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1 Basic integrals 11

1 Basic integrals

/dx = /1dx =x+c¢ forzeR (ie. f(z)=1,z€ER). [c = constant)]

/:L‘“d:L'f 2 4 ¢ fora€R, a# —1, xR — {0}

92 —In|z| + ¢, for € R — {0}.

/‘- @ 4o = In|f(z)| + ¢, for f(z)#0, z€D(f).

/e‘”dx:¥+c,foraeR,a;«éO,xeR, /e””d:v:ez—i—c.

/a‘Bda;— o tofora>0,a#1, z€R, /e'rdq:— —=tc=¢"+c
/sinaxdx =22 ¢ fora€R,a#0,z€R, /sinxdx = —cosx + c.

/cosaa:d:c = % +c¢, fora€eR,a#0, z€R, /cos:zcdm =sinx + c.
/Cojfm =892 | ¢ fora€R, a#0,s€R— {(2k+1)Z; ke Z}, /— =tgz +c

/shg”ax = _COtg‘” +c¢ fora€R,a#0,2eR—{kn; keZ}, /siﬁlﬁ’x = —cotgx +c.
\/agfiﬁ = arcsin £ + ¢ = —arccos 7 +¢, for a > 0, x€(—a; a).

/Ja‘z_l)zdx:rivagfrz_y% \/”fj”j7fora>07x€(—a;a).

\/% ln|x—|—\/x2—a2|—|—c for a >0, z€(—00; —a)U (a; o0).

/\/ —a?dz = T”L“Z “2 \/d’i,,fora>0,x€(—oo; —a) U (a; 00).
/\/x‘;iw:ln(x—i—\/aﬂ—&—a )+c, for a > 0, x€R.

' . . xV/xT2+a2 2 f dz

./\/¢2+(L2(1¢7’f+% \/ﬁ,fora>0,x€R.

z2d+za2 —7arctg +c— = arccotg +¢, fora >0, zeR.

/:1:2d—x(1,2 - /i |::1:ia B 1+(1:| dz = 2a 111‘1+(1|+(‘ for a > O TeR — {:l:(l}
/sinhaxdx = Cosf% +¢, fora€R, a #0, x€ER, /Sinhmdx =coshz + c.

/cosh axdxr = Sm{% +c¢ fora€R, a#0, z€R, /cosh xdx = sinhx + c.
/Cosigw = tg};’”‘ +c¢, fora€R,a#0, x€R, /co;l}?% =tghz +c.

/sinﬁgaw = _COtgah “ +¢ for GER, a 7é O’ TER = {0}7 /%1:1112 z COtgh‘T +c.
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2 Basic integrals — Appendix

dz _ da _ 1 : o ba 1 b
/ b2z | p e g2 5 arcsin — = + ¢ = —g arccos - + ¢,

b2

fora>0,b>0,az€(—%; %)

a2 _ 1 bx+b222—a?
2|t =gn b

. dz _ dz _ 1
/\/b2 ZE——" */ \/$2 (;72 =13 1H’IL‘+ +c1
= 7 In |bz + V%22 — @?| —% 6] + c1 = 3 In bz + V222 — a?| + ¢,

fora>0,b>07w€( b,oo).

2 ’ /b2 12 2
/ b212+a2 /\/ 2+a = 1111 (1‘+ V 1‘2+Z*2> +Cl = %1n(b‘t+ bbl i )+Cl

= 11In (bz + b2x2—|—a2) +In[b| + ¢ = 1 In (bz + Vb222 + a?) + ¢
fora>0,b>0, x€R.

__dz [ _ o, 2 o d?1_ _ Qe—q)® | 4riq?
/\/7I2+qm+r [*-’ toztr = —(2?—qz—r) = —[(z—§)?—r— L] = 57 + L ]
2x . 2x—q 2
= arcsin + ¢ = — arccos + ¢, for q,r 4r+ T .

r e , ¢, 7TER, q¢>0,zeR

2
o +{]1+r7(7+q)2+r (ZN(J) +17 2’

dx _
/m s+ 8+ taztr= 2'+11+2\/m
=1In (2:1:+q+ 2«/x2+qz+r> +c, for ¢,7€R, 4r—q¢*>>0, TER,
=In|22+q| +c, for q,rER, 4r—q*>=0, 2€ER — {—f
=In|22+q+2+y/22+qz+7| + ¢, for ¢,rER, 4r—¢*> <0, zER, 22 +qz+7 > 0.

dz _ 1 dz _ 1 bx
/m—bﬁ v —bgaarctg +c= barctg——i—c

z2425

b
:—b%garccotg%w+c———barccotg +c¢, fora>0,b>0, x€R.
dz _ 1 dZE _ 1 b xr— ‘; _ 1 br—a

/b23327a2 - 2 2 — 52 2a In GAre tc= 2ab In bx+a +C,

for a >0, b > O, xGR— {iE}'

bx+a
br—a

br—a
bx+a

_de . __dz
/112713212 - /b%:"’fa"’ - 2ab In t+¢

fora>0,b>0,xeR— {ig}.

_ 1
+c-2abln
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3 Substitution

Theorem.
fl)eC(I), z=(t), ted, o(I)Cl, ¢'(t)eC(J) =
vied: [f@)do = [flot)dolt) = J flotle!(0)
/md:c— x =sint, t = arcsinz, doz = costdt, z€(—1; 1), tE(fg, g) . /cos2tdt
V1 —22 =4/1—sin?t = Vcos?t = |cost| = cost

14cos 2t —
Ltcos2t gy —

for xe(—1; 1).

t sin 2t _t 2sintcost —
3t g fte=3t= ¢ tc=

arczinz + m\/127x2 +ec,

3 . . x =sint _ 3 _ ozt _ sin*t
/sln tcostdt = [da::costdt} —/a: dz =% +c =" +c forteR.

dzx

dz _
Vatit Va4l T /(m)ﬁ(mf -

3 2
:6/[ttﬁ -

In|t + 1\] +c
3(Yz+1)° +6Va+1—6In|l+ Yz+1|+c

3 2 2
_ 6/t +t —tt:+t+1—1 dt

:6[%—§+t—
=2(Yz¥1) -

_ t3 dt
= 6/t+1

\G/;r +1=t . 65 dt
. = - 3 2
z+1=¢5 dz =6t5dt e

24t 411
1 T t+1:| dt

=2Vr+1-3Yr+1+6Vx+ —61n|1+ \G/JJ+1| + ¢, for x > —1.

b - eT=t t>0
V5+der — | z =Int, da—dT

U = , du
=2 du
B V5 + v :«/5—&-—9:

4t = u? udu

_ 4
t\/5+4 {4dt:2udu} o /uZ\/S-&-u? 2
jdz. u>0, v>0

v v —/5dv
V5 V5Vu2+l  v?

