞)

]
= −

∫
dt

t2
√
t2−1 = −

√
t2−1
t + c = −

√
x2−1
−x + c

=
√
x2−1
x + c, for x∈(−∞ ; −1).

∫
2x2−x+1
x
√

1+x−x2 dx =
[

x2−x−1 = (x− 1
2 )2 − 5

4 =
(
x− 1

2−
√

5
2

)(
x− 1

2 +
√

5
2

)
< 0

x∈
(

1
2−
√

5
2 ; 1

2 +
√

5
2

)
, x 6=0 ⇒ x∈

(
1
2−
√

5
2 ; 0

)
∪
(

0; 1
2 +
√

5
2

) ]
=
∫

(2x−1) dx√
1+x−x2 +

∫
dx

x
√

1+x−x2 = −2
√

1 + x− x2 − ln
∣∣∣ 2+x+2

√
1+x−x2

x

∣∣∣+ c,

for x∈
( 1

2−
√

5
2 ; 0

)
∪
(
0; 1

2 +
√

5
2
)
.∫

(2x−1) dx√
1+x−x2 =

[
1 + x− x2 = s
(1−2x) dx = ds

]
=
∫
− ds√
s

= −
∫
s−

1
2 ds = − s

1
2

1
2

+ c1 = −2
√
s+ c1

= −2
√

1 + x− x2 + c1, for x∈
( 1

2−
√

5
2 ; 1

2 +
√

5
2
)
.∫

dx
x
√

1+x−x2 =


x= 1

t
, t= 1

x
, dx = −dt

t2
,
√

1+x−x2 =
√

1+ 1
t
− 1
t2

=
√
t2+t−1
|t| =

√
t2+t−1
t

√
t2+t−1=

√
1
x2 + 1

x
−1=

√
1+x−x2

|x| =
√

1+x−x2

x
, 0 < x < 1+

√
5

2

t = 1
x
> 2

1+
√

5
= 2

1+
√

5
1−
√

5
1−
√

5
= 2(1−

√
5)

1−5 = 2(1−
√

5)
−4 =

√
5−1
2


=
∫

t·t√
t2+t−1

− dt
t2 = −

∫
dt√

t2+t−1 =
[

t+ 1
2 = u, dt = du, u >

√
5

2
t2+t−1 = (t+ 1

2 )2− 5
4 = u2− 5

4

]
= −

∫
du√
u2− 5

4

= − ln
∣∣∣u+

√
u2− 5

4

∣∣∣+c2 = − ln
∣∣t+ 1

2 +
√
t2+t−1

∣∣+c2 = − ln
∣∣∣ 1
x+ 1

2 +
√

1+x−x2

x

∣∣∣+c2

= − ln
∣∣∣ 2+x+2

√
1+x−x2

2x

∣∣∣+ c2 = − ln
∣∣∣ 2+x+2

√
1+x−x2

x

∣∣∣+ ln 2 + c2 =
[

ln 2 + c2 = c3
]

= − ln
∣∣∣ 2+x+2

√
1+x−x2

x

∣∣∣+ c3, for x∈
(
0; 1+

√
5

2
)
.

∫
dx

x
√

1+x−x2 =


x= 1

t
, t= 1

x
, dx = −dt

t2
,
√

1+x−x2 =
√
t2+t−1
|t| =

√
t2+t−1
−t

√
t2+t−1=

√
1+x−x2

|x| =
√

1+x−x2

−x , 0 > x > 1−
√

5
2

t = 1
x
< 2

1−
√

5
1+
√

5
1+
√

5
= 2(1+

√
5)

1−5 = 2(1+
√

5)
−4 = − 1+

√
5

2

 =
∫

−t·t√
t2+t−1

− dt
t2

=
∫

dt√
t2+t−1 =

[
t+ 1

2 = u, dt = du, u < −
√

5
2

t2+t−1 = (t+ 1
2 )2− 5

4 = u2− 5
4

]
=
∫

du√
u2− 5

4
= ln

∣∣∣u+
√
u2− 5

4

∣∣∣+c4

= ln
∣∣t+ 1

2 +
√
t2+t−1

∣∣+c4 = ln
∣∣∣ 1
x+ 1

2 +
√

1+x−x2

−x

∣∣∣+c4 = ln
∣∣∣ 2+x−2

√
1+x−x2

2x

∣∣∣+ c4

=
[

2+x−2
√

1+x−x2

2x
2+x+2

√
1+x−x2

2+x+2
√

1+x−x2
= 1

2x
(2+x)2−4(1+x−x2)

2+x+2
√

1+x−x2
= 1

2x
5x2

2+x+2
√

1+x−x2

]
= ln 5

2 + ln
∣∣∣ x

2+x+2
√

1+x−x2

∣∣∣+ c4 =
[

ln 5
2 + c4 = c5

]
= − ln

∣∣∣ 2+x+2
√

1+x−x2

x

∣∣∣+ c5,

for x∈
( 1−

√
5

2 ; 0
)
.
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∫
2x2−x+1
x
√

1+x−x2 dx =
[

x2−x−1 = (x− 1
2 )2 − 5

4 =
(
x− 1

2−
√

5
2

)(
x− 1

2 +
√

5
2

)
< 0

x∈
(

1
2−
√

5
2 ; 1

2 +
√

5
2

)
, x 6=0 ⇒ x∈

(
1
2−
√

5
2 ; 0

)
∪
(

0; 1
2 +
√

5
2

) ]
=
∫

(2x−1) dx√
1+x−x2 +

∫
dx

x
√

1+x−x2 = −2
√

1 + x− x2 − ln
∣∣∣ 2+x+2

√
1+x−x2

x

∣∣∣+ c,

for x∈
( 1

2−
√

5
2 ; 0

)
∪
(
0; 1

2 +
√

5
2
)
.∫

(2x−1) dx√
1+x−x2 =

[
1 + x− x2 = s
(1−2x) dx = ds

]
=
∫
− ds√
s

= −
∫
s−

1
2 ds = − s

1
2

1
2

+ c1 = −2
√
s+ c1

= −2
√

1 + x− x2 + c1, for x∈
( 1

2−
√

5
2 ; 1

2 +
√

5
2
)
.

∫
dx

x
√

1+x−x2 =


2nd ES

√
−x2+x+1 = xt+1, t =

√
1+x−x2−1

x
, t∈
(
− 1

2−
√

5
2 ; − 1

2 +
√

5
2

)
, t 6=0

−x2+x+1 = x2t2+2tx+1, x−2tx = x2t2+x2, 1−2t = xt2+x, x = 1−2t
t2+1

dx = −2(t2+1)−2t(1−2t)
(t2+1)2 dt = −2t2−2−2t+4t2

(t2+1)2 dt = 2t2−2t−2
(t2+1)2 dt = 2(t2−t−1) dt

(t2+1)2
√

1 + x− x2 = xt+ 1 = 1−2t
t2+1 t+ 1 = t−2t2+t2+1

t2+1 = −t2+t+1
t2+1 − t2−t−1

t2+1


=
∫ 2(t2−t−1) dt

(t2+1)2

− 1−2t
t2+1

t2−t−1
t2+1

=
∫

2 dt
2t−1 = ln |2t−1|+ c2 = ln

∣∣∣ 2
√

1+x−x2−2−x
x

∣∣∣+ c2

=
[
−2−x+

√
1+x−x2

x
2+x+2

√
1+x−x2

2+x+2
√

1+x−x2
= 1

x
(2+x)2−4(1+x−x2)

2+x+2
√

1+x−x2
= 1

x
5x2

2+x+2
√

1+x−x2

]
= ln 5 + ln

∣∣∣ x
2+x+2

√
1+x−x2

∣∣∣+ c2 =
[

ln 5 + c2 = c3
]

= − ln
∣∣∣ 2+x+2

√
1+x−x2

x

∣∣∣+ c3,

for x∈
( 1

2−
√

5
2 ; 0

)
∪
(
0; 1

2 +
√

5
2
)
.

∫ √
x2−x
x dx = 1

2 ln
∣∣2x− 1− 2

√
x2 − x

∣∣+
√
x2 − x+ c, for x∈(−∞ ; 0) ∪ 〈1 ; ∞).

∫ √
x2−x
x dx =


x > 0, x =

√
x2, x2 − x = x(x− 1) ≥ 0, x∈(−∞ ; 0) ∪ 〈1 ; ∞) ⇒ x∈〈1 ; ∞)

t =
√

x−1
x

=
√
x−1√
x
, t∈(0 ; 1) , x−1

x
= t2, x = 1

1−t2 , dx = −(−2t) dt
(1−t2)2 = 2t dt

(1−t2)2

1± t = 1±
√
x−1√
x

=
√
x±
√
x−1√
x

, t
1−t2 = xt = x

√
x−1
x

=
√
x
√
x− 1 =

√
x2 − x

1−t
1+t =

√
x−
√
x−1√

x+
√
x−1 =

√
x−
√
x−1√

x+
√
x−1

√
x−
√
x−1√

x−
√
x−1 = (

√
x−
√
x−1)2

x−(x−1) = (
√
x−
√
x−1)2 > 0


=
∫ √

x2−x√
x2 dx =

∫ √
x2−x
x2 dx =

∫ √
x−1
x dx =

∫
t·2t dt

(1−t2)2 =
∫

2t2 dt
(1−t2)2

=
[ 2t2

(1−t2)2 = A
t−1 + B

(t−1)2 + C
t+1 + D

(t+1)2

A = 1
2 , B = 1

2 , C = − 1
2 , D = 1

2

]
= 1

2

∫ [
1
t−1 + 1

(t−1)2− 1
t+1 + 1

(t+1)2

]
dt

= 1
2

[
ln |t−1|+ (t−1)−1

−1 − ln |t+1|+ (t+1)−1

−1

]
+ c = 1

2

[
ln
∣∣ t−1
t+1
∣∣+ 1

1−t −
1

1+t

]
+ c

= 1
2

[
ln 1−t

1+t + 1+t−(1−t)
1−t2

]
+ c = 1

2 ln 1−t
1+t+

t
1−t2 + c = 1

2 ln (
√
x−
√
x−1)2 +

√
x2−x+ c,

= 1
2 ln

(
2x− 1− 2

√
x2 − x

)
+
√
x2 − x+ c, for x∈〈1 ; ∞).∫ √

x2−x
x dx =

∫ √
x2−x
−
√
x2 dx = −

∫ √
x−1
x dx = −

∫
2t2 dt

(1−t2)2 = − 1
2

[
ln
∣∣ t−1
t+1
∣∣+ 1

1−t −
1

1+t

]
+ c

=

 x < 0, x = −
√
x2, t =

√
x−1
x

=
√

1−x√
−x , t∈(0 ; 1) , x−1

x
= t2, x = 1

1−t2 , dx = 2t dt
(1−t2)2

t± 1 =
√

1−x√
−x ± 1 =

√
1−x±

√
−x√

−x , t
1−t2 = xt = −

√
x2
√

x−1
x

= −
√
x(x−1) = −

√
x2−x

t+1
t−1 =

√
1−x+

√
−x√

1−x−
√
−x =

√
1−x+

√
−x√

1−x−
√
−x

√
1−x+

√
−x√

1−x+
√
−x = (

√
1−x+

√
−x)2

1−x−(−x) = (
√

1−x+
√
−x)2 > 0


= − 1

2 ln t−1
t+1 −

t
1−t2 + c = 1

2 ln t+1
t−1 −

t
1−t2 + c = 1

2 ln (
√

1−x+
√
−x)2 +

√
x2−x+ c

= 1
2 ln

(
1− 2x+ 2

√
−x(1− x)

)
+
√
x2 − x+ c, for x∈(−∞ ; 0).
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6 Examples 47

∫
x5 dx√
x3+1 = 1

3

∫
x3·3x2 dx√

x3+1 =
[
x3 + 1 = t, x > −1
3x2 dx = dt, t > 0

]
= 1

3

∫
(t−1) dt√

t
= 1

3

∫ [√
t− 1√

t

]
dt

= 1
3

∫ [
t

1
2 − t− 1

2

]
dt = 1

3

[
t

3
2
3
2
− t

1
2
1
2

]
+ c = 2

√
t3

9 − 2
√
t

3 + c = 2
√

(x3+1)3

9 − 2
√
x3+1
3 + c,

for x∈(−1 ; ∞).

∫
dx√

5+4 ex =
[

ex = t, x∈R, t > 0
x = ln t, dx = dt

t

]
=
∫

dt
t
√

5+4t =
∫

4 dt
4t
√

5+4t =
[ 5 + 4t = u2, t > 0

4 dt = 2udu, u >
√

5

]
=
∫

2u du
(u2−5)

√
u2 =

∫
2 du
u2−5 = 2

2
√

5 ln
∣∣∣u−√5
u+
√

5

∣∣∣+ c = 1√
5 ln

∣∣∣√5+4t−
√

5√
5+4t+

√
5

∣∣∣+ c

= 1√
5 ln

∣∣∣√5+4 ex−
√

5√
5+4 ex+

√
5

∣∣∣+ c, for x∈R.

∫ √
1−x2

x2 dx =
[
u =
√

1− x2 u′= 1
2

(
1− x2

)− 1
2 (−2x) = −x√

1−x2

v′= 1
x2 = x−2 v = x−1

−1 = − 1
x

]
= −

√
1−x2

x −
∫

−x√
1−x2

− dx
x

= −
√

1−x2

x −
∫

dx√
1−x2 = −

√
1−x2

x − arcsin x+ c, for x∈〈−1 ; 1〉 − {0}.

∫ √
1−x2

x2 dx =
[
x = sin t, t = arcsinx, dx = cos tdt, x∈〈−1 ; 1〉 , t∈

〈
−π2 ; π2

〉
√

1− x2 =
√

1− sin2 t =
√

cos2 t = |cos t| = cos t

]
=
∫

cos t·cos t dt
sin2 t

=
∫

1−sin2 t dt
sin2 t =

∫ [ 1
sin2 t − 1

]
dt = − cotg t− t+ c = c− cos t

sin t − t

= c−
√

1−x2

x − arcsin x, for x∈〈−1 ; 1〉 − {0}.

∫ √( 1−x
1+x

)3 dx =
[

1−x
1+x > 0⇔ (1−x)(1+x) = 1−x2 > 0, x∈(−1 ; 1〉 , t2 = 1−x

1+x , t∈〈0 ; ∞)
1−x= t2(1+x), x= 1−t2

1+t2 , dx= −2t(1+t2)−2t(1−t2)
(1+t2)2 dt= −4t dt

(1+t2)2 , t
2+1= 2

1+x

]
=
∫
−4t·t3 dt
(1+t2)2 =

[
t4

(1+t2)2 = t4+2t2+1−2t2−2+1
(1+t2)2 = (t2+1)2−2(t2+1)+1

(1+t2)2 = 1− 2
1+t2 + 1

(1+t2)2

]
= −4

∫ [
1− 2

1+t2 + 1
(1+t2)2

]
dt =

[
p. 21 :

∫
dt

(1+t2)2 = 1
2 arctg t+ t

2(t2+1) , t∈R
]

= −4
[
t− 2 arctg t+ 1

2 arctg t+ 1
2

t
t2+1

]
+ c = 6 arctg t− 4t− 2t

t2+1 + c

= 6 arctg
√

1−x
1+x − 4

√
1−x
1+x − 2

√
1−x
1+x

1+x
2 + c

= 6 arctg
√

1−x
1+x − 4

√
1−x
1+x −

√
1− x2 + c, for x∈(−1 ; 1〉.

∫ √( 1+x
1−x

)3 dx =
[

x = −t, x∈〈−1 ; 1)
dx = − dt, t∈(−1 ; 1〉

]
= −

∫ √( 1−t
1+t
)3 dt

= −
[
6 arctg

√
1−t
1+t − 4

√
1−t
1+t −

√
1− t2

]
+ c

= −6 arctg
√

1+x
1−x + 4

√
1+x
1−x +

√
1− x2 + c, for x∈〈−1 ; 1).

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerbbeerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerbbeerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerb

mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb


6 Examples 48

∫ √( 1+x
1−x

)3 dx =
[

1+x
1−x > 0⇔ (1−x)(1+x) = 1−x2 > 0, x∈〈−1 ; 1) , t2 = 1+x

1−x , t∈〈0 ; ∞)
1+x= t2(1−x), x= t2−1

t2+1 , dx= 2t(t2+1)−2t(t2−1)
(t2+1)2 dt= 4t dt

(t2+1)2 , t
2+1= 2

1−x

]
=
∫

4t·t3 dt
(t2+1)2 =

[
t4

(t2+1)2 = t4+2t2+1−2t2−2+1
(t2+1)2 = (t2+1)2−2(t2+1)+1

(t2+1)2 = 1− 2
1+t2 + 1

(t2+1)2

]
= 4
∫ [

1− 2
1+t2 + 1

(t2+1)2

]
dt =

[
p. 21 :

∫
dt

(1+t2)2 = 1
2 arctg t+ t

2(t2+1) , t∈R
]

= 4
[
t− 2 arctg t+ 1

2 arctg t+ 1
2

t
t2+1

]
+ c = −6 arctg t+ 4t+ 2t

t2+1 + c

= −6 arctg
√

1+x
1−x + 4

√
1+x
1−x + 2

√
1+x
1−x

1−x
2 + c

= −6 arctg
√

1+x
1−x + 4

√
1+x
1−x +

√
1− x2 + c, for x∈〈−1 ; 1).