= [ = - T o= (B B ) e

ot

__2 1n(ﬁ+7\/52'">+01

*fﬁlnL Vu5+"2+01

5 u
:%[1nu—ln(\/5+\/5+u2)]+c1:%[ln(4t)%—1n(\/5+\/5+4t)}+c1
= Z[3In(4e’) ~In (V5 +V5+4e”)] + a1

= Z [3Ind+glne’ —In(V5+v5+4e”)] + o

=0+ - Zn(V5+ VB de?) +a = % - Zhn(VE+ /B de?) +
for z € R.
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3 Substitution 14

/f {/28) do for ad —be£0

m m—1
|:Substitution 6= "@} — ¢m — aztb . di"—b g, mt"T (ad—be) gy

cx+d’ a—ct™? (a—ct™)2

Vi-Vm ViVE V1-VE 1 Ve fdx de [ VT 4,
1+\/E 1+ 1 Nz Vi—z Vi—z

l—z=u 2 2 — 2

1—x l+t2 _ . _1 . T

do— —du | deg = 22QH2—t22t 0 2rde - /(1 z)"2dw /\/ 1 do
r = - (1+t2)2 - (1+t2)~

_1 2tdt _ _w dt L =1 ]
_/u 2du—/ﬁ_ ?—2/ 1t+t2t)2 = 2\/’ /(;it?)2

:_2m_2/[ﬁ—ﬁ]dt=—2ﬁ— Jarctgt - garctyt — |+

N

2 +1=+ @iil=m _ 1 t
_[@:(1 \/: m_m}z—Qm—arctgt+tQ+1+c
= —2v/1—x — arctg x+m+c,forme<0;1),

/f(a:, Vax? +bxr+c)dx  for a#0 [Euler substitutions ... ES]

[1st ES VazZ +bz +c=t+ava for a>0] t=+az?+br+cFzya,

azx? + bx + c = t? & 2tz /a + ax?, m—bi%, dT—QWdT

[Qnd ES Vaxz? 4+ bz +c=at++/c for c>0] b= a"L2+b"L+(¥f
az? +br +c =222 £ 2o+, z= T2/ b( 750)7 d = oEve-thdave g

a—t? (a—t2)2
[ 3rd ES t = (/ai— for u,v real roots of the az?+br+c=0 T = 1)22_2“ dz = % dt

o . . 5 . 2005
1st BS | Va2+a2 =t—z, z2+4a2 =t2—2x+22, 2tx =t2—a?, z =12

2t
do 2,42 2142 2t-26—2(¢% — 242402 2 +a?
/\/:v2+a2 = | Vel tal=t-tgt =50, do= 4/<2 ) d = QTJ'—’QH dt = t;;?l d
va2+z2 > Va2 >z, Va2+z?2—z >0, ln|z+\/a2+12‘ =1In (az+\/a2+az2)
2
:/tzfazf;g dt = /%:1n|t|+c:ln}x+\/x2+a2|+c

=In(z + V2% +a?) + ¢, for a€R, z€R.
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3 Substitution 15

_ i . . . /a7 22
Va2 =22 =zt +a, a® — 22 = 22t2 4+ Aza+ a2, = 22 A0, t= VI T -9

dz _ 241"
Va2—a2 =242 _ a(1—-t?) _ —2a(t?41)+2ta-2t _ 2a(t?>—1)
2nd ES| Va?2—a2= t2+f =g do= @12 dt = GRS de
t241 2a(t’—1 dt JaZ— 2
- a(ljﬁ) (tg+1)2) dt = — Py = —2arctgt + c = —2arctg L=t L g

fora >0, x€(—a; a) —{0}.

m 2 2
du B z(l—z)=z—22>0, z€(0; 1) t=./12 >0, =2 > {’p—xq, :c:lgﬁ
\/a:(l x)

o 2t(t241)—t32t ., 2tdt 1Nt : i T
3rd ES| dz = GEIL: dt = CESHEL I(l*l) = m (l /2+1) @2

:/ﬂ:ﬂ%:/ﬁﬂ_2arctgt+0—2arctg,/ﬁ+c, for x€(0; 1).

/f(sin x,cosx) dx [Universal trig substitution ... UTS]

[UTS t=tgg, x=2arctgt, z€(—m+ 2km; m+ 2km) k€ Z, teR] dy = 24t

241
. . 2sin £ cos £ 2sin £ cos £ cosT2Z 2tg L 2
Sinr = | 2sinZcosl = o2 oo — "SR5, S0 5 _ SBE | —
2 2 sin §+cos 5 sin §+cos 3 cos 5 tg §+1 t24+1
2 z 02 2 x 02 =2 @ 2 x 2
. cos® £ —sin® & cos® 5 —sin”® = cos = 1—t = 1—%
COST = | cos? L —sin? & = —— 2 % = —2 5 ——o 2 = 2%»2 = =
2 2 sin §’+cos 5 sin §+cos 3 cos—2 5 tg: §+1 #24F1l

dz  _ o _ 2dt 12| f142 2dt . [2dt _ _ [ 24t
/cosw = {t— tg3, doe=qp, cosz =15 | = [1g@i2 = [1¢2 = 21
1

2|+, for e R— {(2k+1)F; ke Z}.

d _ @ 2dt : _ 14?2 24t _ —
/Tgsx* {t:tg? d‘T:li»dtg’ 1+C05xfl+l+t2 :ﬁ} 7/ 2 1+t2 */dt*t+c
=tg3 +c forxeR—{n+2kn; keZ}.

de 2dt .o .. 2t _ [ 14t% 24t [dt _
sns = [t=t83 do= {5, 5””7*1“2}_/% ez = |5 = Il +c

=In|tg Z| +c, for z€ R — {km; ke Z}.

de  __ .oz 4. _ 2dt _ o142t | 14+t 24t _ 2dt
/l+sinm - {t_ tg g, do= 14627 L+sinz =1+ 1+/— 142 = ] (492 1482 T | (1+¢)2

_ [ 1+t=u]| _ du _ -2 _ou" _ 2 _ 2
_{dt:du}_2/u—“;— /u du—2“ﬂ—1+0—c—t+—1—c—tg%+1,
forxe R— {5 +kr; keZ}.
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3 Substitution 16

/f(sin x,cosx) dx [Universal hyperbolic substitution ... UHS]

[UHS t =tgh &, o =2argtght = L In 1, z€R, te(-1;1)] dt = Qco‘iﬁ
do = [ zeo® gar= 25 = 2ot dd o o f e | 24
sinh o = | 2sinh g conh = Smtanhe = SomAenh o o Bk | = 2
cosha = [ conh® 5+ § = S EET = Srd it - Sard = ek | - 15

de _ | t=tgh%, dz = it% xzeR—{0} 1-¢2 2dt _ f[at 1 |t| +
sinhz — | sinho — 2t =2 1= [ TN €
sinhx = , te(—1;1)—{0}

1—t2

=In |tgh Z| + ¢, for IER—{O}.

_ A _ 2t 2dt 2dt
dz — = tgh %7 sinhz = 1—t2 — 1-t2 12 [ __2dt
1+sinh z dz = 7127‘1:;2 , TER, te(—1;1) 1+ 1312 717112;% 2—2t—1

2dt 2 M‘H_ 2y |tEhE-1ov2

= [er= = " nal | oo tgh £ —11/2

for x € R, sinh x #0.

—toh & __ 2dt
dp _ | t=tehg de=9" €R | f1.42 oar _ [24t _ — Qarctet 4 c
coshz cosha = L2 pe(1;1) 1F2 1-¢2 1+¢2 &

T 1-t2?
= 2arctgtgh § + ¢, for z€ R.
2
dla o t=tgh3, coshx:{t?z _ 245 . % At =t+c
Tfcoshw do = 295 zeR, te(-1;1) 1+ 1t T

=tgh$ +c¢, for z€R.

dz _ [ 1 coshz—1 _ coshz—1 __ coshz—1 ] _ cosh z dx _ dz
l14+coshx — coshz+1 coshz—1 =~ cosh2z—1 ~  sinh2z — sinh? = sinh? z

o t = sinhx T<0:>f<0 . _7_

- {dt:coshxdx x>0:>t>0 / cotgh z cotghz + ¢

_ 1 _ cosh z 1+4cosha

-t *COtghI+C— 7smhx " sinhz te=-— sinh x +¢ for ze R— {O}

= ‘r—tght—i—c—tgh + ¢, for x € R.

cosh

dz _ dz _ t= %7 TER
T+coshz — [2cosh?Z = | gy —dz 4R
b 5 ¢
t=e® z=Int, doe =4
dx _ dz _ 2dz _ ) 7 _ 2dt
S = 4o — z —= = . = | o711y
14coshz 148 +2e 2+e® +e e—% — t’ zER, te(0; o) t(2+t+1)

- t+1
:/t2i§tt+1 :/(t2+dlt)2 :/Z(t‘H) 2dt 22% +c=—g4g +c¢ forzeR.
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4 Integration by parts (per partes) 17

4 Integration by parts (per partes)

Theorem.

Let f, g be functions differentiable on an interval I.
Then fg¢’ is integrable on I if and only if f'g is mtegrable on I, and

vzel: /f( g(z)da = f(z /f z)dz.

/(fl;‘" 1)e$d$: {Z/ié‘[kl

=z e” +c, for z€R.

vi] :(x+1>ez—/ewdx=<w+1)ex—ew+c

v =e”

u'=1 W =az 1 2
/arctgmdx— {U —arctgx ”/_1+11 } —xarctgx—/HwQ dz = rarctgx — 7/1+$2 dz

—xarctgx—fln‘l—l—le—kc_xarctgx—lln( +z )+c
= zarctgr —Inv1+ 22 + ¢, for x€R.

2
u' =z u =< 1 22 dz
rarctgrdr = 2 ® arctg x — 1
/ & |: v =arctgx | v’ 1+1‘ 2 & 1422

_ oz 1 [(Q422—1)dz
_Tarctgx—i/T— Qarctgﬂc—f d:v—i— 1+m2

:I;arctgx R arctgx—l—c-(%—&— )arctgx—§+c for z€ R.

u =1In

;1
i—q :;g}:xlnx—/%dx:mlnx—/dx:mlnx_x_~_c7

Inxdx = [
for z > 0.

w‘&w
"
=
S

|

Dl

w‘a
o,
S

Il

v
—
=
S
+
(e}
oK
1
K
Vv
o

1
u == n+1 Zntl Znt+l
e } == lna:f/ Ldz Inz — -1 [z"dx

@, =gz
" Inxdx =
/U/ ',I;’I

_ v =2 n+1 n+l x n+1 n+1
. n+1
n+1 n+1 n+1
_ oz _ 1 =z — iy _
=T Inz i Inz (n+1) +c¢, forz >0, neN.

1 1
1}—2flnx— /%dxz%/flnm—?/x_fdx
—Qﬁlnx—2-2x% +c=2y/xlnx —4/x + ¢, for x > 0.
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4 Integration by parts (per partes) 18

w=In2g|u =222 2 2 2
rln®zdr = & :%IHQK’E* %m%dx:%hfxf zlnzdx
v =z v =%
w=Inz|u = % 2212 22 22 1 2212 22 »da
= . :7111 T — 7lnx— 7fdx :71n x—7lnx+ L=
o=z |v =% z

/2 2 2 2
=% In"r— %5 Inz+ % +c¢ forz > 0.

Y R : n—1 _[u=sin"lz|u=(n-1)sin" 2zcosz
In—/sm xdx—/slnxsm rdxr = {v/:sinx b cos
= —coszsin® lx+ (n—1) [sin® 2z cos?zdx
= —coszsin” 'z + (n— 1)/sin"‘2 z(1—sin?z) dx
= —coszsin" 'z + (n—1) [sin" 2 xdr — (n—l)/sin”xdx
In = —coszsin® 'z + (n—1)I,_o — (n—1)I,
p e mainm—L . —
= In+ (n—1)I, = —coszsin® ‘z+ (n—1)Ip—3 = I, = 7% + ”’n Ly o
son—1 . _
= —SREER T + "T_l/sm” 2gde, for x€R, n=3,4,5,....
I = /sinxdx = —cosx + ¢, for x€R.
_ 2 _ 1—cos2x — @ sin 2z f
I = [sin"zdr = [—=%5=*dr =5 — = +¢, for zER.
_ '— _(n—1 ,n72“,- ]
InZ/COS”xda::/cosxcos” Lydr = [ Z_SH(IT; )cos"asinz

=sinzcos" 'z + (n—1) [ cos" 2 zsin? rdx

=sinzcos" Lz + (n—1) [ cos" 2 z(1—cos? ¥) dw =

=sinwcos" tx + (n—l)/cos”’2 xdr — (n—l)/cos" xdx

I, =sinzcos” lz+ (n—1)I,—2 — (n—1)I,

o™ —1 o _
= In+ (n—1)I, =sinzcos™ lz+ (n—1)I_g = I, = SinETcosS___x cos" @ 4 n

n n

1
In—2

T, n—1 _ _
= SnEes % +%/COS” 2xdz, for x€R, n = 3,4,5,....

I = /cosxdx =sinx + ¢, for z€R.

IQZ/COSQIdz:/%dx:§+%+C, for € R.
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5 Partial fractions 19

5 Partial fractions

dz _|T—a= t _ [at
(z—a)™ dz = du tm

dtt =Injt|+c=In|z—a|+e¢, fora€R, zeR— {a}, n=1,

/t*”dt:%qtcf%Jrc fora€eR, zeR— {a}, n=2,3,4,.

_[etl=t] _ [i—n 35 _ =" _ (z+1))'r _ 1
/(z+1)"dx {dw:dt}_/t dt = +c="F—+¢= gmem— T 6
forn=2,3,4,..., z€ R — {-1}.

dz _lz=1=t]| _ _ _glen _ (z=1)' " _ 1
/Wdf—{’dm:dt}—/t "t = be= S e = o T
forn=2,3,4,..., xeR—{1}.

[t = [3 [ - 2] do = & n|sE] + o for a> 0, ve R~ {a).

/ Sz %arctg% +c= —%arccotg% + ¢, fora >0, z€R.

r2+4a?