∫
x2 ln

√
1− xdx =

∫
x2

2 ln (1−x) dx =
[
u = ln (1−x) u′= −1

1−x = 1
x−1

v′= x2

2 v = x3

2·3 = x3

6

]
= x3 ln (1−x)

6 −
∫
x3

6
dx
x−1 = x3 ln (1−x)

6 − 1
6

∫
(x3−x2)+(x2−x)+(x−1)+1

x−1 dx

= x3 ln (1−x)
6 − 1

6

∫ [
x2+x+1+ 1

x−1

]
dx = x3 ln (1−x)

6 − 1
6

[
x2

3 + x2

2 +x+ln |x−1|
]

+ c

= x3 ln (1−x)
6 − x3

18−
x2

12−
x
6−

ln (1−x)
6 +c = x3−1

6 ln (1−x)− x3

18−
x2

12−
x
6 +c, for x < −1.

∫
dx

x6(1+x2) =
[

1
x6(1+x2) = 1

t3(1+t) = A
t

+ B
t2

+ C
t3

+ D
1+t = A

x2 + B
x4 + C

x6 + D
1+x2

x2 = t, A = 1, B = −1, C = 1, D = −1

]
=
∫ [

1
x2 − 1

x4 + 1
x6 − 1

1+x2

]
dx =

∫ [
x−2 − x−4 + x−6 − 1

1+x2

]
dx

= x−1

−1 −
x−3

−3 + x−5

−5 − arctg x+ c = − 1
x + 1

3x3 − 1
5x5 − arctg x+ c, for x∈R− {0}.

∫ √
1−x
1+x dx =

 1−x
1+x >0⇔ (1−x)(1+x)=1−x2>0, x∈(−1 ; 1〉 , t=

√
1−x
1+x , t

2 = 1−x
1+x , t∈〈0 ; ∞)

1−x= t2(1+x), x= 1−t2
1+t2 , dx= −2t(1+t2)−2t(1−t2)

(1+t2)2 dt= −4t dt
(1+t2)2 , t

2+1= 2
1+x


=
∫
−4t·t dt
(1+t2)2 = −4

∫
t2+1−1
(1+t2)2 dt = −4

∫ [
1

1+t2 −
1

(1+t2)2

]
dt

=
[

p. 21 :
∫

dt
(1+t2)2 = 1

2 arctg t+ t
2(t2+1) , t∈R

]
= −4

[
arctg t− 1

2 arctg t− 1
2

t
t2+1

]
+ c

= −2 arctg t+ 2t
t2+1 + c =

[
2t
t2+1 =2

√
1−x
1+x

1+x
2 =

√
(1−x)(1+x)2

1+x =
√

(1−x)(1+x)=
√

1−x2
]

=
√

1− x2 − 2 arctg
√

1−x
1+x + c, for x∈(−1 ; 1〉.

∫ √
1+x
1−x dx =

[
x = −t, x∈〈−1 ; 1)

dx = − dt, t∈(−1 ; 1〉

]
= −

∫ √
1−t
1+t dt = −

[√
1− t2 − 2 arctg

√
1−t
1+t

]
+ c,

= −
√

1− x2 + 2 arctg
√

1+x
1−x + c, for x∈〈−1 ; 1).
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∫ √
1+x
1−x dx =

 1+x
1−x >0⇔ (1−x)(1+x)=1−x2>0, x∈〈−1 ; 1) , t=

√
1+x
1−x , t

2 = 1+x
1−x , t∈〈0 ; ∞)

1+x= t2(1−x), x= t2−1
t2+1 , dx= 2t(t2+1)−2t(t2−1)

(t2+1)2 dt= 4t dt
(t2+1)2 , t

2+1= 2
1−x


=
∫

4t·t dt
(1+t2)2 = 4

∫
t2+1−1
(1+t2)2 dt = 4

∫ [
1

1+t2 −
1

(1+t2)2

]
dt

=
[

p. 21 :
∫

dt
(1+t2)2 = 1

2 arctg t+ t
2(t2+1) , t∈R

]
= 4

[
arctg t− 1

2 arctg t− 1
2

t
t2+1

]
+ c

= 2 arctg t− 2t
t2+1 + c =

[
2t
t2+1 =2

√
1+x
1−x

1−x
2 =

√
(1+x)(1−x)2

1−x =
√

(1+x)(1−x)=
√

1−x2
]

= 2 arctg
√

1+x
1−x −

√
1− x2 + c, for x∈〈−1 ; 1).

∫ √
x−1
x+1 dx =

 x−1
x+1 >0⇔ (x−1)(x+1)=x2−1>0, x∈(−∞ ; −1)∪〈1 ; ∞) , t=

√
x−1
x+1 , t

2 = x−1
x+1

x−1= t2(x+1), x= 1+t2
1−t2 , dx= 2t(1−t2)+2t(1+t2)

(1−t2)2 dt= 4t dt
(t2−1)2 , t∈〈0 ; ∞)−{1}


=
∫

4t·t dt
(t2−1)2 =

[
4t2

(t2−1)2 = A
t−1 + B

(t−1)2 + C
t+1 + D

(t+1)2

A = 1, B = 1, C = −1, D = 1

]
=
∫ [

1
t−1 + 1

(t−1)2− 1
t+1 + 1

(t+1)2

]
dt

= ln |t−1|+
∫

(t−1)−2 dt− ln |t+1|+
∫

(t+1)−2 dt = ln
∣∣ t−1
t+1
∣∣+ (t−1)−1

−1 + (t+1)−1

−1 + c

= ln
∣∣ t−1
t+1
∣∣− 1

t−1 −
1
t+1 + c = ln |t−1| − ln |t+1| − 2t

t2−1 + c

=
[
t2−1= x−1

x+1−1= −2
x+1 , −

2t
t2−1 =(x+1)

√
x−1
x+1 =

√
(x+1)2 x−1

x+1 =
√

(x+1)(x−1)=
√
x2−1

]
= ln

∣∣∣√x−1
x+1 − 1

∣∣∣− ln
∣∣∣√x−1

x+1 + 1
∣∣∣+
√
x2−1 + c, for x∈(−∞ ; −1) ∪ 〈1 ; ∞).

∫ √
x+1
x−1 dx =

 x+1
x−1 >0⇔ (x−1)(x+1)=x2−1>0, x∈(−∞ ; −1〉∪(1 ; ∞) , t=

√
x+1
x−1 , t

2 = x+1
x−1

x+1= t2(x−1), x= t2+1
t2−1 , dx= 2t(t2−1)−2t(t2+1)

(t2−1)2 dt= −4t dt
(t2−1)2 , t∈〈0 ; ∞)−{1}


=
∫
−4t·t dt
(t2−1)2 =

[
−4t2

(t2−1)2 = A
t+1 + B

(t+1)2 + C
t−1 + D

(t−1)2

A = 1, B = −1, C = −1, D = −1

]
=
∫ [

1
t+1−

1
(t+1)2− 1

t−1−
1

(t−1)2

]
dt

= ln |t+1| −
∫

(t+1)−2 dt− ln |t−1| −
∫

(t−1)−2 dt = ln
∣∣ t+1
t−1
∣∣− (t+1)−1

−1 − (t−1)−1

−1 + c

= ln
∣∣ t+1
t−1
∣∣+ 1

t−1 + 1
t+1 + c = ln |t+1| − ln |t−1|+ 2t

t2−1 + c

=
[
t2−1= x+1

x−1−1= 2
x−1 ,

2t
t2−1 =(x−1)

√
x+1
x−1 =

√
(x−1)2 x+1

x−1 =
√

(x−1)(x+1)=
√
x2−1

]
= ln

∣∣∣√x+1
x−1 + 1

∣∣∣− ln
∣∣∣√x+1

x−1 − 1
∣∣∣+
√
x2−1 + c, for x∈(−∞ ; −1〉 ∪ (1 ; ∞).

∫
1+
√

1−x2

1−
√

1−x2 dx =
∫

1+
√

1−x2

1−
√

1−x2
1+
√

1−x2

1+
√

1−x2 dx =
∫

1+2
√

1−x2+1−x2

1−(1−x2) dx =
∫

2−x2+2
√

1−x2

x2 dx

= 2
∫
x−2 dx−

∫
dx+ 2

∫ √
1−x2

x2 dx =
[
u =
√

1− x2 u′= 1
2 (1−x2)−

1
2 (−2x) = −x√

1−x2

v′= 1
x2 = x−2 v = x−1

−1 = − 1
x

]
= 2x

−1

−1 − x+ 2
[
−
√

1−x2

x −
∫

−x√
1−x2

− dx
x

]
= − 2

x − x− 2
√

1−x2

x − 2
∫

dx√
1−x2

= − 2+x2+2
√

1−x2

x − 2 arcsin x+ c, for x∈〈−1 ; 1〉 − {0}.
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6 Examples 50

∫
dx

x
√

1±x3+x6 = − 1
3 ln

∣∣∣ 2±x3+2
√

1±x3+x6

x3

∣∣∣+ c, for x∈R− {0}.∫
dx

x
√

1±x3+x6 =
[
x6±x3+1=(x3± 1

2 )2+ 3
4 >0

]
= 1

3

∫
3x2 dx

x3
√

1±x3+x6 =
[

t = x3, x > 0
3x2 dx = dt, t > 0

]
= 1

3

∫
dt

t
√

1±t+t2 =
[

t = 1
u
,
√

1± t+ t2 =
√

1± 1
u

+ 1
u2 =

√
u2±u+1
|u| =

√
u2±u+1
u

, t > 0

dt = − du
u2 ,

√
u2 ± u+ 1 =

√
1
t2
± 1

t
+ 1 =

√
1±t+t2
|t| =

√
1±t+t2
t

, u > 0

]
= 1

3

∫
u·u√

u2±u+1
− du
u2 = − 1

3

∫
du√

(u± 1
2 )2+ 3

4
= − 1

3 ln
∣∣u± 1

2 +
√
u2 ± u+ 1

∣∣+ c1

= − 1
3 ln

∣∣∣ 1
t ±

1
2 +

√
1±t+t2
t

∣∣∣+ c1 = − 1
3 ln

∣∣∣ 2±t+2
√

1±t+t2
2t

∣∣∣+ c1 =
[

1
3 ln 2 + c1 = c

]
= − 1

3 ln
∣∣∣ 2±t+2

√
1±t+t2
t

∣∣∣+ 1
3 ln 2 + c1 = − 1

3 ln
∣∣∣ 2±x3+2

√
1±x3+x6

x3

∣∣∣+ c, for x > 0.∫
dx

x
√

1±x3+x6 =
[

t=x3, x<0
3x2 dx=dt, t<0

]
= 1

3

∫
dt

t
√

1±t+t2 =
[

t= 1
u
,
√

1±t+t2 =
√
u2±u+1
−u , t<0

dt= − du
u2 ,
√
u2±u+1=

√
1±t+t2
−t , u<0

]
= 1

3

∫
−u·u√
u2±u+1

− du
u2 = 1

3

∫
du√

(u± 1
2 )2+ 3

4
= 1

3 ln
∣∣u± 1

2 +
√
u2 ± u+ 1

∣∣+ c1

= 1
3 ln

∣∣∣ 1
t ±

1
2 −

√
1±t+t2
t

∣∣∣+ c1 = 1
3 ln

∣∣∣ 2±t−2
√

1±t+t2
2t

∣∣∣+ c1

=
[

2±t−2
√

1±t+t2
2t

2±t+2
√

1±t+t2

2±t+2
√

1±t+t2
= 1

2t
(2±t)2−4(1±t+t2)

2±t+2
√

1±t+t2
= 1

2t
−3t2

2±t+2
√

1±t+t2

]
=c1− 1

3 ln
∣∣∣ 2

3
2±t+2

√
1±t+t2
t

∣∣∣=[ c1− 1
3 ln 2

3 =c
]

=− 1
3 ln

∣∣∣ 2±x3+2
√

1±x3+x6

x3

∣∣∣+c, for x<0.

∫ √
x

1−x
√
x

dx =
[ √

x= t, x≥0, 1−x
√
x=1−

√
x3>0, x<1

x= t2, dx=2t dt, x∈〈0 ; 1) , t∈〈0 ; 1)

]
=
∫ √

t2

1−t3 2tdt =
∫

2t2 dt√
1−t3

=
[

1− t3 = u
−3t2 dt = du

]
= − 2

3

∫
du√
u

= − 2
3

∫
u−

1
2 du = − 2

3
u

1
2

1
2

+ c = − 4
3
√
u+ c

= − 4
3
√

1− t3 + c = − 4
3

√
1− x

√
x+ c, for x∈〈0 ; 1).

∫
1−x

x
√
x−x2 dx =


3rd ES t=

√
1−x
x
, t2 = 1−x

x
, t2x=1−x, x= 1

1+t2 , dx= −1·2t
(1+t2)2 dt= −2t dt

(1+t2)2

x−x2 = x(1−x) > 0, x∈(0 ; 1) , t∈(0 ; ∞) , t =
√

1−x
x

=
√

x−x2

x2 =
√
x−x2

x

1−x = t2x = t2

1+t2 ,
√
x−x2 = xt = t

1+t2 ,
1−x

x
√
x−x2

= 1+t2
1

t2

1+t2
1+t2
t

= t(1+t2)


=
∫
t(1+t2) −2t dt

(1+t2)2 = −2
∫
t2 dt
1+t2 = −2

∫
1+t2−1

1+t2 dt = −2
∫ [

1− 1
1+t2

]
dt

= −2(t− arctg t) + c = 2 arctg
√

1−x
x − 2

√
1−x
x + c, for x∈(0 ; 1).

∫
1−x

x−
√
x−x2 dx =

 3rd ES t=
√

1−x
x
, t2 = 1−x

x
, t2x=1−x, x= 1

1+t2 , dx= −1·2t
(1+t2)2 dt= −2t dt

(1+t2)2

x−x2 = x(1−x) > 0, x∈(0 ; 1) , t∈(0 ; ∞) , t =
√

1−x
x

=
√

x−x2

x2 =
√
x−x2

x

1− x = t2x = t2

1+t2 ,
√
x−x2 = xt = t

1+t2 , x±
√
x−x2 = 1

1+t2 ±
t

1+t2 = 1±t
1+t2


=
∫

t2

1+t2
1+t2
1−t

−2t dt
(1+t2)2 =

∫
2t3 dt

(t−1)(1+t2)2 =
[

2t3
(t−1)(1+t2)2 = A

t−1 + Bt+C
1+t2 + Dt+E

(1+t2)2

A = 1
2 , B = − 1

2 , C = 3
2 , D = 1, E = −1

]
=
∫ [ 1

2
t−1 +

3
2−

t
2

1+t2 + t−1
(1+t2)2

]
dt = 1

2

∫
dt
t−1 + 3

2

∫
dt

1+t2 −
1
2

∫
t dt

1+t2 +
∫

t dt
(1+t2)2 −

∫
dt

(1+t2)2
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=
[

1 + t2 = u, t∈(0 ; ∞)
2tdt = du, u∈(1 ; ∞)

p. 21 :
∫

dt
(1+t2)2 = 1

2 arctg t+ t
2(1+t2) , t∈R

]
= 1

2 ln |t−1|+ 3
2 arctg t− 1

4

∫
du
u + 1

2

∫
du
u2 − 1

2 arctg t− t
2(t2+1) + c

= 1
2 ln |t−1|+ arctg t− 1

4 ln |u|+ 1
2
u−1

−1 −
t

2(1+t2) + c =
[

1
2
u−1

−1 = − 1
2u = − 1

2(1+t2)

]
= 1

4 ln (t−1)2 + arctg t− 1
4 ln (t2+1)− 1

2(1+t2) −
t

2(1+t2) + c

= 1
4 ln t2−2t+1

1+t2 + arctg t− 1+t
2(1+t2) + c = 1

4 ln
(
1− 2t

1+t2
)

+ arctg t− 1+t
2(1+t2) + c

= 1
4 ln

(
1−2
√
x−x2

)
+ arctg

√
x−x2

x − x+
√
x−x2

2 + c, for x∈(0 ; 1).