%arctg\% +c= —iarccotg\% +¢, forb >0, z€R,

da Ve
/12+b: 1 1_\/* f \/7
o ‘—i—c orb<0, e R— {£v—-b}.

dz _ 2 + ax +b7(7+a) —Q—b—ﬁ _ dt
e t=x+¢, dt=dz, o 7i(bf ) a>0 t*to?

a_ /a2
I+24‘+c for 4b—a? <0,

2
ThEEf/ =)

dt _ 1
/t2—a2* ln|t+a|+0*%1n

= d¢ _ t72H! _ 1 1 A
= = —grp TC— T C= @—i—c, for 4b—a“=0,

e __ 1 t _ 1 v+5
/t2+a2—aarctga+0— — arctg\/_zi—i—c for 4b—a® >0,

for a,b€ER, t€R, 2> +ax+b#0.
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5 Partial fractions 20

y— dx _ 1 +a’dz 1 z2+a?—2? dz

n= | @G2Ea?)" — Fa? [ @2Ea?)"  Fa? (@2Ea?)"
_ 1 z2+a> dr — 1 z2 dz _ 1 dz 1 z-2x dt
T +a? [ (z2+a?)™ +a2? [ (z2£a2)" = Z£a? [ (x2+a?)n1 +2a2 | (z2+a?)™

@) = u =1
o (:1:2:t(12)17"’ 1

URS 1-n - (1—n)(z2£a2)n—1

v’

— 2z
- (Izia2>'n

_ 1 dax _ 1 iz _ 1 dx
~ +a? [ (z2£a?)" 1 +2a2 | (1—n)(z2+a?)"—1 1-n [ (z2£a?)" 1

1 da _ D) < 1 1 dx
— +a? [ (z2£a?)" 1 +2a2(1—n)(z2+a?)? 1 +2a2 1—n [ (z2+£a?)71

1 1 d
T +2a? (2+ﬁ)/(x2:|:ag)"*1 - :l:2a2(17n)3€12:ta2)"*1

3—2n dx a8
— +2a2?2(1-n) /(inaQ)"_l T £2a2(1—n)(z2£a2)" 1
I, fora>0,n=2,3,4,..., z€R, 22 + a®#£0.

3—2n _ iz
— £2a2?2(1-n) +2a2(1—n)(x2+a?)n— 17

dz _ _3-2n dzx o @
/(Iz_az)n = 2a2(n-1) | @2—a2)n 1 2a2(n—1)(a2—a2)n 1>
fora>0,n=2,3,4,..., x€ R—{+a}.

/(zzifﬁ)" = 2a?;z12lzn) /(12+(3Lg)7H1 + 2a2(n71)(?;2+a2)n—17 fora>0,n=2, 3,4,...,z€R.

— dt
| t2xa?

I = el _ z2 4 ax+ b= (z+ %)2%»!: %
" (@®+az+b)" t=x+3, dt=dxz, (}.2:j:(h—%), a>0

__ 3-9n dt _ t
T +2a2(1-n) [ (t2£a2)n 1 +2a2(1—n)(t2ta?)n 1

_ 3—2n dx _ $+%
T 20—22)(1—n) | @PFaztb)"TT  o(h—2Z)(1—n) (22 4-aztb)n—1
— 3—2n I _ z+3

20— 22)(1—n) "1 T 20— 22)(1—n) (a2 +azt+b)—1’

for a,beR, n=2,3,4,..., t€R, x#=atvai=db V2“2_4b.

(z24az+b)™ 2z+a)dz=du um
Infu|+c=1In|2z? +azx+b|+¢, forn=1,

/ 2x+a il = { 22 4ar+b=u _ du
(

1—n _ —
o= e 6 for n=2,3,4,...,0,bE R,z € R, p# =oAL vardb,

—n

z+A o 1 [22+a+2A—0a _ 1 2z+a - 2A—a dzx
/(IQ—Q—ar—&-b)” dz = 2/(mz+ax+b)" dz = 2 /(12+az+b)” dz + 2 /(12+ax+b)"L

for n=2,3,4..., a,bER, rER, v =0L=T
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5 Partial fractions

21

___3—2n _ g8
I /(:z: a)r 2a2(n71)l’ﬂ*1 2a%(n—1)(z2—a2)"— 1’
for a>0,n=2,3,4,..., € R—{+£a}.

dz 3—2-2 dz @ —1 dz

_ - _ _ &
(z2—a?)2 = 2a2(2—1) | z2—aZ? 2a2(2—1)(x2—a2) T 2a2 [ 22—a? 2a2(z2—a?)
_ -1 1 z—a|__ 5
T 242 2a In | m+a| 2a2(z a?) te= 4a3 5 In | I-Q—a{ 2a?(z2—a?) +¢

for a > 0, z€ R — {£a}.

dz _ _3-23 dz _ ] _ =3 dx _ T
(z2—a?)3 7 2a%2(3-1) [ (z2—a?)? 2a2(3—1)(z2—a?)? = 4a? | (z2—a?)? 4a?(xz2—a?)?
_ =3|=1 _ a8 _ a8
- 4112 |:4a3 In ’w-&-a‘ 2a2(w2—a2):| 4a2(w —a?)?

In | x+a} + 80.4(1:3))?*0‘2) 4a2(x2 a?)2 aF @, for a > 0 rER — {:I:a}

= 16a5

dz __3—24 dz _ x _ =5 dz _ T
(z2—a?)* 7 2a2(4-1) | (z2—a?)3 2a2(4—1)(z2—a?)3 = 6a? [ (z2—a?)3 6a2(x2—a?)3
_ =5

@ o @
- 60,2 [16(15 In | ac+a| + 8a4(3:2—a2) T 4a2(x2—a?2)2 6a2?(x2—a?)3
5x

_ 5
- 32a7 In ’ a:+a} " 16a%(z2—a?) + 24a*(z g70,2)2 - 6a2(a:§7a2)3’ for a > O’ TER - {ia}

I’n = /(12_?_:22)77, = 2(132(712 n)In i 2a2(n— 1)(12_,’_@2),, Ty for a > O, n = 273,4, 5oy reR.

dz _ 3-22 dz + T 1 +
(;c2+a2)2 ~ 2a2(1-2) [ z2+4a? 2a2(2—1)(z2+a?) _ 2aZ $2+a2 2a2(ac2+a2)

= 1 a,I‘Ctg +m+0—213 aI‘Ctg +m+c, fora>0,x€R.

2a2 a

dz _ _3-23 dz 4 i _ 3 dzx +
(z2+4a?)3 2a2(1-3) [ (z2+a?)? 2a2(3—1)(z2+a?)? (z2+a?)? 4a?(z 2+a2)2

- 3 |1 z z z
T 4a? |:20L3 arctg a + 2a2(a:2+a2):| + 4a?(z2+a?)? tc

= % arctg £ + 8a4(§"§:+a2) + 4a2(mg:+a2)2 +c, fora >0, z€R.

dz __3—24 dz + x _ 5 dzx + x
(z2+a?)*t T 2a2(1—4) [ (z2+a?)3 2a2(4—1)(z%2+a?)® — 6a? [ (x2+a?)3 6a?(x2+a?)3

— 5 .3 z 3z z z
~ 6a? [8115 arctg i + 8at(x2+a?) + 4a2(x2+a2)2} + 6a2(z2+a?)3 @

_ 5) L g8 5 5x ae
— 16a7 arctg a + 16a%(z2+a?) + 24a%(z2+a?)? + 6a2(x2+a?)3 t+¢, for a > 0, z€R.
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5 Partial fractions 22

_ dx _ x“4+1— —22 _ 41 22 dx _ dx 1 x-2x dt
In—/(x2+1)n = /( 21)” dr = /(I2+1)n dz — /(I2+1)n = /(m2+1)n—1 - 5/(z2+1)n

u=x u' =1
2 7(3“ +1)1 " 1
CEESVEN

1-n (1—71)(.’1:2-%—1)"”1
1 @ 1 dz

(z2+1 n T ) (1—n)(z2+1)"*1 1—n (12+1)7L—1

_ T + 1 dz

(w2+1)" T 2(1—n)(z2+1)n—1 2(1—n) [ (z2+1)7—1

_ dz 3—2n dz T
- (1+2(17n))/(w2+1)"_ 2(1— n)(w2+l)" T = 2(1— n)/(w2+1)”_1 ~ 2(1—n)(z2+1)n 1

:%In_l— forn=2,3,4,..., z€R.

dz _ z241—22 dr = z241 dr — z2dz — de 1 z-2x dt
(@2+1)2 (@2+1)2 (@?+1)2 (@®+1)2 22+1 2 [ (@2+1)2
U = uw =1
_ . e _ de 1| _ a2 dz
= L,/:< 2oy v = @+D72 1 } - /12-',-1 2[ 2241 +/x2+1]
T

1-2 241
1 1 _=z
— 2| z2+1 + 2 241

= Larctgz + 3@ + 6 for zER.

xdx _ ZL'2+1 =1 . dt
(@+1)™ = | 2zde=dt | 3 [
5lt|+c=3In|2®+1|+c= 1 In (22+1)+c, forn=1, z€R,

1t—"+1 1 _ 1 _
2_n+1+0 W+C_W+C7 forn—2,3,4,...,x€R.

de _ [2*+4e+3=(2+2?-1] _ [ d¢ _ N
z244x+3 z+2=t, de=dt — -1 [ t—D+r) — 2 t—1 t+1

_ 11 |t+1|+0— 11n|x+1|+c, for xe R—{-1,-3}.

z+3
dx _ _ 1 1 1
/$2+4$+3 - W — - /[w-‘rl a:+3] dz

=1z
2
= 3[ln|z +1] —Injz + 3|] In |i\+cform€R {-1,-3}.

s +41+37(1 +3)(z+1

de _ [ +4w+2=(e+2°-2] _ [ at _1},
R z+2=t dz=dt -2 T 2

for xGRf{fQ:t ﬂ}

dz _ dz _ 1 In
r24+4x+2 T (z+2)2—-2 —

}—l—c-iln

x+2—\/§‘ +e
b

t+f z+2-+/2

x+2 f
+2+\f‘ + ¢, for xERf{fQ:t \/5}
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5 Partial fractions 23

22 +4z+5=(z+2)%2+1
2+4w+0 = [Terg :Ot, (SI =)dt } = /tﬂl = arctgt + ¢ = arctg (z+2) + ¢, for x € R.

zz+4z+5 = /(H%g)czﬂ = arctg (z+2) + ¢, for r€R.

_ [#?+4z+6=(z+2)2+2] _ dt 1 z+2
/z2+4z+6 { z+2=t, do=dt } T 2 _TarCtgf+c_ ﬂarctg%—i—c,

for z € R.

— ¢ _ 1 +2
2+4L+6 = /($+2)2+2 = 5 arctg ""/’W + ¢, for e R.

_[#?+4z+3=(z+2)2-1=t2-1] _ dt [ _—adt
2+4x+3)2 - z+2=t, do=dt G (#*-1)2
_ (Z=1= t2)dt _ t2dt | _at 1 [ t-2tdt
- / (2—1)2 1 + — 21 + 2 #2—1)2

u =t u' =1
dt 1 t dt
= {7), 26 |, —@=D'72 1 } = _/t271 + 2{_ 21 +/t21:|
- S 1-2 - t2-1

(t2-1)2
dt 1 ¢ 11 (t=1] 1 19 |zd2-1] 1 w42
1 28¢-1 221n’t+1 2t2 1 He= 1n’:r+2+1 32744243 T €

1
2
A S T
4ln 53| — s3714ors t 6 for e R—{-1,-3}.

dz _ [2?+4z+2 = (z+2)2—2=¢t2—-27 _ _ —2dt

(@2 +4c+2)2 — x+2=¢t de=dt - (t - (2-2)?
1 [@P—2—)dt 1 [ _at +1 (s _1 t2tdt
2 tZ—2)2 — "2 [#—2 T 2 [[@Z=2)2Z — —2)2

u =t u' =
. . 1 [ _dt 1 dt
= { / 2t o = E=272 1 } :_§/t2 2+4[_t2—2+/t2—2]
- 1-2 22

vV = —5
tﬂ/i‘_i t_4e

(t2—2)2
_ 1 ¢ 1_t¢t _ _1_1 In
4 [ 22 4t2-2 = 49,2 t+/2 t2—2

_ V2 z+2—/2 1 x42
— Y21 xi%ﬁ — ot s - @, o teR-{-2+2}.

16

C e [ 2?+4z+5=(z+2)2+1=t2+1] _ a1y ae
(@2 4z 15)2 — r+2=¢t dr=dt - @D T (+1)2
_/dt 2 dt _/dt 71/t‘2tdt _{“t , u'=1
= &1 @iz — e T2 @ T |y 2t
+ +1) + (t7+1) o' = 2y | v

_ (#2412 1
_ dt 1| dt | _ 1 1 1t
_/t2+1 2[ t2+1+/t2+1] _2/t2+1+2t2+1 =garctgt + g +¢

= 1 arctg (z+2) + 2IZiZ§+, + ¢, for x € R.

1-2 T 241

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

5 Partial fractions 24

Gl _ [ 22 +4x+6=(x+2)2+2=t>+2] _ e _ 1 2dt 1 [(#42-t*)dt
(@2+4z16)2 z+2=t, dz=dt - @22 T 2 [ (7+2)7 T 2 (t2+2)?
o/ —
_ 1 dt 1 t2 dt 1 [ t2tdt _ “*12 12
— 2 [e+2 7 2 [ #2+2)2 t2+2 ®2+2)2 — — ety v = (t+2) _ 1

) = e—— = =
_1fda _ 1 _ 1 _at 1t _ 1
_2/t2+2 4[ t2+2+/t2+2:|_4/t2+2+4t2+2_4\/’arCtg\f 41524-24'C

1-2 t242

_ \f T2 r+2
= -3 arctg \/— +4m+c, fOI' .’,UGR
dz _ [22+4z+2=(z+2)2—2=t>—27 _ dt 1 [_—2at
(z2+4x+2)3 — x+2=t, de=dt ) =2 T 2 [ (#2-2)3

__;/(t2*2*t2)dt __1/ n / 2 dt __;/ dt +;/t-2tdt
=3 @23  — 2 [ 2)2 @23 — 2| @27 T 1] -2)3
u u' =1
R » 1 dt 1| t dt
P o) A S } = 2/(t2—2)2 +3 { 22 —2)2 +/2(t2—2)2:|