∫
1−x

x
√
x2−x dx =

 3rd ES t=
√

x−1
x
, t2 = x−1

x
, t2x=x−1, x= 1

1−t2 , dx= −1·(−2t)
(1−t2)2 dt= 2t dt

|1−t2|2

x2−x = x(x−1) > 0, x∈(−∞ ; 0)⇔ t∈(1 ; ∞) , x∈(1 ; ∞)⇔ t∈(0 ; 1)

x∈R−〈0 ; 1〉 , t=
√

x2−x
x2 =

√
x2−x
|x| , x−1

x
√
x2−x

= x−1
x·t |x| =

t2

t |x| =
t
|x| = t |1−t2|


= − 2

√
x2−x
x +ln

∣∣∣√x2−x+x√
x2−x−x

∣∣∣+ c, for x∈(−∞ ; 0)∪(1 ; ∞).∫
1−x

x
√
x2−x dx =

∫
t |1−t2| ·2t dt
|1−t2|2 =

∫
2t2 dt
|1−t2| =

[
t∈(1 ; ∞)
x∈(−∞ ; 0)

]
= 2
∫
t2 dt
t2−1 = 2

∫
t2−1+1 dt
t2−1

= 2
∫ [

1+ 1
t2−1

]
dt = 2

[
t+ 1

2 ln
∣∣ t−1
t+1
∣∣]+ c = 2t+ln

∣∣ t−1
t+1
∣∣+c = 2

√
x2−x
−x +ln

∣∣∣∣
√
x2−x
−x −1
√
x2−x
−x +1

∣∣∣∣+c
= − 2

√
x2−x
x +ln

∣∣∣√x2−x+x√
x2−x−x

∣∣∣+ c, for x∈(−∞ ; 0).∫
1−x

x
√
x2−x dx =

∫
t |1−t2| ·2t dt
|1−t2|2 =

∫
2t2 dt
|1−t2| =

[
t∈(0 ; 1)
x∈(1 ; ∞)

]
= 2
∫
t2 dt
1−t2 = −2

∫
t2−1+1 dt
t2−1

= −2
∫ [

1+ 1
t2−1

]
dt = −2

[
t+ 1

2 ln
∣∣ t−1
t+1
∣∣]+ c = −2t−ln

∣∣ t−1
t+1
∣∣+c = −2t+ln

∣∣ t+1
t−1
∣∣+c

= −2
√
x2−x
x −ln

∣∣∣∣ √x2−x
x +1√
x2−x
x −1

∣∣∣∣+c = − 2
√
x2−x
x +ln

∣∣∣√x2−x+x√
x2−x−x

∣∣∣+ c, for x∈(1 ; ∞).

∫
1−x

x−
√
x2−x dx =

[
x2−x = x(x−1) > 0
x∈(−∞ ; 0)∪(1 ; ∞)

]
=
∫

1−x
x−
√
x2−x

x+
√
x2−x

x+
√
x2−x dx =

[
x2−x = (x− 1

2 )− 1
4

]
=
∫
x−x2+

√
x2−x−x

√
x2−x

x2−(x2−x) dx =
∫ (

1−x+
√
x2−x
x −

√
(x− 1

2 )2− 1
4

)
dx

=


p. 46 :

∫ √
x2−x
x

dx = 1
2 ln
∣∣2x− 1− 2

√
x2 − x

∣∣+
√
x2 − x, x∈(−∞ ; 0) ∪ 〈1 ; ∞)

p. 40 :
∫
√
x2 − a2 dx = x

√
x2−a2

2 − a2

2 ln
∣∣x+
√
x2−a2

∣∣, x∈(−∞ ; −a〉 ∪ 〈a ; ∞) , a > 0∫ √
(x− 1

2 )2 − 1
4 dx =

(x− 1
2 )
√

(x− 1
2 )2− 1

4
2 −

1
4
2 ln

∣∣∣(x− 1
2 )+
√

(x− 1
2 )2− 1

4

∣∣∣


= x−x

2

2 + 1
2 ln

∣∣2x−1−2
√
x2−x

∣∣+√x2−x−
[

(x− 1
2 )
√
x2−x

2 − 1
8 ln

∣∣(x− 1
2 )+
√
x2−x

∣∣]+c1

= x− x2

2 + 1
2 ln

∣∣2x−1−2
√
x2−x

∣∣−(x2−
5
4 )
√
x2−x+ 1

8 ln
∣∣∣ 2x−1+2

√
x2−x

2

∣∣∣+c1

=
[

2x−1+2
√
x2−x

2
2x−1−2

√
x2−x

2x−1−2
√
x2−x

= 1
2

(4x2−4x+1)−4(x2−x)
2x−1−2

√
x2−x

= 1
2

1
2x−1−2

√
x2−x

]
= x− x2

2 + 1
2 ln

∣∣2x−1−2
√
x2−x

∣∣+ 5−2x
4
√
x2−x+ 1

8 ln
∣∣∣ 1

2
1

2x−1−2
√
x2−x

∣∣∣+c1
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= x− x2

2 + 1
2 ln

∣∣2x−1−2
√
x2−x

∣∣+ 5−2x
4
√
x2−x− 1

8 ln
∣∣2x− 1− 2

√
x2 − x

∣∣+ 1
8 ln 1

2 +c1

=
[

1
8 ln 1

2 +c1 =c
]

= x− x2

2 + 3
8 ln

∣∣2x−1−2
√
x2−x

∣∣+ 5−2x
4
√
x2−x+c,

for x∈(−∞ ; 0) ∪ (1 ; ∞).

∫
dx√

e2x + ex +1 =
[

ex = t, x∈R, t > 0
x = ln t, dx = dt

t

]
=
∫

dt
t
√
t2+t+1

=
[

t = 1
u
,
√
t2 + t+ 1 =

√
1
u2 + 1

u
+ 1 =

√
1+u+u2

u

dt = − du
u2 ,

√
1 + u+ u2 =

√
1 + 1

t
+ 1
t2

=
√
t2+t+1
t

]
= −

∫
du
u2

1
u

√
1+u+u2
u

= −
∫

du√
1+u+u2

= −
∫

du√
(u+ 1

2 )2+ 3
4

= − ln
(
u+ 1

2 +
√

(u+ 1
2 )2+ 3

4

)
+ c1 = − ln

(
u+ 1

2 +
√

1+u+u2
)

+ c1

= c1 − ln
(

1
t + 1

2 +
√
t2+t+1
t

)
= c1 − ln 2+t+2

√
t2+t+1

2t = c1 − ln 2+t+2
√
t2+t+1
t − ln 1

2

=
[
c1−ln 1

2 =c
]

= − ln 2+ex +2
√

e2x + ex +1
ex + c = x− ln

(
2 + ex +2

√
e2x + ex +1

)
+ c,

for x∈R.

∫ √
1−ex
1+ex dx =

[
ex>0, 1−ex≥0, 1≥ex, x∈(−∞ ; 0〉
ex = t, x = ln t, dx = dt

t
, t∈(0 ; 1〉

]
=
∫ √

1−t
1+t

dt
t

=


u=
√

1−t
1+t , u

2 = 1−t
1+t , u

2+u2t=1−t, t= 1−u2

1+u2 , dt= −2u(1+u2)−2u(1−u2)
(1+u2)2 du = − 4u du

(1+u2)2

1±u=1±
√

1−t√
1+t =

√
1+t±

√
1−t√

1+t >0, 4u2

(u2−1)(u2+1) = 2u2−2+2u2+2
(u2−1)(u2+1) = 2

u2+1 + 2
u2−1 , u∈〈0 ; 1)

1−u
1+u =

√
1+t−

√
1−t√

1+t+
√

1−t =
√

1+t−
√

1−t√
1+t+

√
1−t ·

√
1+t−

√
1−t√

1+t−
√

1−t = 1+t−2
√

1−t2+1−t
1+t−(1−t) = 2−2

√
1−t2

2t = 1−
√

1−t2
t


=
∫

1+u2

1−u2
−4u·u du
(1+u2)2 =

∫
4u2 du

(u2−1)(u2+1) =
∫ [

2
u2+1 + 2

u2−1

]
dx = 2 arctg u+ 2

2 ln
∣∣u−1
u+1

∣∣+ c

= 2 arctg
√

1−t
1+t + ln 1−

√
1−t2
t + c = 2 arctg

√
1−ex
1+ex + ln 1−

√
1−e2x

ex + c

= 2 arctg
√

1−ex
1+ex + ln

(
1−
√

1−e2x
)

+ x+ c, for x∈(−∞ ; 0〉.

∫
dx

a2 cos2 x+b2 sin2 x =
[

sin2 x = 1−cos 2x
2

cos2 x = 1+cos 2x
2

]
=
∫

2 dx
a2(1+cos 2x)+b2(1−cos 2x) =

[
2x = t

2xdx = dt

]
=
∫

dt
(a2+b2)+(a2−b2) cos t =

[
UTS u=tg t

2 =tg x
dt= 2 du

u2+1 , cos t= 1−u2

u2+1

]
=
∫

2 du
u2+1

(a2+b2)+(a2−b2) 1−u2
u2+1

=
∫

2 du
(a2+b2)(u2+1)+(a2−b2)(1−u2) =

∫
2 du

2b2u2+2a2 = 1
b2

∫
du

u2+ a2
b2

= 1
b2
b
a arctg bu

a + c

= 1
ab arctg

(
b
a tg t

2
)

+ c = 1
ab arctg

(
b
a tg x

)
+ c, for x∈R, a > 0, b > 0.

∫
dx

a2 cos2 x−b2 sin2 x =
[

sin2 x = 1−cos 2x
2

cos2 x = 1+cos 2x
2

]
=
∫

2 dx
a2(1+cos 2x)−b2(1−cos 2x) =

[
2x = t

2xdx = dt

]
=
∫

dt
(a2−b2)+(a2+b2) cos t =

[
UTS u=tg t

2 =tg x
dt= 2 du

u2+1 , cos t= 1−u2

u2+1

]
=
∫

2 du
u2+1

(a2−b2)+(a2+b2) 1−u2
u2+1

=
∫

2 du
(a2−b2)(u2+1)+(a2+b2)(1−u2) =

∫
2 du

−2b2u2+2a2 = − 1
b2

∫
du

u2− a2
b2

= − 1
b2

b
2a ln

∣∣∣u− abu+ a
b

∣∣∣+ c

= − 1
2ab ln

∣∣ bu−a
bu+a

∣∣+ c = − 1
2ab ln

∣∣ b tg x−a
b tg x+a

∣∣+ c, for x∈R, a > 0, b > 0.
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∫
x tg2 xdx =

∫
x sin2 x
cos2 x dx =

∫
x(1−cos2 x)

cos2 x dx =
∫

x dx
cos2 x −

∫
xdx =

∫
x dx

cos2 x −
x2

2

=
[
u =x u′= 1
v′= 1

cos2 x
v = tg x = sin x

cos x

]
= x tg x−

∫
sin x
cos x dx− x2

2 = x tg x+
∫
− sin x
cos x dx− x2

2

= x tg x+ ln |cosx| − x2

2 + c, for x∈R, x 6= (2k+1)π
2 , k∈Z.

∫
dx

1+ 3√x =
[
x = t3, t = 3√x, x ≥ 0

dx = 3t2 dt, t ≥ 0

]
=
∫

3t2 dt
1+t = 3

∫
t2 dt
1+t = 3

∫
t2+t−t−1+1

1+t dt

= 3
∫ [

t− 1 + 1
t+1

]
dt = 3t2

2 − 3t+ 3 ln |t+ 1|+ c = 3t2
2 − 3t+ 3 ln (t+ 1) + c

= 3 3√
x2

2 − 3 3
√
x+ 3 ln ( 3

√
x+ 1) + c, for x∈〈0 ; ∞).

∫
dx

3√x+ 4√x =
[
x = t12, t = 12√x, dx = 12t11 dt, x > 0

3√x= 3√
t12 = t4, 4√x= 4√

t12 = t3, t > 0

]
=
∫

12t11 dt
t4+t3 = 12

∫
t8 dt
t+1

= 12
∫
t8+t7−t7−t6+t6+t5−t5−t4+t4+t3−t3−t2+t2+t−t−1+1

t+1 dt

= 12
∫ [

t7 − t6 + t5 − t4 + t3 − t2 + t− 1 + 1
t+1

]
dt

= 12
[
t8

8 −
t7

7 + t6

6 −
t5

5 + t4

4 −
t3

3 + t2

2 − t+ ln |t+ 1|
]

+ c =
[

tn = 12√xn
n = 1, 2, . . . , 8

]
= 3 3√

x2

2 − 12 12√
x7

7 +2
√
x− 12 12√

x5

5 +3 3
√
x−4 4

√
x+6 6

√
x−12 12

√
x+12 ln | 12

√
x+1|+c,

for x∈(0 ; ∞).

∫
dx

n
√

1−xn =
[
t= n
√

1
xn
−1= n

√
1−xn
xn

=
n√1−xn
x

, tn= 1
xn
−1, xn= 1

tn+1 , x= 1
n√tn+1 , x∈(0 ; 1)

dx=− 1
n

(tn+1)−
1
n
−1ntn−1 dt= −tn−1 dt

n
√

(tn+1)n+1 ,
n
√

1−xn= tx= t
n√tn+1 , t∈(0 ; ∞)

]
=
∫

n
√
tn+1
t

−tn−1 dt
n
√

(tn+1)n+1
= −

∫
tn−2 dt

n
√

(tn+1)n
= −

∫
tn−2 dt
tn+1 = · · · [Partial fractions],

for x∈(0 ; 1), n = 2, 3, 4, . . . .

∫
dx

n
√
xn+1 =

[
t= n
√

1+ 1
xn

= n
√

xn+1
xn

=
n√xn+1
x

, tn=1+ 1
xn
, xn= 1

tn−1 , x= 1
n√tn−1 , x∈(0 ; ∞)

dx=− 1
n

(tn−1)−
1
n
−1ntn−1 dt= −tn−1 dt

n
√

(tn−1)n+1 ,
n
√
xn+1= tx= t

n√tn−1 , t∈(1 ; ∞)

]
=
∫

n
√
tn−1
t

−tn−1 dt
n
√

(tn−1)n+1
= −

∫
tn−2 dt

n
√

(tn−1)n
= −

∫
tn−2 dt
tn−1 = · · · [Partial fractions],

for x∈(0 ; ∞), n = 2, 3, 4, . . . .

∫
dx

n
√
xn−1 =

[
t= n
√

1− 1
xn

= n
√

xn−1
xn

=
n√xn−1
x

, tn=1− 1
xn
, xn= 1

1−tn , x= 1
n√1−tn , x∈(1 ; ∞)

dx=− 1
n

(1−tn)−
1
n
−1(−ntn−1) dt= tn−1 dt

n
√

(1−tn)n+1 ,
n
√
xn−1= tx= t

n√1−tn , t∈(0 ; 1)

]
=
∫

n
√

1−tn
t

tn−1 dt
n
√

(1−tn)n+1
=
∫

tn−2 dt
n
√

(1−tn)n
=
∫
tn−2 dt
1−tn = · · · [Partial fractions],

for x∈(1 ; ∞), n = 2, 3, 4, . . . .
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∫
dx√
x2+1 = ln

(√
x2 + 1 + x

)
+ c, for x∈R.

∫
dx√
x2+1 =


t=
√

1+ 1
x2 =

√
x2+1
x

, t2 =1+ 1
x2 , x

2 = 1
t2−1 , x= 1√

t2−1
, x∈(0 ; ∞)

dx=− 1
2 (t2−1)−

1
2−12t dt= −t dt√

(t2−1)3 ,
√
x2+1= tx= t√

t2−1
, t∈(1 ; ∞)

t± 1 =
√
x2+1
x

± 1 =
√
x2+1±x
x

, t+1
t−1 =

√
x2+1+x√
x2+1−x

= (
√
x2+1+x)2

(x2+1)−x2 = (
√
x2+1+x)2


=
∫ √

t2−1
t

−t dt√
(t2−1)3

= −
∫

dt
t2−1 = − 1

2 ln
∣∣ t−1
t+1
∣∣+ c = 1

2 ln t+1
t−1 + c

= 1
2 ln

(√
x2 + 1 + x

)2 + c = ln
(√
x2 + 1 + x

)
+ c, for x > 0.∫

dx√
x2+1 =

[
x=−u, x<0

dx=−du, u>0

]
= −

∫
du√
u2+1 = − ln

(√
u2+1+u

)
+c

= − ln
(√
x2+1−x

)
+c =

[ √
x2+1−x = (

√
x2+1−x)

√
x2+1+x√
x2+1+x

= (x2+1)−x2
√
x2+1+x

= 1√
x2+1+x

]
= − ln 1√

x2+1+x + c = ln
(√
x2 + 1 + x

)
+ c, for x < 0.