3 dt 1 ¢ _ 3 [ —2dt 1 ¢ _ 3 [(P—2—t)dt 1 ¢
= T8 ®—22 " 8(—22 — 16 | t2—2)2 ~ 8 (2—2)2 _ 16 (t2—2)2 8 (2—2)2

_ 3 [ dt _ 3 t2dt 1t _ 3 [ dt 3 [ t2tdt 1 ¢
T 16 [t2—2 16 [ (t2—2)2 ~ 8(t2—2)2 — 16 [ t2—2 ~ 32 | t7—2)2 = 8 (t2—2)?
A
— u=t 7171“2 2)172 —3/dt_3|:_t+/dt:| t
- l 2t I _ 1 - D Dy 2_ D] 2
v =l [v =S — = 5 16 [ ©2—2 ~ 32 22 22 8(t —2)

_ 3 f[_dt 3 _t 1t _ 3 1 1

— 32 [2—2 T 322 8(2—2)2 ~ 32 Qfl t+\f‘ + 32 t2 2 8(t2—2)2 )2 tc

_ 3 z+2—/2 3 _ x+2 1 z42

=T +2+\f‘ + 332773 — 8 @@tdaraz T 6 for tER— {-2=v2}.
__de___ [#P+det6=(2+2)%+2=124+2] _ dt 1 [_2dt  _ 1 [(+2-*)dt
(22 44z+6)3 — r+2=t¢t dr=dt - [ #%+2)3 T 2 [ (2+2)8 T 2 (t2+2)3

e 1 t2de 1 dt 1 [ t-2tdt
#2+2)2 — 2 [ #2+2)3 — 2 | #+2)2 ~ 1 [ (12+2)3

1
2
! __
_{ul 1L7]<t->+2)1,3 :|_1/dt_1|:_ t _|_/ dt }
- — 2t g = & . 1 -2 t2+2)2 4 2(t2+2)2 2(t242)2
_1—42)3 v= 1-3 T 2(t2+2)2 (t2+2) (2+2) (2+2)
3
8

n _ 3 2dt +l t _ 3 (t+2 t)dt_|_l t
(t2+2)2 8 (t2+2)2 16 [ (t242)2 8 (t2+2)2 ~ 16 (t2+2)2 8 (t2+2)2

_ 3 [ dt 3 t2 dt +1_t — 3 [ dt__ 3 [ todt | 1_ ¢
T 16 [ 242 T 16 [ (t2+2)2 T 8 (¢2+2)2 — 16 [ 2+2 32 [ (7+2)2 " 8 (t2+2)2
3

u' =1

. . _ 3 dt __t _dt 1 ¢
B () L } = 16/t2+2 32[ t2+2+/t2+2:| + 3w
’ 1-2 t24+2

u =t
= of = 2t
. (t2+2)2
1 0

_ 3 [ da ., 3 1t 1
= tunerr tswEer = 32 f arctg ok 32 t2+2 + 3w
= 3\f

42 3 x+2 1 x4+
arctg o + 35 273 4 2 g (m2+4m+3)2 + ¢, for x€R.
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6 Examples 25

6 Examples

/{\/xz”—ﬁ}dx:/[aﬁ%—x‘ﬂdxz%x%—%ﬁ—k :2F 2\/x + ¢, for x > 0.

z(x—a)(x—b)dx = /[IB — (a+b)z? + abz] dz = 1zt — a+b z2 + “b z% + ¢,
for a,be R, x€R.

adx=dt

/Sinth’dl’:/&dx—7/[62”—26356_’”—1-6 ]dx—%[“ }-i—c

22 —2z
_ e’ e _ @ __ sinh2z =z
= 3 3 5 e =25 5 +c, for zeR.

/e”dx:%/ae‘”dx:{ ar=t }:%/etdt:%—kc:%ntc, for ac R—{0}, z€R.

/cosh2 sdr = /M dz = i/ [62”” +2e%¥e"* —|—e_2”’] dz

fle
T4

}+Cf%,$+%+0:%+%+c,form€]{

cos T sin o cos sin x

/[tg:L' + cotg z] dw = /[Sm + S52] 4y = /{77@”)/ + Gino) } dz
—In|cosz| +In|sinz| + ¢ =In|82L| 4+ ¢ = In|tgz| + ¢, for se R—{&F ; ke Z}.

cos

r2+4a? 2 | z2+a2

/‘dl :1/2”‘“ =1iln|a? +a®|+c=3%In(2? + a®) + ¢, for a€R, a#0, z€R.

—a? Hea?

/IdI :%/Qﬂ”dgJ —%111‘x27a2|+c, for ae R, a#0, x € R—{+£a}.

T x2—02

/Q:/"”d”” =1ln|2? - 0%|+c = 3 In|z|> + ¢ = In|z| + ¢, for a=0, z€ R—{0}.

2 _
zde 1 2zdx  _ rfaft _ 1 fdt _ 1 [4—n ti-n
/(zLa)n = ’/(zta)n = [Qde:d[ = E/Tn = i/t dt = 5=y +¢

— @ a " | ¢ for neN, ac R—{0}, z€ R, 2 —a#0.

u =Incosz
Incoszx dz
sin2 x A 1
Y= sin? z

= —cotgxIncosz — x + ¢, for a:<—g —|;2k7r; 2k7r) U (2k7r; g+2k7r>, keZ.

u = —sinx
cos® } = —cotgxlncosz — /dx
CcCos T
sin T

v =—cotgr = —=——
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6 Examples 26

1 _ Az+B + Cx+D + Exz+{ F
/dm _ x6+1 T 2241 :vz—\ﬁerl 2+\ﬁz+l
aPel T — -1 o __1_ 1
A=0,B=1C=-; D=L E=_1. F=
1 -z 41 =_+1 2v3 _2v3
— 3 2v3 3 2v3 ' 3 _ ) oz
- /|:w2+1 + x2—/3x+1 + x2+\/§x+1:| dz = /$2+1 + Q\f/ 224++/3x+1 xQ—\/§x+1:| dz
_1 1 2048 20143
= garctgz + v L2+\/§w+l S dz
_ 1 1 2a7+43£+\/§—\/§ . 21—7—\/>+\/>
= 3arctgr + 43 { 224+/3z+1 —V3Bz+1 d
:{:r?:l:\/gx—i-lz(;ri@)g—&—l—%:(rﬂ:‘[) +1=(exB)+(3) >0}
V3 V3
_ 1 1 2043 2@ V3 T _ bl
= garctgr+ g {2+\/§x+1 —VBa+1 d$+4f/ 11 («—E)%+
_ 1 1 (2x+f)dw 1 (2w \f)d;v 1 dx dz
=garctgr+ = [ e T 15 | se—vEert T 12 —QW +12 —%
4 2 4
= {m—&-izt, dr =dt ‘ -’1_‘7\/Ti/u, d:[::du}
_1 1 [ _dt L du
= garctgx + 4fln’ar; +\f3;+1| ln|x \/§x+1| + 12/t2 T + e
1

= garctgr+ fln (x +\[m+1) 4\[ In (m —fx—i—l) 2arctg2t+12 arctg 2u-+c
_ 22 +/3x+1
= 3&urctgyc—i— 4\fln +f L + = arctg (2x+\f) 7arctg (290 f) + ¢, for € R.