∫
dx

3√x3+1 = − 1
2 ln

( 3
√
x3 + 1− x

)
−
√

3
3 arctg 2 3√x3+1+x

x
√

3 + c, for x∈(−1 ; ∞)− {0}.∫
dx

3√x3+1 =

 t= 3
√

1+ 1
x3 =

3√
x3+1
x

, t3 =1+ 1
x3 , x

3 = 1
t3−1 , x= 1

3√
t3−1

, x∈(0 ; ∞)

dx=− 1
3 (t3−1)−

1
3−13t2 dt= −t2 dt

3√(t3−1)4 ,
3√x3+1= tx= t

3√
t3−1

, t∈(1 ; ∞)


=
∫

3√t3−1
t

−t2 dt
3
√

(t3−1)4
= −

∫
t dt
t3−1 =

[
t

t3−1 = t
(t−1)(t2+t+1) = A

t−1 + Bt+C
t2+t+1

A = 1
3 , B = − 1

3 , C = 1
3

]
= − 1

3

∫ [
1
t−1 + −t+1

t2+t+1

]
dt = − 1

3

∫
dt
t−1 + 1

6

∫
2t−2
t2+t+1 dt = − 1

3

∫
dt
t−1 + 1

6

∫
2t+1−3
t2+t+1 dt

= − 1
3

∫
dt
t−1 + 1

6

∫
2t+1
t2+t+1 dt− 3

6

∫
dt

(t+ 1
2 )2+ 3

4
=
[
t2 + t+ 1 = (t+ 1

2 )2 + 3
4 > 0

]
= − 1

3 ln (t− 1) + 1
6 ln

(
t2 + t+ 1

)
− 1

2
1√

3
2

arctg t+ 1
2√

3
2

+ c

=
[

1
6 ln (t2+t+1) = 1

6 ln (t2+t+1)(t−1)
t−1 = 1

6 ln t3−1
t−1 = 1

6 ln (t3−1)− 1
6 ln (t−1)

]
= − 2

6 ln (t− 1) + 1
6 ln

(
t3 − 1

)
− 1

6 ln (t− 1)− 1√
3 arctg 2t+1√

3 + c

= − 1
2 ln (t− 1) + 1

6 ln
(
t3 − 1

)
− 1√

3 arctg 2t+1√
3 + c =

[ 1
6 ln (t3 − 1) = 1

6 ln 1
x3 = − 3

6 lnx

2t+1 = 2
3√
x3+1
x

+1 = 2 3√
x3+1+x
x

]
= − 1

2 ln
3√x3+1−x

x − 1
2 ln x− 1√

3 arctg 2 3√x3+1+x
x
√

3 + c

= − 1
2 ln

( 3
√
x3 + 1− x

)
−
√

3
3 arctg 2 3√x3+1+x

x
√

3 + c, for x∈(0 ; ∞).∫
dx

3√x3+1 =
[

x = −u, x3 + 1 = 1− u3

dx = − du, x∈(−1 ; 0) , u∈(0 ; 1)

]
= −

∫
du

3√1−u3

=
[

p. 57 :
∫

du
3√1−u3

= 1
2 ln
(

3√1−u3+u
)
−
√

3
3 arctg 2 3√1−u3−u

u
√

3
, u∈(0 ; 1)

]
= − 1

2 ln
( 3
√

1− u3 + u
)

+
√

3
3 arctg 2 3√1−u3−u

u
√

3 + c

= − 1
2 ln

( 3
√
x3 + 1− x

)
+
√

3
3 arctg 2 3√x3+1+x

−x
√

3 + c

= − 1
2 ln

( 3
√
x3 + 1− x

)
−
√

3
3 arctg 2 3√x3+1+x

x
√

3 + c, for x∈(−1 ; 0).
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∫
dx

4√x4+1 = 1
4 ln

4√x4+1+x
4√x4+1−x −

1
2 arctg

4√x4+1
x + c, for x∈R−{0}.∫

dx
4√x4+1 =

 t= 4
√

1+ 1
x4 =

4√
x4+1
x

, t4 =1+ 1
x4 , x

4 = 1
t4−1 , x= 1

4√
t4−1

, x∈(0 ; ∞)

dx=− 1
4 (t4−1)−

1
4−14t3 dt= −t3 dt

4√(t4−1)5 ,
4√x4+1= tx= t

4√
t4−1

, t∈(1 ; ∞)


=
∫

4√t4−1
t

−t3 dt
4
√

(t4−1)5
= − 1

2

∫
2t2 dt
t4−1 = − 1

2

∫
t2+1+t2−1 dt
(t2−1)(t2+1) = − 1

2

∫ [
1

t2−1 + 1
t2+1

]
dt

= − 1
2

1
2 ln

∣∣ t−1
t+1
∣∣− 1

2 arctg t+ c =
[
|t± 1| = t± 1 =

4√
x4+1
x

± 1 =
4√
x4+1±x
x

]
= 1

4 ln t+1
t−1 −

1
2 arctg t+ c = 1

4 ln
4√x4+1+x
4√x4+1−x −

1
2 arctg

4√x4+1
x + c, for x > 0.∫

dx
4√x4+1 =

[
x = −u, x∈(−∞ ; 0)
dx = − du, u∈(0 ; ∞)

]
= −

∫
du

4√u4+1 = − 1
4 ln

4√u4+1+u
4√u4+1−u + 1

2 arctg
4√u4+1
u + c

= − 1
4 ln

4√x4+1−x
4√x4+1+x+ 1

2 arctg
4√x4+1
−x +c = 1

4 ln
4√x4+1+x
4√x4+1−x−

1
2 arctg

4√x4+1
x +c, for x < 0.

∫
dx√
x2−1 = ln

∣∣√x2−1+x
∣∣+c, for x∈(−∞ ; −1)∪(1 ; ∞).

∫
dx√
x2−1 =


t=
√

1− 1
x2 =

√
x2−1
x2 =

√
x2−1
x

, t2 =1− 1
x2 , x

2 = 1
1−t2 , x= 1√

1−t2
, x∈(1 ; ∞)

dx=− 1
2 (1−t2)−

1
2−1(−2t) dt= t dt√

(1−t2)3 ,
√
x2−1= tx= t√

1−t2
, t∈(0 ; 1)

t± 1 =
√
x2−1
x

± 1 =
√
x2−1±x
x

, t+1
t−1 =

√
x2−1+x√
x2−1−x

= (
√
x2−1+x)2

(x2−1)−x2 = −(
√
x2−1+x)2


=
∫ √

1−t2
t

t dt√
(1−t2)3

=
∫

dt
1−t2 = −

∫
dt
t2−1 = − 1

2 ln
∣∣ t−1
t+1
∣∣+ c = 1

2 ln
∣∣ t+1
t−1
∣∣+ c

= 1
2 ln

∣∣∣(√x2−1+x
)2
∣∣∣+c = 2

2 ln
∣∣√x2−1+x

∣∣+ c = ln
∣∣√x2−1+x

∣∣+c, for x > 1.∫
dx√
x2−1 =

[
x=−u, x<−1
dx=− du, u>1

]
= −

∫
du√
u2−1 = − ln

∣∣√u2−1+u
∣∣+c = − ln

∣∣√x2−1−x
∣∣+c

=
[ √

x2−1−x = (
√
x2−1−x)

√
x2−1+x√
x2−1+x

= (x2−1)−x2
√
x2−1+x

= −1√
x2−1+x

]
= − ln

∣∣ 1√
x2−1+x

∣∣+ c

= ln
∣∣√x2 − 1 + x

∣∣+ c, for x < −1.

∫
dx

3√x3−1 =

 t= 3
√

1− 1
x3 = 3

√
x3−1
x3 =

3√
x3−1
x

, t3 =1− 1
x3 , x

3 = 1
1−t3 , x= 1

3√1−t3
, x∈(1 ; ∞)

dx=− 1
3 (1−t3)−

1
3−1(−3t2) dt= t2 dt

2√(1−t2)4 ,
3√x3−1= tx= t

3√1−t3
, t∈(0 ; 1)


=
∫

3√1−t3
t

t2 dt
3
√

(1−t3)4
=
∫

t dt
1−t3 = −

∫
t dt
t3−1 =

[
t

t3−1 = t
(t−1)(t2+t+1) = A

t−1 + Bt+C
t2+t+1

A = 1
3 , B = − 1

3 , C = 1
3

]
= − 1

3

∫ [
1
t−1 + −t+1

t2+t+1

]
dt = − 1

3

∫
dt
t−1 + 1

6

∫
2t−2
t2+t+1 dt = − 1

3

∫
dt
t−1 + 1

6

∫
2t+1−3
t2+t+1 dt

= − 1
3

∫
dt
t−1 + 1

6

∫
2t+1
t2+t+1 dt− 3

6

∫
dt

(t+ 1
2 )2+ 3

4
=
[
t2 + t+ 1 = (t+ 1

2 )2 + 3
4 > 0

]
= − 1

3 ln |t− 1|+ 1
6 ln

(
t2 + t+ 1

)
− 1

2
1√

3
2

arctg t+ 1
2√

3
2

+ c

=
[

1
6 ln (t2+t+1) = 1

6 ln (t2+t+1)(t−1)
t−1 = 1

6 ln t3−1
t−1 = 1

6 ln 1−t3
1−t = 1

6 ln (1−t3)− 1
6 ln (1−t)

]
= − 2

6 ln (1− t) + 1
6 ln

(
1− t3

)
− 1

6 ln (1− t)− 1√
3 arctg 2t+1√

3 + c
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= − 1
2 ln (1− t) + 1

6 ln
(
1− t3

)
− 1√

3 arctg 2t+1√
3 + c =

[ 1
6 ln (1− t3) = 1

6 ln 1
x3 = − 3

6 lnx

2t+1 = 2
3√
x3−1
x

+1 = 2 3√
x3−1+x
x

]
= − 1

2 ln x− 3√x3−1
x − 1

2 ln x− 1√
3 arctg 2 3√x3−1+x

x
√

3 + c

= − 1
2 ln

(
x− 3
√
x3 − 1

)
−
√

3
3 arctg 2 3√x3−1+x

x
√

3 + c, for x∈(1 ; ∞).

∫
dx

4√x4−1 = 1
4 ln x+ 4√x4−1

x− 4√x4−1 −
1
2 arctg

4√x4−1
x + c, for x∈(−∞ ; −1) ∪ (1 ; ∞).∫

dx
4√x4−1 =

 t= 4
√

1− 1
x4 = 4

√
x4−1
x4 =

4√
x4−1
x

, t4 =1− 1
x4 , x

4 = 1
1−t4 , x= 1

4√1−t4
, x∈(1 ; ∞)

dx=− 1
4 (1−t4)−

1
4−1(−4t3) dt= t3 dt

4√(1−t4)5 ,
4√x4−1= tx= t

4√1−t4
, t∈(0 ; 1)


=
∫

4√1−t4
t

t3 dt
4
√

(1−t4)5
=
∫
t2 dt
1−t4 = − 1

2

∫
2t2 dt
t4−1 = − 1

2

∫
t2+1+t2−1 dt
(t2−1)(t2+1)

= − 1
2

∫ [
1

t2−1 + 1
t2+1

]
dt = − 1

2
1
2 ln

∣∣ t−1
t+1
∣∣− 1

2 arctg t+ c

=
[
|t± 1| = 1± t = 1±

4√
x4−1
x

= x± 4√
x4−1
x

]
= 1

4 ln 1+t
1−t −

1
2 arctg t+ c

= 1
4 ln x+ 4√x4−1

x− 4√x4−1 −
1
2 arctg

4√x4−1
x + c, for x > 1.∫

dx
4√x4−1 =

[
x = −u, x∈(−∞ ; −1)
dx = − du, u∈(1 ; ∞)

]
= −

∫
du

4√u4−1 = − 1
4 ln u+ 4√u4−1

u− 4√u4−1 + 1
2 arctg

4√u4−1
u + c

= − 1
4 ln −x+ 4√x4−1

−x− 4√x4−1 + 1
2 arctg

4√x4−1
−x +c = − 1

4 ln x− 4√x4−1
x+ 4√x4−1−

1
2 arctg

4√x4−1
x +c

= 1
4 ln x+ 4√x4−1

x− 4√x4−1 −
1
2 arctg

4√x4−1
x + c, for x < −1.

∫
dx√
1−x2 = − arctg

√
1−x2

x + c1, for x∈(−1 ; 0)∪(0 ; 1).∫
dx√
1−x2 =

 t=
√

1
x2 −1=

√
1−x2

x2 =
√

1−x2

x
, t2 = 1

x2 −1, x2 = 1
t2+1 , x= 1√

t2+1
, x∈(0 ; 1)

dx=− 1
2 (t2+1)−

1
2−12t dt= −t dt√

(t2+1)3 ,
√

1−x2 = tx= t√
t2+1

, t∈(0 ; ∞)


=
∫ √

t2+1
t

−t dt√
(t2+1)3

= −
∫

dt√
(t2+1)2

= −
∫

dt
t2+1 = − arctg t+ c = − arctg

√
1−x2

x + c,
for x∈(0 ; 1).∫
dx√
1−x2 =

[
x=−u, x<−1
dx=− du, u>1

]
= −

∫
du√
1−u2 = arctg

√
1−u2

u + c = arctg
√

1−x2

−x + c

= − arctg
√

1−x2

x + c, for x∈(−1 ; 0).

∫
dx√
1−x2 =

[
x = sin t, t = arcsinx, x∈(−1 ; 1) , t∈

(
−π2 ; π2

)
dx = cos t dt,

√
1− x2 =

√
1− sin2 t =

√
cos2 t = |cos t| = cos t

]
=
∫

cos t dt
cos t =

∫
dt

= t+ c = arcsin x+ c3, for x∈(−1 ; 1).

∫
dx√
1−x2 =

[
x = cos t, t = arccosx, x∈(−1 ; 1) , t∈(0 ; π)

dx = − sin tdt,
√

1− x2 =
√

1− cos2 t =
√

sin2 t = |sin t| = sin t

]
= −

∫
sin t dt

sin t

= −
∫

dt = −t+ c = − arccosx+ c, for x∈(−1 ; 1).
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∫
dx√
1−x2 =

[ √
1−x2 =xt+1, 1−x2 =x2t2+2tx+1, x= −2t

t2+1 , t=
√

1−x2−1
x

, x∈(−1 ; 1)−{0}

2nd ES
√

1−x2 = −2t2
t2+1 +1= 1−t2

t2+1 , dx= −2(t2+1)+2t2t
(t2+1)2 dt= 2(t2−1) dt

(t2+1)2 , t∈(−1 ; 1)−{0}

]
=
∫
t2+1
1−t2

2(t2−1)
(t2+1)2 dt = −2

∫
dt
t2+1 = −2 arctg t+ c = −2 arctg

√
1−x2−1
x + c,

for x∈(−1 ; 1)− {0}.

∫
dx

3√1−x3 = 1
2 ln

(
x+ 3
√

1− x3
)
−
√

3
3 arctg 2 3√1−x3−x

x
√

3 + c, for x∈(−∞ ; 0)∪(0 ; 1).∫
dx

3√1−x3 =

 t= 3
√

1
x3 −1= 3

√
1−x3

x3 =
3√1−x3

x
, t3 = 1

x3 −1, x3 = 1
t3+1 , x= 1

3√
t3+1

, x∈(0 ; 1)

dx=− 1
3 (t3+1)−

1
3−13t2 dt= −t2 dt

3√(t3+1)4 ,
3√1−x3 = tx= t

3√
t3+1

, t∈(0 ; ∞)


=
∫

3√t3+1
t

−t2 dt
3
√

(t3+1)4
=
∫

−t dt
3
√

(t3+1)3
=
∫
−t dt
t3+1 =

[ −t
t3+1 = −t

(t+1)(t2−t+1) = A
t+1 + Bt+C

t2−t+1

A = 1
3 , B = − 1

3 , C = − 1
3

]
= 1

3

∫ [
1
t+1 −

t+1
t2−t+1

]
dt = 1

3

∫
dt
t+1 −

1
6

∫
2t+2
t2−t+1 dt = 1

3

∫
dt
t+1 −

1
6

∫
2t−1+3
t2−t+1 dt

= 1
3

∫
dt
t+1 −

1
6

∫
2t−1
t2−t+1 dt− 3

6

∫
dt

(t− 1
2 )2+ 3

4
=
[
t2 − t+ 1 = (t− 1

2 )2 + 3
4 > 0

]
= 1

3 ln |t+ 1| − 1
6 ln

(
t2 − t+ 1

)
− 1

2
1√

3
2

arctg t− 1
2√

3
2

+ c

=
[

1
6 ln (t2−t+1) = 1

6 ln (t2−t+1)(t+1)
t+1 = 1

6 ln t3+1
t+1 = 1

6 ln t3+1
t+1 = 1

6 ln (t3+1)− 1
6 ln (t+1)

]
= 2

6 ln (t+ 1)− 1
6 ln

(
t3 + 1

)
+ 1

6 ln (t+ 1)− 1√
3 arctg 2t−1√

3 + c

= 1
2 ln (t+ 1)− 1

6 ln
(
t3 + 1

)
− 1√

3 arctg 2t−1√
3 + c =

[ 1
6 ln (t3 + 1) = 1

6 ln 1
x3 = − 3

6 lnx

2t+1 = 2
3√1−x3

x
+1 = 2 3√1−x3+x

x

]
= 1

2 ln
3√1−x3+x

x − 1
2 ln x− 1√

3 arctg 2 3√1−x3−x
x
√

3 + c

= 1
2 ln

( 3
√

1− x3 + x
)
−
√

3
3 arctg 2 3√1−x3−x

x
√

3 + c, for x∈(0 ; 1).∫
dx

3√1−x3 =
[

x = −u, 1− x3 = u3 + 1
dx = −du, x∈(−∞ ; 0) , u∈(0 ; ∞)

]
= −

∫
du

3√u3+1

=
[

p. 54 :
∫

du
3√
u3+1

=− 1
2 ln
(

3√u3+1−u
)
−
√

3
3 arctg 2 3√

u3+1+u
u
√

3
, u∈(0 ; ∞)

]
= 1

2 ln
( 3
√
u3 + 1− u

)
+
√

3
3 arctg 2 3√u3+1+u

u
√

3 + c

= 1
2 ln

( 3
√

1− x3 + x
)

+
√

3
3 arctg 2 3√1−x3−x

−x
√

3 + c

= 1
2 ln

( 3
√

1− x3 + x
)
−
√

3
3 arctg 2 3√1−x3−x

x
√

3 + c, for x∈(−∞ ; 0).