1L _ _A | Bt4C
zdx x _ 1 dt 1 dt t3+l T ot+1 t°7t+1
o+ — | 2zdx 7(11‘ T2 541 T @D —t+1) 1 —_1 o_2
3 ) 3

_1 _ 1 fdt _ 1 1 [ 2t—4
_2/|:t+1 t2 t+1 dt 6/+ 6/t2 t+1dt /t+1 12 12— t+1dt
d
+

1 at 1 f2t—1-3 -
E/ﬁ_ﬁ/ﬁ t+1dt_{ _’L‘*‘l*(_%) +1_i:<t_%) +%>0}

3 ln [t +1] — /t22tt-|1-1 dt + /tQ?jil

1 9 1 2 1 dt _[t-35==
lo@E+1)? — Gt —t+1\+z/m—{ dt 2 de }
1 (t+1)?

%1n(t+1)2—$ln(t2—t+1)+4/2+3 = plnmy 5 farctgf—i—m

_ 1y, t242t41 1 2t—1 _ 19, 222241 f 222
= 151n T —|—2\/§ arctg v +c1 = 5 In TT-rr1 g arctg f Li¢, for zeR.
zdr __ z _ Az+B Cz+D Ex+F A1l p_ __1 p_V3 p__1

/m6+1 - {;I;‘Url =241 T 22— Batl " 224 vEar ‘A_:i7B_O’C_ s D="% E=—§F }

_ 3 + —z4¥3 + —z2_¥3 de = L [2zde _ 1 21 23 + 2242v3 | 4.
P T T vEerl T Vet 6 [=z*+1 12 —vBr+1 ' z2+v/3z+1

%ln|x2—|—l|—1—12/[ el 2”‘@”/5} de = {:ﬁiﬁwlz (z+8)"+1 >0}

—V3a+1 24+3Bz+1
— V3 2z4/3 1 V3 _ V3
= it - [l ek ([ el @

{m—@zt, dzx = dt ‘ a?—&-?:u, dr/:du}
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6 Examples 27

= & In(z*+222+1) - 5 In |22 — Bz +1| - H In |22 +VBz+1|+ & ;2[‘(1% %

= [ |<,27\/§x+1‘ };r: +f’1‘+1’ = (T27\/'3I+1) (1 +\/§T+l) =gzt—22+41 >0]

= 1 ln’;jfif?jf—i— 1‘{3retg2t—£arctg2u+02
= 1 1n%;2i11 + % arctg (2:57\/3) — % arctg (2$+\/§) + cg, for x € R.

zdx __ 1 22 +222+1 \f
/$6+1 = 35 1n St arctg f Lic

= 1—12 lnl;jjfig;"’;jl1 + %arctg (2x—\/§) — %arctg (2x+\/§) + ¢, for zE€R.

= ln%f;ﬁ +£ arctg 2Z\Zf_1 [ Ir 1%;”2111 +% arctg(2z—v/3) — % arctg (2x+\/§)}

= ‘(C arctg mel — % arctg (Qac \/§) + % arctg (Q:U—i— \[)
= ¥ [arctg 2“”\[_1 —arctg (233—\/3) +arctg (2x+\/§)} = [ arctg a = 5 —arccotg « }

|
[ =l

for « € R

arctg 29”\;1 — 2 +arccotg (2z—+/3) + % —arccotg (2x+\/§)}
arctg 2””\;1 +arccotg (21’ \/g) —arccotg (2w+\/§)}

arccoto « — arccotg 3 = arccotg % 3+1 , for o, BER, a # B }

arctg 22 f L tarccotg ((2 +\\Q>( z+f)+)1

@\a >

—

= arct arccot 3+1} = [arct arccot 1}
g \[ Lt g g f Ly g f
= {auctgaer‘rLtg,a:57 for uGR} = ?‘3% = const., for z€ R.
z2dz 22 Az+B Cz+D Ex+F 1~ 1 _ _ 1
/$6+1 - |: I6+17.’1:27\/§m+1+m2+\/§m+1+ z2+1 ‘ A= 0 B= 6 670" Dié’ E—U, F7_§

I
—

1 1 1

6 6 _ 1 dx 1/ de 1 dzx
L2—\/§x+1+x2+¢§x+1+ 2+1}dx / fx+1+6/x2+¢§x+1 3/w2+1
2 - _ Vv3)? 1 -1/ de 41/ dz 1
22+ V3 +1=(z+32) +4>0}_6/(I\/§)2+1+6 (z+£)2+l 3 arctg w

2 4 2 4

f : _ 1 [_adt 1 [ _d 1
@:t, dz = dt ‘ x+§:u, dx:du} _6/t2+% +6/“2}:i — garctgw

rctg 2t + % arctg 2u — % arctgx + co

rctg (21‘ — \/3) + %arotg (Qm + \/g) = % arctgx + ¢1, for x € R.

WO —
8
|

I

22dz _ 1 [322dx _ @ = _1 [ at _1 1 3
/m6+1_§/16+1_ 302de — dt | =3 tzH—garctgt—l—cl—garctggﬂ + ca, for z € R.

/iZif = %arctg (Qx — \/§) + = arctg (233 + f) arctgx + ¢y, for z€R,

= %arctgx?’ + ¢, for z€R.
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6 Examples 28

% arctg ( \/§) 2 .l arctg (2:5 A \/g) — % arctg x — % arctg B = {

2

arctg a= I —arccotg o
for a€R

g 3 arccotg (2:10 = \/?7)) —|—f—f arccotg (2:1c + \/3) —g—&—% arccotg m—f—i— arccotgx
_ 1 1
=g [arccotgx + arccotg x ] —3 [arccotg (296 = \/g) + arccotg (2:1c + \f)]
= [ arccotg a + arccotg 3 = arccotg "‘Jr? , for o, BER, a# —p }

3 2¢—/3)(2z4+V3)— 2_
= %arccotg x+x31 = %arccotg ((2 +\f))( ( _\)/g) = %arccotg xg_m = %arccotg 4””436 4
2

= 1 arccotg @D+ m_(i)z(fl;_l) 1 =1 L — Larccotg —‘"”2;1
= 0= const., for z€R.

msdx_l 2atzrd xz2 =t _ 1 _l tdt
o641 = 2 [ ab+1 2odr=dt | — 2 t T2 @+ -t+1)

1 t 1
_ t Bt+C 1 1] 1 —3 5+3
- [ t34+1 t+1+r2—t+1 ‘ A=-3, B=3, C= ?] -2 [t+1 + t27t+1:| dt
_ 1 t+1 1 fdt _ 1 2t+2 1 fdt _ 1 [2t—1+3 1 [ dt
- 6/t2—t+1 dt t+1 12/t2—t+1 de t+1 — 12 /t2 t+1 dt t+1

W—Hl:(t—é)“l—é:<t—é>2+%>0] =rlz/t35i1dt+%/<t€%+%—% 1
_[z=t-3] =1 2 1[4 1
_{dz:df}—?l n (2 —t+1) + /2j3—71n|t+1|