∫
dx

4√1−x4 =
√

2
8 ln

√
1−x4+x 4

√
4(1−x4)+x2

√
1−x4−x 4

√
4(1−x4)+x2

−
√

2
4 arctg

4
√

4(1−x4)+x
x −

√
2

4 arctg
4
√

4(1−x4)−x
x +c,

for x∈(−1 ; 0)∪(0 ; 1).∫
dx

4√1−x4 =

 t= 4
√

1
x4 −1= 4

√
1−x4

x4 =
4√1−x4

x
, t4 = 1

x4 −1, x4 = 1
t4+1 , x= 1

4√
t4+1

, x∈(0 ; 1)

dx=− 1
4 (t4+1)−

1
4−14t3 dt= −t3 dt

4√(t4+1)5 ,
4√1−x4 = tx= t

4√
t4+1

, t∈(0 ; ∞)


=
∫

4√t4+1
t

−t3 dt
4
√

(t4+1)5
= −

∫
t2 dt

4
√

(t4+1)4
= −

∫
t2 dt
t4+1 = −

∫
t2 dt

(t2+
√

2t+1)(t2−
√

2t+1)
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=
[
−t2
t4+1 = At+B

t2+
√

2t+1
+ Ct+D
t2−
√

2t+1
A =

√
2

4 , B = 0, C = −
√

2
4 , D = 0

]
=
√

2
4

1
2

∫ [
2t

t2+
√

2t+1 −
2t

t2−
√

2t+1

]
dt =

√
2

8

∫ [
2t+
√

2−
√

2
t2+
√

2t+1 −
2t−
√

2+
√

2
t2−
√

2t+1

]
dt

=
√

2
8

∫
2t+
√

2
t2+
√

2t+1 dt−
√

2
√

2
8

∫
dt

t2+
√

2t+1 −
√

2
8

∫
2t−
√

2
t2−
√

2t+1 dt−
√

2
√

2
8

∫
dt

t2−
√

2t+1

=
√

2
8

∫
2t+
√

2
t2+
√

2t+1 dt−
√

2
8

∫
2t−
√

2
t2−
√

2t+1 dt− 1
4

∫
dt

(t+
√

2
2 )2+ 1

2
− 1

4

∫
dt

(t−
√

2
2 )2+ 1

2

=
√

2
8 ln |t2+

√
2t+1| −

√
2

8 ln |t2−
√

2t+1| − 1
4

1
1√
2

arctg t+
√

2
2

1√
2
− 1

4
1
1√
2

arctg t−
√

2
2

1√
2

+ c

=
√

2
8 ln (t2+

√
2t+1)−

√
2

8 ln (t2−
√

2t+1)− 1
4

1
1√
2

arctg
t+ 1√

2
1√
2
− 1

4
1
1√
2

arctg
t− 1√

2
1√
2

+ c

=
√

2
8 ln t2+

√
2t+1

t2−
√

2t+1 −
√

2
4 arctg (

√
2t+1)−

√
2

4 arctg (
√

2t−1) + c

=
[ √

2t± 1 =
√

2
4√1−x4

x
± 1 =

√
2 4√1−x4±x

x
=

4√4(1−x4)±x
x

t2±
√

2t+1 =
√

1−x4

x2 ±
√

2
4√1−x4

x
+1 =

√
1−x4±x 4√4(1−x4)+x2

x2

]
=
√

2
8 ln

√
1−x4+x 4

√
4(1−x4)+x2

√
1−x4−x 4

√
4(1−x4)+x2

−
√

2
4 arctg

4
√

4(1−x4)+x
x −

√
2

4 arctg
4
√

4(1−x4)−x
x + c,

for x∈(0 ; 1).∫
dx

4√1−x4 =
[
x=−u, x<−1
dx=− du, u>1

]
= −

∫
du√
1−u4

= −
√

2
8 ln

√
1−u4+u 4

√
4(1−u4)+u2

√
1−u4−u 4

√
4(1−u4)+u2

+
√

2
4 arctg

4
√

4(1−u4)+u
u +

√
2

4 arctg
4
√

4(1−u4)−u
u + c

= −
√

2
8 ln

√
1−x4−x 4

√
4(1−x4)+x2

√
1−x4+x 4

√
4(1−x4)+x2

+
√

2
4 arctg

4
√

4(1−x4)−x
−x +

√
2

4 arctg
4
√

4(1−x4)+x
−x + c

=
√

2
8 ln

√
1−x4+x 4

√
4(1−x4)+x2

√
1−x4−x 4

√
4(1−x4)+x2

−
√

2
4 arctg

4
√

4(1−x4)−x
x −

√
2

4 arctg
4
√

4(1−x4)+x
x + c,

for x∈(−1 ; 0).

∫
ln
(√

1 + x+
√

1− x
)

dx =
[
v′= 1 v =x

u = ln
(√

1 + x+
√

1− x
)
u′= 1

2x −
1

2x
√

1−x2

]
=

 u′ = 1√
1+x+

√
1−x

(
1
2

1√
1+x−

1
2

1√
1−x

)
= 1√

1−x+
√

1+x

√
1−x−

√
1+x

2
√

1−x2
·
√

1−x−
√

1+x√
1−x−

√
1+x

= 1
1−x−(1+x)

1−x−2
√

1−x2+1+x
2
√

1−x2
= 2−2

√
1−x2

−2x·2
√

1−x2
=
√

1−x2−1
2x
√

1−x2
= 1

2x−
1

2x
√

1−x2


= x ln

(√
1 + x+

√
1− x

)
−
∫

dx
2 +

∫
dx

2
√

1−x2

= x ln
(√

1 + x+
√

1− x
)
− x

2 + arcsin x
2 + c, for x∈〈−1 ; 1〉−{0}.

∫
sinnx dx =

[
nx = t
ndx=dt

]
= 1
n

∫
sin tdt=− cos t

n +c=− cosnx
n +c, for x∈R, n∈R−{0}.

∫
x sinnx dx =

[
u =x u′= 1
v′= sinnx v =− cosnx

n

]
= −x cosnx

n +
∫

cosnx
n dx

= −x cosnx
n + 1

n
sinnx
n + c = sinnx

n2 − x cosnx
n + c, for x∈R, n∈R−{0}.
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∫
x sinnx dx = (A+Bx) sinnx+(C+Dx) cosnx+ c= sinnx

n2 − x cosnx
n +c,

for x∈R, n∈R−{0}.

Derivative

0 cosnx+x sinnx=
[∫

x sinnx dx
]′

=
[
(A+Bx) sinnx+(C+Dx) cosnx

]′
= B sinnx+(A+Bx)n cosnx+D cosnx−(C+Dx)n sinnx

= (B−Cn−Dnx) sinnx+(An+D+Bnx) cosnx

Equations sinnx : 0+x = B−Cn−Dnx, 0=B−Cn, 1=−Dn, A= 1
n2 , B=0

cosnx : 0+0x = An+D+Bnx, 0=D+An, 0=Bn, C=0, D=− 1
n


∫
x2 sinnx dx =

[
u =x2 u′= 2x
v′= sinnx v =− cosnx

n

]
= −x

2 cosnx
n + 2

n

∫
x cosnx dx

=
[
u =x u′= 1
v′= cosnx v = sinnx

n

]
= −x

2 cosnx
n + 2

n

[
x sinnx

n − 1
n

∫
sinnx dx

]
= −x

2 cosnx
n + 2

n

[
x sinnx

n − 1
n
− cosnx

n

]
= 2x sinnx

n2 + 2 cosnx
n3 − x2 cosnx

n + c,
for x∈R, n∈R−{0}.

∫
x2 sinnx dx = (A+Bx+ Cx2) sinnx+ (D + Ex+ Fx2) cosnx+ c

= 2x
n2 sinnx+

( 2
n3 − x2

n

)
cosnx+ c, for x∈R, n∈R−{0}.

Derivative

x2 sinnx=
[∫

x2 sinnxdx
]′

=
[
(A+Bx+Cx2) sinnx+(D+Ex+Fx2) cosnx

]′
= (B+2Cx) sinnx+ (A+Bx+Cx2)n cosnx+ (E+2Fx) cosnx− (D+Ex+Fx2)n sinnx

= [B−Dn+(2C−En)x−Fnx2] sinnx+[An+E+(Bn+2F )x+Cnx2] cosnx

Equations sinnx : 0=B−Dn, 0=2C−En, 1=−Fn, A = 0, B = 2
n2 , C = 0

cosnx : 0=An+E, 0=Bn+2F, 0=Cn, D = 2
n3 , E = 0, F = − 1

n


∫
x3 sinnx dx = (A+Bx+ Cx2 +Dx3) sinnx+ (E + Fx+Gx2 +Hx3) cosnx+ c

=
(
− 6

n4 + 3x2

n2

)
sinnx+

( 6x
n3 − x3

n

)
cosnx+ c, for x∈R, n∈R−{0}.

Derivative

x3 sinnx=
[∫

x3 sinnxdx
]′

=
[
(A+Bx+Cx2+Dx3) sinnx+(E+Fx+Gx2+Hx3) cosnx

]′
= (B+2Cx+3Dx2) sinnx+(A+Bx+Cx2+Dx3)n cosnx

+(F+2Gx+3Hx2) cosnx−(E+Fx+Gx2+Hx3)n sinnx
= [B−En+(2C−Fn)x−(3D−Gn)x2−Hnx3] sinnx

+[An+F+(Bn+2G)x+(Cn+3H)x2+Dnx3] cosnx

Equations sinnx : 0=B−En, 0=2C−Fn, 0=3D−Gn, 1=−Hn, A=− 6
n4 , B=D=0, C= 3

n2

cosnx : 0=An+F, 0=Bn+2G, 0=Cn+3H, 0=Dn, E=G=0, F = 6
n3 , H=− 1

n


∫

cosnx dx =
[

nx = t
n dx=dt

]
= 1

n

∫
cos tdt = sin t

n + c = sinnx
n + c, for x∈R, n∈R−{0}.
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∫
x cosnx dx =

[
u =x u′= 1
v′= cosnx v = sinnx

n

]
= x sinnx

n −
∫

sinnx
n dx = x sinnx

n − 1
n
− cosnx

n + c

= cosnx
n2 + x sinnx

n + c, for x∈R, n∈R−{0}.

∫
x cosnx dx = (A+Bx) cosnx+(C+Dx) sinnx+ c= cosnx

n2 + x sinnx
n +c,

for x∈R, n∈R−{0}.

Derivative

0 sinnx+x cosnx=
[∫

x cosnx dx
]′

=
[
(A+Bx) cosnx+(C+Dx) sinnx

]′
= B cosnx−(A+Bx)n sinnx+D sinnx+(C+Dx)n cosnx

= (B+Cn+Dnx) cosnx+(−An+D−Bnx) sinnx
Equations cosnx : 0+x = B+Cn+Dnx, 0=B+Cn, 1=Dn, A= 1

n2 , B=0
sinnx : 0+0x = −An+D−Bnx, 0=D−An, 0=−Bn, C=0, D= 1

n


∫
x2 cosnx dx =

[
u =x2 u′= 2x
v′= cosnx v = sinnx

n

]
= x2 sinnx

n − 2
n

∫
x sinnx dx

=
[
u =x u′= 1
v′= sinnx v =− cosnx

n

]
= x2 sinnx

n − 2
n

[
−x cosnx

n + 1
n

∫
cosnx dx

]
= x2 sinnx

n − 2
n

[
−x cosnx

n + 1
n

sinnx
n

]
= 2x cosnx

n2 − 2 sinnx
n3 + x2 sinnx

n + c,
for x∈R, n∈R−{0}.

∫
x2 cosnx dx = (A+Bx+ Cx2) cosnx+ (D + Ex+ Fx2) sinnx+ c

= 2x
n2 cosnx+

(
− 2

n3 + x2

n

)
sinnx+ c, for x∈R, n∈R−{0}.

Derivative

x2 cosnx=
[∫

x2 cosnxdx
]′

=
[
(A+Bx+Cx2) cosnx+(D+Ex+Fx2) sinnx

]′
= (B+2Cx) cosnx− (A+Bx+Cx2)n sinnx+ (E+2Fx) sinnx+ (D+Ex+Fx2)n cosnx

= [B+Dn+(2C+En)x+Fnx2] cosnx+[−An+E+(−Bn+2F )x−Cnx2] sinnx
Equations cosnx : 0=B+Dn, 0=2C+En, 1=Fn, A = 0, B = 2

n2 , C = 0
sinnx : 0=−An+E, 0=−Bn+2F, 0=−Cn, D = − 2

n3 , E = 0, F = 1
n


∫
x3 cosnx dx = (A+Bx+ Cx2 +Dx3) cosnx+ (E + Fx+Gx2 +Hx3) sinnx+ c

=
(
− 6

n4 + 3x2

n2

)
cosnx+

(
− 6x

n3 + x3

n

)
sinnx+ c, for x∈R, n∈R−{0}.

Derivative

x3 cosnx=
[∫

x3 cosnxdx
]′

=
[
(A+Bx+Cx2+Dx3) cosnx+(E+Fx+Gx2+Hx3) sinnx

]′
= (B+2Cx+3Dx2) cosnx−(A+Bx+Cx2+Dx3)n sinnx

+(F+2Gx+3Hx2) sinnx+(E+Fx+Gx2+Hx3)n cosnx
= [B+En+(2C+Fn)x−(3D+Gn)x2+Hnx3] cosnx

+[−An+F+(−Bn+2G)x+(−Cn+3H)x2−Dnx3] sinnx
Equations cosnx : 0=B+En, 0=2C+Fn, 0=3D+Gn, 1=Hn, A=− 6

n4 , B=D=0, C= 3
n2

sinnx : 0=F−An, 0=2G−Bn, 0=3H−Cn, 0=−Dn, E=G=0, F =− 6
n3 , H= 1

n


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7 Integration and Series

∫
ex dx =

[
ex =

∞∑
k=0

xk

k! = 1 + x+ x2

2! + x3

3! + · · ·+ xk

k! + · · · , x∈R
]

=
∫ [ ∞∑

k=0

xk

k!

]
dx

=
∞∑
k=0

∫
xk

k! dx =
∞∑
k=0

xk+1

(k+1)k! + c1 =
∞∑
k=0

xk+1

(k+1)! + c1 =
[

k + 1 = n
k = 0, n = 1

]
=
∞∑
n=1

xn

n! + c1

=
[

1 = x0

0!

]
= x0

0! +
∞∑
n=1

xn

n! + c1 − 1 =
[
c1−1 = c

]
=
∞∑
n=0

xn

n! + c = ex + c, for x∈R.

∫
ex dx =

∫ [
1 + x+ x2

2! + x3

3! + · · ·+ xk

k! + · · ·
]

dx

=
∫

dx+
∫
x dx+

∫
x2

2! dx+
∫
x3

3! dx+ · · ·+
∫
xk

k! dx+ · · ·

= x+ x2

2 + x3

3·2! + x4

4·3! + · · ·+ xk+1

(k+1)k! + · · ·+ c1

= 1 + x+ x2

2! + x3

3! + x4

4! + · · ·+ xk+1

(k+1)! + · · ·+ c1 − 1 = ex + c, for x∈R.

∫
sin xdx =

[
sinx =

∞∑
k=0

(−1)kx2k+1

(2k+1)! = x− x3

3! + x5

5! −
x7

7! + · · ·+ (−1)kx2k+1

(2k+1)! + · · · , x∈R
]

=
∫ [ ∞∑

k=0

(−1)kx2k+1

(2k+1)!

]
dx =

∞∑
k=0

∫
(−1)kx2k+1

(2k+1)! dx =
∞∑
k=0

(−1)kx2k+2

(2k+2)(2k+1)! + c1

=
[
k + 1 = n, k = 0

2k+2 = 2n, n = 1

]
=
∞∑
n=1

(−1)n−1x2n

(2n)! + c1 =
[

1 = (−1)0x2·0

(2·0)!

]
= − (−1)0x2·0

(2·0)! −
∞∑
n=1

(−1)nx2n

(2n)! + c1 + 1 =
[
c1 + 1 = c

]
= −

∞∑
n=0

(−1)nx2n

(2n)! + c

= − cosx+ c, for x∈R.

∫
cosxdx =

[
cosx =

∞∑
k=0

(−1)kx2k

(2k)! = 1− x2

2! + x4

4! −
x6

6! + · · ·+ (−1)kx2k

(2k)! + · · · , x∈R
]

=
∫ [ ∞∑

k=0

(−1)kx2k

(2k)!

]
dx =

∞∑
k=0

∫
(−1)kx2k

(2k)! dx =
∞∑
k=0

(−1)kx2k+1

(2k+1)(2k)! + c =
∞∑
k=0

(−1)kx2k+1

(2k+1)! + c

= sin x+ c, for x∈R.

∫
e−x dx =

[
e−x =

∞∑
k=0

(−x)k
k! =

∞∑
k=0

(−1)kxk
k! = 1− x+ x2

2! −
x3

3! + · · ·+ (−1)kxk
k! + · · · , x∈R

]
=
∫ [ ∞∑

k=0

(−1)kxk
k!

]
dx =

∞∑
k=0

∫
(−1)kxk

k! dx =
∞∑
k=0

(−1)kxk+1

(k+1)k! + c1 =
[

k + 1 = n
k = 0, n = 1

]
=
∞∑
n=1

(−1)n−1xn

n! + c1 = −
∞∑
n=1

(−1)nxn
n! + c1 =

[
1 = x0

0!

]
= −x

0

0! −
∞∑
n=1

(−1)nxn
n! + c1 + 1

=
[
c1 + 1 = c

]
= −

∞∑
n=0

(−1)nxn
n! + c = − e−x + c, for x∈R.
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∫
e(−x2) dx =

[
e(−x2) =

∞∑
k=0

(−x2)k
k! =

∞∑
k=0

(−1)kx2k

k! =1−x2+ x4

2! −
x6

3! +· · ·+ (−1)kx2k

k! +· · · , x∈R
]

=
∫ [ ∞∑

k=0

(−1)kx2k

k!

]
dx =

∞∑
k=0

∫
(−1)kx2k

k! dx =
∞∑
k=0

(−1)kx2k+1

(2k+1)k! + c, for x∈R.

∫
e(x2) dx =

[
e(x2) =

∞∑
k=0

(x2)k
k! =

∞∑
k=0

x2k

k! =1+x2+ x4

2! + x6

3! +· · ·+ x2k

k! +· · · , x∈R
]

=
∫ [ ∞∑

k=0

kx2k

k!

]
dx =

∞∑
k=0

∫
x2k

k! dx =
∞∑
k=0

x2k+1

(2k+1)k! + c, for x∈R.

∫
sin (x2) dx =

 sin (x2) =
∞∑
k=0

(−1)k(x2)2k+1

(2k+1)! =
∞∑
k=0

(−1)kx4k+2

(2k+1)!

= x2 − x6

3! + x10

5! −
x14

7! + · · ·+ (−1)kx4k+2

(2k+1)! + · · · , x∈R


=
∫ [ ∞∑

k=0

(−1)kx4k+2

(2k+1)!

]
dx =

∞∑
k=0

∫
(−1)kx4k+2

(2k+1)! dx =
∞∑
k=0

(−1)kx4k+3

(4k+3)(2k+1)! + c for x∈R.

∫
cos (x2) dx =

 cos (x2) =
∞∑
k=0

(−1)k(x2)2k

(2k)! =
∞∑
k=0

(−1)kx4k

(2k)!

= 1− x4

2! + x8

4! −
x12

6! + · · ·+ (−1)kx4k

(2k)! + · · · , x∈R


=
∫ [ ∞∑

k=0

(−1)kx4k

(2k)!

]
dx =

∞∑
k=0

∫
(−1)kx4k

(2k)! dx =
∞∑
k=0

(−1)kx4k+1

(4k+1)(2k)! + c, for x∈R.

∫
ex
x dx =

[
ex
x

= 1
x

∞∑
k=0

xk

k! =
∞∑
k=0

xk

x·k! = 1
x

+
∞∑
k=1

xk−1

k! = 1
x

+1+ x
2! + x2

3! +· · ·+ xk−1

k! +· · · , x∈R−{0}
]

=
∫ [

1
x +

∞∑
k=1

xk−1

k!

]
dx =

∫
dx
x +

∞∑
k=1

∫
xk−1

k! dx = ln |x|+
∞∑
k=1

xk

k·k! + c, for x∈R−{0}.

∫
sin x
x dx =

 sin x
x

= 1
x

∞∑
k=0

(−1)kx2k+1

(2k+1)! =
∞∑
k=0

(−1)kx2k+1

x(2k+1)! =
∞∑
k=0

(−1)kx2k

(2k+1)!

= 1− x2

3! + x4

5! −
x6

7! + · · ·+ (−1)kx2k

(2k+1)! + · · · , x∈R−{0}


=
∫ [ ∞∑

k=0

(−1)kx2k

(2k+1)!

]
dx =

∞∑
k=0

∫
(−1)kx2k

(2k+1)! dx =
∞∑
k=0

(−1)kx2k+1

(2k+1)(2k+1)! + c, for x∈R−{0}.

∫
cos x
x dx =

 cos x
x

= 1
x

∞∑
k=0

(−1)kx2k

(2k)! = (−1)0x2·0

x(2·0)! +
∞∑
k=1

(−1)kx2k

x(2k)! = 1
x

+
∞∑
k=1

(−1)kx2k−1

(2k)!

= 1
x
− x

2! + x3

4! −
x5

6! + · · ·+ (−1)kx2k−1

(2k)! + · · · , x∈R−{0}


=
∫ [

1
x +

∞∑
k=1

(−1)kx2k−1

(2k)!

]
dx =

∫
dx
x +

∞∑
k=1

∫
(−1)kx2k−1

(2k)! dx = ln |x|+
∞∑
k=1

(−1)kx2k

2k(2k)! ,

for x∈R−{0}.
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8 Fourier Series

∫ a

a

f(x) dx = 0 for all a∈R.
∫ b

a

f(x) = −
∫ a

b

f(x), for all a, b∈R, f(x)∈R〈a ; b〉.

f(x)∈R〈a ; b〉 . . . f(x) is Riemann integrable on 〈a ; b〉 . . . exists finite
∫ b

a

f(x) ∈ R.

Theorem.∫ a+2π

a

f(x) dx =
∫ 2π

0
f(x) dx =

∫ π

−π
f(x) dx,

for a periodic function f(x)∈R〈a ; a+2π〉 with period 2π, a > 0.

∫ a+2π

a

f(x) dx =
∫ 2π

a

f(x) dx+
∫ a+2π

2π
f(x) dx=

[
x = t−2π, dx = dt x→ 2π t→ 0

x∈〈2π ; a+2π〉 , t∈〈0 ; a〉 x→ a+2π t→ a

]
=
∫ 2π

a

f(x) dx+
∫ a

0
f(t−2π) dt =

[
periodic function
f(t−2π) = f(t)

]
=
∫ 2π

a

f(x) dx+
∫ a

0
f(t) dt

=
∫ 2π

a

f(x) dx+
∫ a

0
f(x) dx =

∫ 2π

0
f(x) dx =

∫ π

−π
f(x) dx =

∫ 0

−2π
f(x) dx,

for a∈R, x∈D(f), f(x)∈R〈0 ; 2π〉 is a periodic with period 2π.

Theorem.∫ b

a

f(x) dx =
∫ −a
−b
f(−x) dx, for f(x)∈R〈a ; b〉, a, b∈R, a < b,

specially∫ b

a

f(x) dx =
∫ −a
−b
f(−x) dx = −

∫ −a
−b
f(x) dx, for a odd function f(x)∈R〈a ; b〉,∫ b

a

f(x) dx =
∫ −a
−b
f(−x) dx =

∫ −a
−b
f(x) dx, for a even function f(x)∈R〈a ; b〉,

∫ a

−a
f(x) dx = 0, for a odd function f(x)∈R〈−a ; a〉, a > 0,∫ a

−a
f(x) dx = 2

∫ a

0
f(x) dx, for a even function f(x)∈R〈−a ; a〉, a > 0.
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∫ b

a

f(x) dx =
[

x = −t, x∈〈a ; b〉 x→ a t→ −a
dx = − dt, t∈〈−b ; −a〉 x→ b t→ −b

]
= −

∫ −b
−a
f(−t) dt =

∫ −a
−b
f(−t) dt

=
∫ −a
−b
f(−x) dx, for f(x)∈R〈a ; b〉, a, b∈R, a < b,

∫ b

a

f(x) dx =
{ [ f(x)=f(−x)

]
=
∫ −a
−b
f(x) dx, for a even function f(x)∈R〈a ; b〉,

[
f(x)=−f(−x)

]
= −

∫ −a
−b
f(x) dx, for a odd function f(x)∈R〈a ; b〉.

∫ a

−a
f(x) dx=

∫ 0

−a
f(x) dx+

∫ a

0
f(x) dx =

{ 2
∫ a

0
f(x) dx, for a even f(x)∈R〈−a ; a〉,

0, for a odd f(x)∈R〈−a ; a〉, a > 0.

∫ a+2π

a

cosnx dx =
∫ π

−π
cosnx dx =

∫ 2π

0
cosnx dx =

[
sinnx
n

]a+2π

a
= sin (na+2nπ)

n − sinna
n

=
[

periodic function
sin (na+2nπ)=sinna

]
= sinna

n − sinna
n = 0, for n∈N , a∈R.

∫ a+2π

a

sinnx dx =
∫ π

−π
sinnx dx=

∫ 2π

0
sinnx dx=

[
− cosnx

n

]a+2π

a
=− cos (na+2nπ)

n + cosna
n

=
[

periodic function
cos (na+2nπ)=cosna

]
= − cosna

n + cosna
n = 0, for n∈N , a∈R.

∫ a+2π

a

cosnx · sinmx dx =
∫ π

−π
cosnx · sinmx dx =

∫ 2π

0
cosnx · sinmx dx = 0,

for m,n∈N , a∈R.

I =
∫ 2π

0
cosnx · sinmxdx =

[
u = sinmx u′=m cosmx
v′= cosnx v = 1

n
sinnx

]
=
[

sinnx·sinmx
n

]2π

0
− m

n

∫ 2π

0
sinnx · cosmx dx =

[
sin 2nπ = 0, sin 0 = 0
sin 2mπ = 0, sin 0 = 0

]
=
[

0·0
n −

0·0
n

]
− m

n

∫ 2π

0
sinnx · cosmxdx = −mn

∫ 2π

0
sinnx · cosmxdx

=
[
u = cosmx u′=−m sinmx
v′= sinnx v =− 1

n
cosnx

]
= −mn

[
− cosnx·cosmx

n

]2π

0
+ m

n
m
n

∫ 2π

0
cosnx · sinmx dx

=
[

cos 2nπ = 1, cos 0 = 1
cos 2mπ = 1, cos 0 = 1

]
= −mn

[
− 1·1

n + 1·1
n

]
+ m2

n2

∫ 2π

0
cosnx · sinmx dx

= m2

n2

∫ 2π

0
cosnx · sinmx dx = m2

n2 I =
[

Equation I= m2

n2 I,
(

1−m2

n2

)
I=0

m 6=n, 1 6= m2

n2 , 1−m2

n2 6=0 ⇒ I=0

]
= 0,

for m,n∈N , m 6=n.
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∫ 2π

0
cosnx · sinmx dx =

[
cosα sinβ = sin (β−α)+sin (β+α)

2

]
=
∫ 2π

0

sin (mx−nx)+sin (mx+nx)
2 dx

=
∫ 2π

0

[
sin (m−n)x

2 + sin (m+n)x
2

]
dx =

[
− cos (m−n)x

2(m−n) −
cos (m+n)x

2(m+n)

]2π

0

= − cos 2(m−n)π
2(m−n) − cos 2(m+n)π

2(m+n) + cos 0
2(m−n) + cos 0

2(m+n)
=
[

cos 2(m−n)π = 1, cos 2(m+n)π = 1, cos 0 = 1
]

= − 1
2(m−n) −

1
2(m+n) + 1

2(m−n) + 1
2(m+n) = 0, for m,n∈N , m 6=n.

∫ 2π

0
cosnx · sinnx dx =

[
cosα sinα = sin 2α

2

]
= 1

2

∫ 2π

0
sin 2nx dx = 1

2

[
− cos 2nx

2n

]2π

0

= 1
2

[
− cos 4nπ

2n + cos 0
2n

]
= 1

2

[
− 1

2n + 1
2n

]
= 0, for m=n.

∫ a+2π

a

cosnx · cosmxdx =
∫ π

−π
cosnx · cosmxdx =

∫ 2π

0
cosnx · cosmxdx = 0,

for m,n∈N , m 6=n, a∈R.

I =
∫ 2π

0
cosnx · cosmxdx =

[
u = cosmx u′=−m sinmx
v′= cosnx v = 1

n
sinnx

]
=
[

sinnx·cosmx
n

]2π

0
+ m

n

∫ 2π

0
sinnx · sinmx dx =

[
sin 2nπ = 0, sin 0 = 0
cos 2mπ = 1, cos 0 = 1

]
=
[

0·1
n −

0·1
n

]
+ m

n

∫ 2π

0
sinnx · sinmx dx = m

n

∫ 2π

0
sinnx · sinmx dx

=
[
u = sinmx u′=m cosmx
v′= sinnx v =− 1

n
cosnx

]
= m

n

[
− cosnx·sinmx

n

]2π

0
+ m

n
m
n

∫ 2π

0
cosnx · cosmxdx

=
[

cos 2nπ = 1, cos 0 = 1
sin 2mπ = 0, sin 0 = 0

]
= m

n

[
− 1·0

n + 1·0
n

]
+ m2

n2

∫ 2π

0
cosnx · cosmxdx

= m2

n2

∫ 2π

0
cosnx · cosmx dx = m2

n2 I =
[

Equation I= m2

n2 I,
(

1−m2

n2

)
I=0

m 6=n, 1 6= m2

n2 , 1−m2

n2 6=0 ⇒ I=0

]
= 0,

for m,n∈N , m 6=n.

∫ 2π

0
cosnx · cosmx dx =

[
cosα cosβ = cos (α+β)+cos (α−β)

2

]
=
∫ 2π

0

cos (nx+mx)+cos (nx−mx)
2 dx

=
∫ 2π

0

[
cos (n+m)x

2 + cos (n−m)x
2

]
dx =

[
sin (n+m)x

2(n+m) + sin (n−m)x
2(n−m)

]2π

0

= sin 2(m−n)π
2(m−n) + sin 2(m+n)π

2(m+n) − sin 0
2(m−n) + sin 0

2(m+n)
=
[

sin 2(m−n)π = 0, sin 2(m+n)π = 0, sin 0 = 0
]

= 0
2(m−n) + 0

2(m+n) −
0

2(m−n) −
0

2(m+n) = 0, for m,n∈N , m 6=n, x∈R.
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8 Fourier Series 66

∫ a+2π

a

cos2 nx dx =
∫ π

−π
cos2 nx dx =

∫ 2π

0
cos2 nx dx = π, for n∈N , a∈R.

∫ 2π

0
cos2 nx dx =

[
cos2 α = 1+cos 2α

2

]
=
∫ 2π

0

1+cos 2nx
2 dx =

∫ 2π

0

[ 1
2 + cos 2nx

2
]

dx

=
[
x
2 + sin 2nx

2·2n

]2π

0
=
[

sin 4nπ = 0
sin 0 = 0

]
= 2π

2 + sin 4nπ
4n − 0

2 −
sin 0
4n = π, for n∈N .

∫ a+2π

a

sinnx · sinmx dx =
∫ π

−π
sinnx · sinmx dx =

∫ 2π

0
sinnx · sinmxdx = 0,

for m,n∈N , m 6=n, a∈R.

I =
∫ 2π

0
sinnx · sinmxdx =

[
u = sinmx u′=m cosmx
v′= sinnx v =− 1

n
cosnx

]
=
[
− cosnx·sinmx

n

]2π

0
+ m

n

∫ 2π

0
cosnx · cosmx dx =

[
cos 2nπ = 1, cos 0 = 1
sin 2mπ = 0, sin 0 = 0

]
=
[

1·0
n −

1·0
n

]
+ m

n

∫ 2π

0
cosnx · cosmx dx = m

n

∫ 2π

0
cosnx · cosmx dx

=
[
u = cosmx u′=−m sinmx
v′= cosnx v = 1

n
sinnx

]
= m

n

[
sinnx·cosmx

n

]2π

0
+ m

n
m
n

∫ 2π

0
sinnx · sinmx dx

=
[

sin 2nπ = 0, sin 0 = 0
cos 2mπ = 1, cos 0 = 1

]
= m

n

[
0·1
n −

0·1
n

]
+ m2

n2

∫ 2π

0
sinnx · sinmxdx

= m2

n2

∫ 2π

0
sinnx · sinmx dx = m2

n2 I =
[

Equation I= m2

n2 I,
(

1−m2

n2

)
I=0

m 6=n, 1 6= m2

n2 , 1−m2

n2 6=0 ⇒ I=0

]
= 0,

for m,n∈N , m 6=n.

∫ 2π

0
sinnx · sinmxdx =

[
sinα sinβ = cos (α−β)−cos (α+β)

2

]
=
∫ 2π

0

cos (nx−mx)−cos (nx+mx)
2 dx

=
∫ 2π

0

[
cos (n−m)x

2 − cos (n+m)x
2

]
dx =

[
sin (n−m)x

2(n−m) −
sin (n+m)x

2(n+m)

]2π

0

= sin 2(n−m)π
2(n−m) − sin 2(n+m)π

2(n+m) + sin 0
2(n−m) −

sin 0
2(n+m) =

[
sin 2(n−m)π = 0

sin 2(n+m)π = 0, sin 0 = 0

]
= 0

2(n−m) + 0
2(n+m) −

0
2(n−m) −

0
2(n+m) = 0, for m,n∈N , m 6=n, x∈R.

∫ a+2π

a

sin2 nx dx =
∫ π

−π
sin2 nx dx =

∫ 2π

0
sin2 nx dx = π, for n∈N , a∈R.

∫ 2π

0
sin2 nx dx =

[
sin2 α = 1−cos 2α

2

]
=
∫ 2π

0

1−cos 2nx
2 dx =

∫ 2π

0

[ 1
2 −

cos 2nx
2

]
dx

=
[
x
2 −

sin 2nx
2·2n

]2π

0
=
[

sin 4nπ = 0
sin 0 = 0

]
= 2π

2 −
sin 4nπ

4n − 0
2 + sin 0

4n = π, for n∈N .
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8 Fourier Series 67

Scalar Product and Norm in R〈a ; a+2π〉

(f, g) =
∫ a+2π

a

f(x)g(x) dx, ‖f‖ =
√

(f, f) =

√∫ a+2π

a

f2(x) dx, for f, g∈R〈a ; a+2π〉.

Scalar Product and Norm in R〈a ; a+2l〉

(f, g) =
∫ a+2l

a

f(x)g(x) dx, ‖f‖ =
√

(f, f) =

√∫ a+2l

a

f2(x) dx, for f, g∈R〈a ; a+2l〉.

(1, 1) =
∫ a+2π

a

12 dx =
∫ a+2π

a

dx =
[
x
]a+2π

a
= a+2π − a = 2π,

‖1‖ =
√

(1, 1) =
√

2π, for a∈R.

(1, cosnx) =
∫ a+2π

a

cosnx dx =
[

p. 64
]

= 0, for n∈N , a∈R.

(1, sinnx) =
∫ a+2π

a

sinnx dx =
[

p. 64
]

= 0, for n∈N , a∈R.

(cosnx, sinmx) =
∫ a+2π

a

cosnx · sinmx dx =
[

p. 64
]

= 0, for m,n∈N , a∈R.

(cosnx, cosmx) =
∫ a+2π

a

cosnx · cosmxdx =
[

p. 65
]

= 0, for m,n∈N , m 6=n, a∈R.

(cosnx, cosnx) =
∫ a+2π

a

cos2 nx dx =
[

p. 66
]

= π,

‖ cosnx‖ =
√

(cosnx, cosnx) =
√
π, for n∈N , a∈R.

(sinnx, sinmx) =
∫ a+2π

a

sinnx · sinmx dx =
[

p. 66
]

= 0, for m,n∈N , m 6=n, a∈R.

(sinnx, sinnx) =
∫ a+2π

a

sin2 nx dx =
[

p. 66
]

= π,

‖ sinnx‖ =
√

(sinnx, sinnx) =
√
π, for n∈N , a∈R.
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8 Fourier Series 68

(1, 1) =
∫ a+2l

a

12 dx =
∫ a+2l

a

dx =
[
x
]a+2l

a
= a+2l − a = 2l,

‖1‖ =
√

(1, 1) =
√

2l, for a∈R, l>0.

(1, cos nπxl ) =
∫ a+2l

a

cos nπxl dx =
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

cosnt dt =
[

p. 64
]

= l
π · 0 = 0, for n∈N , a∈R, l>0.

(1, sin nπx
l ) =

∫ a+2l

a

sin nπx
l dx =

[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

sinntdt =
[

p. 64
]

= l
π · 0 = 0, for n∈N , a∈R, l>0.

(cos nπxl , sin mπx
l ) =

∫ a+2l

a

cos nπxl · sin
mπx
l dx

=
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

cosnt · sinmt dt

=
[

p. 64
]

= l
π · 0 = 0, for m,n∈N , a∈R, l>0.

(cos nπxl , cos mπxl ) =
∫ a+2l

a

cos nπxl · cos mπxl dx

=
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

cosnt · cosmtdt

=
[

p. 65
]

= l
π · 0 = 0, for m,n∈N , m 6=n, a∈R, l>0.

(cos nπxl , cos nπxl ) =
∫ a+2l

a

cos2 nπx
l dx

=
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

cos2 nt dt

=
[

p. 66
]

= l
π · π = l,

‖ cos nπxl ‖ =
√

(cos nπxl , cos nπxl ) =
√
l, for n∈N , a∈R, l>0.

(sin nπx
l , sin mπx

l ) =
∫ a+2l

a

sin nπx
l · sin

mπx
l dx

=
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

sinnt · sinmt dt

=
[

p. 66
]

= l
π · 0 = 0, for m,n∈N , m 6=n, a∈R, l>0.
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8 Fourier Series 69

(sin nπx
l , sin nπx

l ) =
∫ a+2l

a

sin2 nπx
l dx

=
[
t = πx

l
, x = lt

π
, x∈〈a; a+2l〉 x→ a x→ a+2l

dx = l
π

dt, t∈〈πa
l

; πa
l

+2π〉 t→ πa
l

t→ πa
l

+2π

]
= l

π

∫ πa
l +2π

πa
l

sin2 nt dt

=
[

p. 66
]

= l
π · π = l,

‖ sin nπx
l ‖ =

√
(sin nπx

l , sin nπx
l ) =

√
l, for n∈N , a∈R, l>0.

Theorem.

The Fourier series of a function f(x)∈R〈a ; a+2π〉, a∈R is given by
f(x) ≈ A0

1√
2π +

∞∑
n=1

[
An

cosnx√
π

+Bn
sinnx√

π

]
, for x∈〈a ; a+ 2π〉,

where

A0 = 1√
2π

∫ a+2π

a

f(x) dx, An= 1√
2π

∫ a+2π

a

f(x) cosnx dx, Bn= 1√
2π

∫ a+2π

a

f(x) sinnx dx, n∈N ,

respectively

f(x) ≈ a0
2 +

∞∑
n=1

[an cosnx+ bn sinnx], for x∈〈a ; a+ 2π〉,

where

a0 = 1
π

∫ a+2π

a

f(x) dx, an = 1
π

∫ a+2π

a

f(x) cosnx dx, bn = 1
π

∫ a+2π

a

f(x) sinnx dx, n∈N .

A Fourier series converges to the function f̃(x), x∈R:

f̃(x0) =


1
2

[
lim
x→x−0

f(x)+ lim
x→x+

0

f(x)
]
, x0∈(a ; a+2π),

f(x0−2kπ), x0∈(a+2kπ ; a+2π+2kπ), k∈Z,

1
2

[
lim
x→a+

f(x)+ lim
x→a+2π−

f(x)
]
, x0 = a+2kπ, k∈Z.

Function f̃(x) is a periodic function with period 2π and equals to the original function
at the interval 〈a ; a+ 2π〉 at points of continuity or to the average of the two limits
at points of discontinuity.

f(x) ≈ f̃(x) = A0
1√
2π +

∞∑
n=1

[
An

cosnx√
π

+Bn
sinnx√

π

]
= 1√

2π

∫ a+2π

a

f(x)√
2π dx+

∞∑
n=1

[
cosnx√

π

∫ a+2π

a

f(x) cosnx√
π

dx+ sinnx√
π

∫ a+2π

a

f(x) sinnx√
π

dx
]

= 1
2π

∫ a+2π

a

f(x) dx+
∞∑
n=1

[
cosnx
π

∫ a+2π

a

f(x) cosnx dx+ sinnx
π

∫ a+2π

a

f(x) sinnx dx
]

= a0
2 +

∞∑
n=1

[an cosnx+ bn sinnx], for x∈〈a ; a+ 2π〉.
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Theorem.

The Fourier series of a function f(x)∈R〈a ; a+2l〉, a∈R, l > 0 is given by
f(x) ≈ a0

2 +
∞∑
n=1

[
an cos nπxl + bn sin nπx

l

]
, for x∈〈a ; a+ 2l〉,

where

a0 = 1
l

∫ a+2l

a

f(x) dx, an = 1
l

∫ a+2l

a

f(x) cos nπxl dx, bn = 1
l

∫ a+2l

a

f(x) sin nπx
l dx, n∈N .

A Fourier series converges to the function f̃(x), x∈R:

f̃(x0) =


1
2

[
lim
x→x−0

f(x)+ lim
x→x+

0

f(x)
]
, x0∈(a ; a+2l),

f(x0−2kl), x0∈(a+2kl ; a+2l+2kl), k∈Z,

1
2

[
lim
x→a+

f(x)+ lim
x→a+2l−

f(x)
]
, x0 = a+2kl, k∈Z.

Function f̃(x) is a periodic function with period 2l and equals to the original function
at the interval 〈a ; a+ 2l〉 at points of continuity or to the average of the two limits
at points of discontinuity.
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8 Fourier Series 71

Theorem.

If f(x)∈R〈−π ;π〉 is an odd function, then an = 0, n = 0, 1, 2, . . . and the Fourier series
collapses to Fourier Sine Series

f(x) ≈
∞∑
n=1

bn sinnx, for x∈〈−π ; π〉,

where

bn = 1
π

∫ π

−π
f(x) sinnx dx = 2

π

∫ π

0
f(x) sinnx dx, n∈N ,

respectively
for an odd function f(x)∈R〈−l ; l〉, l>0 the Fourier series collapses to Sine Series

f(x) ≈
∞∑
n=1

bn sin nπx
l , for x∈〈−l ; l〉,

where

bn = 1
l

∫ l

−l
f(x) sin nπx

l dx = 2
l

∫ l

0
f(x) sin nπx

l dx, n∈N .

Theorem.

If f(x)∈R〈−π ;π〉 is an even function, then bn = 0, n = 1, 2, . . . and the Fourier series
collapses to Fourier Cosine Series

f(x) ≈ a0
2 +

∞∑
n=1

an cosnx, for x∈〈−π ; π〉,

where

a0 = 1
π

∫ π

−π
f(x) dx = 2

π

∫ π

0
f(x) dx,

an = 1
π

∫ π

−π
f(x) cosnx dx = 2

π

∫ π

0
f(x) cosnx dx, n∈N ,

respectively
for an even function f(x)∈R〈−l ; l〉, l>0 the Fourier series collapses to Cosine Series

f(x) ≈ a0
2 +

∞∑
n=1

bn sin nπx
l , for x∈〈−l ; l〉,

where

a0 = 1
l

∫ l

−l
f(x) dx = 2

l

∫ l

0
f(x) dx,

an = 1
l

∫ l

−l
f(x) cos nπxl dx = 2

l

∫ l

0
f(x) cos nπxl dx, n∈N .
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Fourier Series of the function f(x) = 1, x∈〈0 ; 2π〉

f(x) ≈ f̃(x) = a0
2 +

∞∑
n=1

[
an cosnx+ bn sinnx

]
= 2

2 +
∞∑
n=1

[
0 · cosnx+ 0 · sinnx

]
= 1,

x∈〈0 ; 2π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a0 = 1
π

∫ 2π

0
dx = 2π

π = 2,

an = 1
π

∫ 2π

0
cosnx dx = 1

π

[
sinnx
n

]2π

0
= 1

π

[
sin 2nπ
n + sin 0

n

]
= 1

π

[
0− 0

]
= 0, for n∈N .

bn = 1
π

∫ 2π

0
sinnx dx = 1

π

[
− cosnx

n

]2π

0
= 1

π

[
− cos 2nπ

n + cos 0
n

]
= 1

π

[
− 1

n + 1
n

]
= 0,

for n∈N .

x

y
1

0 π 2π
〈0 ; 2π〉

. ..............................................................................................................................................................................q q1

-�

x

y

0
1

−2π 2π 4π

f̃. ........................................................................................................... q
- 〈−2π ; 0〉

. ..............................................................................................................................................................................q q
-� 〈2π ; 4π〉

. ..............................................................................................................................................................................q q
-�

.......................q
�〈0 ; 2π〉

. ..............................................................................................................................................................................q q
-�
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8 Fourier Series 73

Fourier (Cosine) Series of the function f(x) = 1, x∈〈−π ; π〉

f(x) ≈ f̃(x) = a0
2 +

∞∑
n=1

an cosnx = 2
2 +

∞∑
n=1

0 · cosnx = 1 +
∞∑
n=1

0 = 1, x∈〈−π ; π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

bn = 0, for n∈N (f is a even function).

a0 = 1
π

∫ π

−π
dx = 2

π

∫ π

0
dx = 2π

π = 2,

an = 1
π

∫ π

−π
cosnx dx an = 2

π

∫ π

0
cosnx dx = 2

π

[
sinnx
n

]π
0

= 2
π

[
sinnπ
n + sin 0

n

]
=
[

sinnπ = 0
n∈N

]
= 2

π

[
0− 0

]
= 0, for n∈N .

x

y

1
0−π π

〈−π ; π〉

. ....................................................................................................................................................................................................r r1

-�

x

y

0
1

−3π −π π 3π

f̃. ....................... r
- 〈−3π ; −π〉

. ....................................................................................................................................................................................................r r
-� 〈π ; 3π〉

. ....................................................................................................................................................................................................r r
-�

............................................................................................................................r
�〈−π ; π〉

. ....................................................................................................................................................................................................r r
-�

Fourier Sine Series of the function f(x) = 1, x∈〈0 ; π〉

f(x) ≈ f̃o(x) =
∞∑
n=1

bn sinnx =
∞∑
n=1

2
π

(−1)n+1+1
n sinnx = 2

π

∞∑
n=1

[(−1)n+1+1] sinnx
n

= 4
π

∞∑
k=1

sin (2k−1)x
2k−1 , x∈〈0 ; π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f(x) = 1, x∈〈0 ; π〉, fo(x) =
{ 1, for x∈(0 ; π〉 ,

0, for x=0,
−1, for x∈〈−π ; 0) .

a0 = an = 0, for n∈N (fo is a odd function).

bn = 1
π

∫ π

−π
fo(x) sinnx dx = 2

π

∫ π

0
fo(x) sinnx dx = 2

π

∫ π

0
sinnx dx = 2

π

[
− cosnx

n

]π
0

= 2
π

[
− cosnπ

n + cos 0
n

]
=
[

cosnπ = (−1)n
n∈N

]
= 2

π

[
− (−1)n

n + 1
n

]
= 2

π
(−1)n+1+1

n , for n∈N ,

bn =
{ 2
π

(−1)2k+1
2k−1 = 2

π
1+1

2k−1 = 4
π

1
2k−1 , for n=2k−1,

2
π

(−1)2k+1+1
2k = 2

π
−1+1

2k = 0, for n=2k, k∈N.
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Fourier Series of the function f(x) = x, x∈〈0 ; 2π〉

f(x) ≈ f̃(x) = a0
2 +

∞∑
n=1

[
an cosnx+ bn sinnx

]
= 2π

2 +
∞∑
n=1

[
0 · cosnx− 2

n sinnx
]

= π − 2
∞∑
n=1

sinnx
n , x∈〈0 ; 2π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a0 = 1
π

∫ 2π

0
xdx = 1

π

[
x2

2

]2π

0
= 1

π

[
4π2

2 −
0
2

]
= 2π,

an = 1
π

∫ 2π

0
x cosnx dx =

[
p. 60

]
= 1

π

[
cosnx
n2 + x sinnx

n

]2π

0

= 1
π

[
cos 2nπ
n2 + 2π sin 2nπ

n − cos 0
n2 − 0·sin 0

n

]
= 1

π

[
1
n2 + 2π·0

n −
1
n2 − 0

]
= 0, for n∈N .

bn = 1
π

∫ 2π

0
x sinnx dx =

[
p. 58

]
= 1

π

[
sinnx
n2 − x cosnx

n

]2π

0

= 1
π

[
sin 2nπ
n2 − 2π cos 2nπ

n − sin 0
n2 + 0·cos 0

n

]
= 1

π

[
0
n2 − 2π·1

n − 0 + 0
]

= − 2
n , for n∈N .

x

y

π

2π

0 π 2π
〈0 ; 2π〉

.
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q
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x

y
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π

2π

−2π 2π 4π
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a
q

- 〈−2π ; 0〉

.
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q q
a

a

-� 〈2π ; 4π〉

.

........................................................................................................................................................................................................................................

q q
a

a

-�

.
..............................q
�〈0 ; 2π〉

.

........................................................................................................................................................................................................................................a

a

-�

Fourier (Sine) Series of the function f(x) = x, x∈〈−π ; π〉

f(x) ≈ f̃(x) =
∞∑
n=1

bn sinnx =
∞∑
n=1

2(−1)n+1

n · sinnx = 2
∞∑
n=1

(−1)n+1 sinnx
n , x∈〈−π ; π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
a0 = an = 0, for n∈N (f is a odd function).

bn = 1
π

∫ π

−π
x sinnx dx = 2

π

∫ π

0
x sinnx dx =

[
p. 58

]
= 2

π

[
sinnx
n2 − x cosnx

n

]π
0

= 2
π

[
sinnπ
n2 − π cosnπ

n − sin 0
n2 + 0·cos 0

n

]
=
[

cosnπ = (−1)n
sinnπ = 0, n∈N

]
= 2

π

[
0
n2 − π(−1)n

n − 0 + 0
]

= 2(−1)n+1

n , for n∈N .
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Fourier Cosine Series of the function f(x) = x, x∈〈0 ; π〉

f(x) ≈ f̃e(x) = a0
2 +

∞∑
n=1

an cosnx = π
2 +

∞∑
n=1

2
π

(−1)n−1
n2 cosnx

= π
2 + 2

π

∞∑
n=1

[(−1)n−1] cosnx
n2 = π

2 −
4
π

∞∑
n=1

cos (2k−1)x
(2k−1)2 , x∈〈0 ; π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f(x) = x, x∈〈0 ; π〉, fe(x) = |x| =
{ x, for x∈〈0 ; π〉 ,
−x, for x∈〈−π ; 0〉 .

bn = 0, for n∈N (fe is a even function).

a0 = 1
π

∫ π

−π
fe(x) dx = 2

π

∫ π

0
fe(x) dx = 2

π

∫ π

0
x dx = 2

π

[
x2

2

]π
0

= 2
π

[
π2

2 −
0
2

]
= π,

an = 1
π

∫ π

−π
fe(x) cosnx dx = 2

π

∫ π

0
fe(x) cosnx dx = 2

π

∫ π

0
x cosnx dx =

[
p. 60

]
= 2

π

[
cosnx
n2 + x sinnx

n

]π
0

= 2
π

[
cosnπ
n2 + π sinnπ

n − cos 0
n2 − 0·sin 0

n

]
=
[

cosnπ = (−1)n
sinnπ = 0, n∈N

]
= 2

π

[
(−1)n
n2 + π·0

n −
1
n2 − 0

]
= 2

π
(−1)n−1

n2 , for n∈N .

an =
{ 2
π

(−1)2k−1−1
(2k−1)2 = 2

π
−1−1

(2k−1)2 = − 4
π

1
(2k−1)2 , for n=2k−1,

2
π

(−1)2k−1
(2k)2 = 2

π
1−1

(2k)2 = 0, for n=2k, k∈N.

x

y
π

0−π π

〈0 ; π〉

.

....................................................................................................................q
q

x

-�

x

y
π

0−3π −π π 3π

f̃
.

...........................
q
- 〈−3π ; −π〉

.

......................
......................

......................
......................

......................
......

.

....................................................................................................................

q
q

q
-� 〈π ; 3π〉

.

......................
......................

......................
......................

......................
......

.

....................................................................................................................

q
q

q
-�

.

......................
......................

......................
......................

......................
......

.
..............................

q
q

�〈−π ; π〉

.

......................
......................

......................
......................

......................
......

.

....................................................................................................................

q
q

q
fe

-�

Fourier Series of the function f(x) = x2, x∈〈0 ; 2π〉

f(x) ≈ f̃(x) = a0
2 +

∞∑
n=1

[
an cosnx+ bn sinnx

]
= 8π2

3·2 +
∞∑
n=1

[ 4
n2 cosnx− 4π

n sinnx
]

= 4π2

3 + 4
∞∑
n=1

cosnx−nπ sinnx
n2 , x∈〈0 ; 2π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a0 = 1
π

∫ 2π

0
x2 dx = 1

π

[
x3

3

]2π

0
= 1

π

[
8π3

3 −
0
3

]
= 1

π
8π3

3 = 8π2

3 ,

an = 1
π

∫ 2π

0
x2 cosnx dx =

[
p. 60

]
= 1

π

[
2x cosnx

n2 − 2 sinnx
n3 + x2 sinnx

n

]2π

0

= 1
π

[
2·2π cos 2nπ

n2 − 2 sin 2nπ
n3 + 4π2 sin 2nπ

n − 2·0·cos 0
n2 + 2 sin 0

n3 − 02 sin 0
n

]
= 1

π

[
2·2π·1
n2 − 2·0

n3 + 4π2·0
n − 0 + 0− 0

]
= 1

π
4π
n2 = 4

n2 , for n∈N .

bn = 1
π

∫ 2π

0
x2 sinnx dx =

[
p. 59

]
= 1

π

[
2x sinnx

n2 + 2 cosnx
n3 − x2 cosnx

n

]2π

0
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8 Fourier Series 76

= 1
π

[
2·2π sin 2nπ

n2 + 2 cos 2nπ
n3 − 4π2 cos 2nπ

n − 2·0·sin 0
n2 − 2 cos 0

n3 + 02 cos 0
n

]
= 1

π

[
2·2π·0
n2 + 2·1

n3 − 4π2·1
n − 0− 2·1

n3 + 0
]

= − 1
π

4π2

n = − 4π
n , for n∈N .

x

y

0−2π 2π

2π2

4π2

r

r

x2

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

〈0 ; 2π〉-�

x

y

0−4π −2π 2π 4π

2π2

4π2b

r

.............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

-

b

b

r r

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

〈−4π ;−2π〉-�

b

b

r r

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

〈−2π ; 0〉
-�

b

b

r r

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

〈2π ; 4π〉-�

b

r

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

f̃

�

b

b

....... ....... .........
............
...............
.................
....................
.......................

.........................

.............................

...............................

..................................

.....................................

........................................

..........................................

.............................................

................................................

...................................................

〈0 ; 2π〉-�

Fourier (Cosine) Series of the function f(x) = x2, x∈〈−π ; π〉

f(x) ≈ f̃(x) = a0
2 +

∞∑
n=1

an cosnx = 2π2

3·2 +
∞∑
n=1

4(−1)n
n2 cosnx = π2

3 + 4
∞∑
n=1

(−1)n cosnx
n2 ,

x∈〈−π ; π〉.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
bn = 0, for n∈N (f is a even function).

a0 = 1
π

∫ π

−π
x2 dx = 2

π

∫ π

0
x2 dx = 2

π

[
x3

3

]π
0

= 2
π

[
π3

3 −
0
3

]
= 2π2

3 ,

an = 1
π

∫ π

−π
x2 cosnx dx = 2

π

∫ π

0
x2 cosnx dx =

[
p. 60

]
= 2

π

[
2x cosnx

n2 − 2 sinnx
n3 + x2 sinnx

n

]π
0

= 2
π

[
2π cosnπ

n2 − 2 sinnπ
n3 + π2 sinnπ

n − 2·0·cos 0
n2 + 2 sin 0

n3 − 02 sin 0
n

]
=
[

cosnπ = (−1)n
sinnπ = 0, n∈N

]
= 2

π

[
2π·(−1)n

n2 − 2·0
n3 + π2·0

n − 0 + 0− 0
]

= 2
π

2π(−1)n
n2 = 4(−1)n

n2 , for n∈N .

x

y

0−π π

π2
r r

x2

.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−π ; π〉-�

x

y

0−5π −3π −π π 3π 5π

π2r

..............
...............
..................
....................
......................

.........................

...........................

.............................

-

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−5π ;−3π〉-�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−3π ;−π〉-�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈π ; 3π〉-�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈3π ; 5π〉-�

r
f̃

.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... .............

�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

f

〈−π ; π〉-�
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Fourier Sine Series of the function f(x) = x2, x∈〈0 ; π〉

f(x) ≈ f̃o(x) =
∞∑
n=1

bn sinnx =
∞∑
n=1

2
π

[
2(−1)n−2

n3 − π2(−1)n
n

]
sinnx

= 2
π

∞∑
n=1

[
2(−1)n−2

n3 − π2(−1)n
n

]
sinnx, x∈〈0 ; π〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f(x) = x2, x∈〈0 ; π〉, fo(x) = x · |x| =
{

x2, for x∈〈0 ; π〉 ,
−x2, for x∈〈−π ; 0〉 .

a0 = an = 0, for n∈N (fo is a odd function).

bn = 1
π

∫ π

−π
fo(x) cosnx dx = 2

π

∫ π

0
fo(x) cosnx dx = 2

π

∫ π

0
x2 sinnx dx =

[
p. 59

]
= 2

π

[
2x sinnx

n2 + 2 cosnx
n3 − x2 cosnx

n

]π
0

= 2
π

[
2·π sinnπ

n2 + 2 cosnπ
n3 − π2 cosnπ

n − 2·0·sin 0
n2 − 2 cos 0

n3 + 02 cos 0
n

]
=
[

cosnπ = (−1)n
sinnπ = 0, n∈N

]
= 2

π

[
2·π·0
n2 + 2(−1)n

n3 − π2(−1)n
n − 0− 2·1

n3 + 0
]

= 2
π

[
2(−1)n−2

n3 − π2(−1)n
n

]
, for n∈N .

x

y

0−π π

π2

−π2r

r

x2

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−π ; π〉-�

x

y

0−5π −3π −π π 3π 5π

π2

−π2

b

r..............
...............
..................
....................
......................

.........................

...........................

.............................

-

b

b

r r

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−5π ;−3π〉-�

b

b

r r

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−3π ;−π〉-�

b

b

r r

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈π ; 3π〉-�

b

b

r r

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈3π ; 5π〉-�

b

r
f̃

.
.............................

...........................

.........................

......................
....................
..................
...............
.............

�

b

b

.
.............................

...........................

.........................

......................
....................
..................
...............
.............
..................
.................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−π ; π〉-�

Some Applications

f(x) = x, x∈〈−π ; π〉, f̃(x) =: F (x) = 2
∞∑
n=1

(−1)n+1 sinnx
n , x∈R (p. 74).

x

y

−π

π
2

π

0−3π −π π
2

π 3π

f̃
. ......................
a
q
- 〈−3π ; −π〉

.

.............................................................................................................................................................................................

q q
a

a

-� 〈π ; 3π〉
.

.............................................................................................................................................................................................

q q
a

a

-�

.

......................................................................................................................q
�〈−π ; π〉

.

.............................................................................................................................................................................................a
a

-�

q
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x = π f(π) = π, f̃(π) = f(−π)+f(π)
2 = −π+π

2 = 0.

f̃(π) = 2
∞∑
n=1

(−1)n+1 sinnπ
n = 2

∞∑
n=1

(−1)n+1·0
n = 2

∞∑
n=1

0 = 0.

x = π
2 f(π2 ) = f̃(π2 ) = π

2 .

π
2 = f̃(π2 ) = 2

∞∑
n=1

(−1)n+1 sin nπ
2

n = 2
∞∑
k=1

[
(−1)2k−1+1 sin (2k−1)π

2
2k−1 + (−1)2k+1 sin 2kπ

2
2k

]
=2

∞∑
k=1

[
sin (2k−1)π

2
2k−1 − sin kπ

2k

]
=
[

sin (2k−1)π
2 =(−1)k+1

sin kπ = 0, k∈N

]
=2

∞∑
k=1

[
(−1)k+1

2k−1 −0
]

=2
∞∑
k=1

(−1)k+1

2k−1 .

π
2 = f̃(π2 ) = 2

∞∑
n=1

(−1)n+1 sin nπ
2

n

= 2
[

sin π
2−

1
2 sin 2π

2 + 1
3 sin 3π

2 −
1
4 sin 4π

2 + 1
5 sin 5π

2 −
1
6 sin 6π

2 + 1
7 sin 7π

2 −
1
8 sin 8π

2 +· · ·
]

= 2
[
1− 1

2 · 0 + 1
3 · (−1)− 1

4 · 0 + 1
5 · 1−

1
6 · 0 + 1

7 · (−1)− 1
8 · 0 + · · ·

]
= 2
[
1− 1

3 + 1
5 −

1
7 + · · ·

]
= 2

∞∑
k=1

(−1)k+1

2k−1 ⇒ π
4 =

∞∑
k=1

(−1)k+1

2k−1 .

g(x) = x2, x∈〈−π ; π〉, g̃(x) =: G(x) = π2

3 + 4
∞∑
n=1

(−1)n cosnx
n2 , x∈R (p. 76).

x

y

0−5π −3π −π π
2
π 3π 5π

π2

π2
4

r

..............
...............
..................
....................
......................

.........................

...........................

.............................

-

r r.
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....
...................
.
.................. ............... ............. ...................................................
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..................
......................

.........................

......................

.........................

...........................

.............................

〈−5π ;−3π〉-�

r r.
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..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈−3π ;−π〉-�

r r.
..................
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..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈π ; 3π〉-�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

〈3π ; 5π〉-�

r
f̃

.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... .............

�

r r.
..................
...........

..................
.........

..................
.......

..................
....
...................
.
.................. ............... ............. ...................................................

..........
..................
......................

.........................

......................

.........................

...........................

.............................

f

〈−π ; π〉-�

r r

x = 0 g(0) = g̃(0) = 0.

0 = g̃(0) = π2

3 + 4
∞∑
n=1

(−1)n cos (n·0)
n2 = π2

3 + 4
∞∑
n=1

(−1)n·1
n2 = π2

3 + 4
∞∑
n=1

(−1)n
n2

= π2

3 − 4
∞∑
n=1

(−1)n+1

n2 ⇒ π2

12 =
∞∑
n=1

(−1)n+1

n2 .

x = π
2 g(π2 ) = g̃(π2 ) = π2

4 .

π2

4 = g̃(π2 ) = π2

3 + 4
∞∑
n=1

(−1)n cos nπ2
n2 = π2

3 + 4
∞∑
k=1

[
(−1)2k−1 cos (2k−1)π

2
(2k−1)2 + (−1)2k cos 2kπ

2
(2k)2

]
= π2

3 + 4
∞∑
k=1

[
cos kπ

4k2 −
cos (2k−1)π

2
(2k−1)2

]
=
[

cos (2k−1)π
2 =0

cos kπ=(−1)k, k∈N

]
= π2

3 + 4
∞∑
k=1

[
(−1)k

4k2 − 0
]

= π2

3 −
∞∑
k=1

(−1)k+1

k2 ⇒ π2

4 −
π2

3 = −
∞∑
k=1

(−1)k+1

k2 ⇒ π2

12 =
∞∑
k=1

(−1)k+1

k2 .
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x = π g(π) = g̃(π) = π2.

π2 = g̃(π) = π2

3 + 4
∞∑
n=1

(−1)n cosnπ
n2 =

[
cosnπ = (−1)n

n∈N

]
= π2

3 + 4
∞∑
n=1

(−1)n·(−1)n
n2

= π2

3 + 4
∞∑
n=1

1
n2 ⇒ 2π2

3 = 4
∞∑
n=1

(−1)n+1

n2 ⇒ π2

6 =
∞∑
n=1

1
n2 .

∞∑
n=1

(−1)n+1

2n−1 = π
4 ,

∞∑
n=1

(−1)n+1

n2 = π2

12 ,
∞∑
n=1

1
n2 = π2

6

(
x2)′ = 2x, for x∈R, i. e. g′(x) = 2f(x), for x∈〈−π ; π〉.

G′(x) =
[
π2

3 + 4
∞∑
n=1

(−1)n cosnx
n2

]′
= 0 + 4

[ ∞∑
n=1

(−1)n cosnx
n2

]′
= 4

∞∑
n=1

[
(−1)n cosnx

n2

]′
= 4

∞∑
n=1

[
(−1)n
n2 (− sinnx) · n

]
= 4

∞∑
n=1

(−1)n+1 sinnx
n = 2 · 2

∞∑
n=1

(−1)n+1 sinnx
n = 2F (x),

for x∈R.

x2 =
∫ x

0
2tdt = 2

∫ x

0
tdt, for x∈R, i. e. g(x) = 2

∫ x

0
f(t) dt, for x∈〈−π ; π〉.

2
∫ x

0
F (t) dt = 2

∫ x

0

[
2
∞∑
n=1

(−1)n+1 sinnt
n

]
dt = 4

∫ x

0

[ ∞∑
n=1

(−1)n+1 sinnt
n

]
dt

= 4
∞∑
n=1

[∫ x

0

(−1)n+1 sinnt
n dt

]
= 4

∞∑
n=1

[
(−1)n+1

n

∫ x

0
sinnt dt

]
= 4

∞∑
n=1

[
(−1)n+1

n

[
− cosnt

n

]x
0

]
= 4

∞∑
n=1

[
(−1)n+1

n

[
− cosnx

n + cos 0
n

]]
= 4

∞∑
n=1

(−1)n+1(1−cosnx)
n2 = 4

∞∑
n=1

(−1)n+1

n2 + 4
∞∑
n=1

(−1)n+1(− cosnx)
n2

= 4
∞∑
n=1

(−1)n+1

n2 + 4
∞∑
n=1

(−1)n cosnx
n2 = π2

3 + 4
∞∑
n=1

(−1)n cosnx
n2 = G(x),

where 4
∞∑
n=1

(−1)n+1

n2 = a0
2 , a0 = 1

π

∫ π

−π
x2 dx =

[
p. 76

]
= 2π2

3 , for x∈R.

Finita la commedia
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