1

=L In(—t+1) + 1 farcth —+h(t+1)?=35n t(tjf)gl + 2\[ arctg fol +c

= 11n“’(§$)t+marctg vl Ly ¢ for z€R.

z4 _ Az+B Cz+D Ex+F
/z4dm _ z6+4+1 7 2241 + x2 \ﬁ1+1+ 22 4v/3z+1
z6+1 T _ _1 1 __1
A=0 B=g3, C—Q = D=— E—*Q\[, =—3
P T P T
2241 " 22 \/3x4+1 ' 2243241 2+1 2\[ \[93%»1 :v2+\/§a:+1
20— 41\/3-/3 2
— Larctga + -1 o—28 433 22435343 d
3 4/3 22—+/3x4+1 2+f:c+1

xzi\/gaer]:(zi§)2+17%:(ri£)2+i>0}

1 20—/3 _ 22+/3 2 — - i|
arctgx-i—m/g/{wzﬂ/gwﬂ 2213041 dm+4f/ 7%2 e (m+§3)2+i dx

w0

1
&
= {m—ﬁzt oz = alit ‘ ,T-Q—@:U,‘ dm:du}
1
3
1
3
1
3

= zarctgx + 4fln|1' _\fx+1} ln|x —|-\fx—|—1|+ 12/#‘?% —|—% uf_ﬁi
= s arctgx + f In IQ;giﬁ + % arctg 2t + ﬁ arctg 2u + ¢

23z
= zarctgx + 4\[ In I2+£$E + %arctg (295—\/3) + éarctg (295—}—\/3) + ¢, for z € R.
2° de 6° qp— [ =t =1 [& =llft+14+c=tn|%+1|+c
641 641 | 62%dz =dt | — t+1 — 6 6

1
6
In (336 + 1) + ¢, for x€R.
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6 Examples 29

z° dz z°+1-—1 _
/m6+1 / zogr dr = /[ :c6+1 dsr: = /dx 6+1

=g—1 arctgx—v InZ +ﬁ”ﬁ % arctg (2z+v/3) — % arctg (2z—v/3) +c, for z€R.

/w?ffx:/lfzdx:/uﬁlz dz =In|lnz| + ¢, for z > 0.
-1
71}—2flnx—2 dx_2f1nx—2/ 5 dx

u =Ilnx
lnxd .\
v'=x"2 |v =222

=2ZInz — 2227 + ¢ = 2/FInz — 47 + ¢, for = > 0.

e _ | z(l—z)=z—22>0, 2€(0; 1) dt - ...
Va(l—z)  |t=3, z= %dx:—g% t>1 /;%

Ve(i-2) c—i=t de=adt te(-3%; 1)

o [ 2(z-1) = 22— = (- 3)2- 3, xe<0;1>} dt :
—= = = = arcsin 2t + ¢
_ [I_t2

= arcsin (2z—1) + ¢, for x€(0; 1).

| 3rd ES z(l—z)=2—2%2>0, 2€(0; 1)

dz _ _ T3 2 _ = 2 42 . o t3 2’/(’/2‘*'1)—’«2'2’ _ _2tdt

/\/ﬁf t= /1, t* =15, ¢ i ap = az, T = mo, dz S alif = GESHE
e = U e = /(] — ) — _t .

T(l z)= f2+l (1_t2+1): ((t2+1)2 >:(t2+1)2’ T/(l_m):thrl: t€(0; o)

= /tzj'l (tgfff)z = /t%itl = 2arctgt + ¢ = 2arctg , /%= + ¢, for (05 1).

14z dx:{1*w2>0:|: _ 14x 1+de
V1—z2 ze(—1;1) v/ (1— a:)(1+:1: 1—z

1tz 4z = ;2 42 2 P f —1
\/ o = b 1o =t 1t =t -tz z= 21 _/4t2dt _ [ 2t2tdt
26(¢241)— (12 —1)2¢ 1 (t2+1)2 (t2+1)2
dz = 24 (,3+§), L2t 4t = (,51132 €(0; o0)
| u :2tr dt 2t
= | v= 2 21 2+1

u' =2
v =——Lt | —
(t2+1)2 T t241 t2+1

14z
= 2arctgt — t2+1 +072arctg\/l+7w 1+z+1 +C—2arctg 1+I Vi S
= 2arctg /L — /1 — 22 4 ¢ = 2arctg |/ 12 \/7362+cf0rx6( 1; 1)

— 2
142 rdx _ 1 /dt _ t=1-=x
/%1_12 dx—/ — /\/1_1 — arcsinx Vi [ ,dew’wdwzfg
1
—arcsmx—i/*i dt = arcsinx — %%—i—c—arcsmx—\f—f—c
2

= arcsinz — V1 — 2% + ¢, for z€(0; 1).
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6 FExamples 30

Gl - 1 (I+VI2*1)2 iy = m2+2m\/x271+[z271] i
(e—Va?-1)° (e—v22=1)° (z+va2-1)° (z2=[x2—1])*

— —2I2_1+2$V -1 dy = /(Qx2 —1)dz + /2x¢ﬁdx = [ ;ﬁ(;;::di ]

—x+ 2/(z%2 —1)3 +¢, for zte R—(—1; 1).

%dx:/zwfljldx_/ 1dx+/dx /”1+ +x+1}dx+

=24 +Z+r+hnfz-1+c=In|z— 1\+z “ tc for ze R—{1}, neN.

) 3
:/2x —1 dx+/ 2 dt :%mg’—x—i—gt%—i—c:%x?’—w—i—%(x?—l)Z+c
2
5L

/—dx—/“C 1'Hdac—/dx—i— Az — 2 +Injz—1| +c, for ze R—{1}.

%dﬂ?:/fglfldx_/[x2+x+1]d33+ %=%3+I2i+x+ln|x—l|+c,
for re R—{1}.

%dxz/%dx=x8+x7+x6+x5+x4+x3+x2+x+1+ln|x—1|+c
—Z ez 2 e 22 g g 1|4c for seR—{L}.

do _ t=tgs | _ [14¢2 2d¢ _ [2dt _ _ [ 24t — 2 T
cosx dp = 249t cocr— 1 t2 - 1—t2 1+t2 1—t2 — t2—1 — t+1
1420 l+t2
t
== Hl‘—l—c-ln’ +c=1n g2 ‘—&-c for re R— {2—|—k77 k‘GZ}

t+1

de  __ coszdr __ coszdr __ t =sinx _ e dt 71
cosx cos2x 1—sin22 =~ | dt =cosxzdx | — 1—-t2 — t2—1 —

H+e

1 t+ 1 sinx+41 1 1+4sinx _fm .
=shn|Eg|tc=5ln |57 1‘—1—0— In 7522 + ¢, for e R {2+k7r,k€Z}.
dt
da UTS | t=tg 3, dI—U, 1+t% 2dt d z
— = = = t=t+c=tg5 +c
/1+cosx 14+cosoz=1+ LLS _ +2 2 1+t2 g 2 )

for e R—{mw + 2km; ke Z}.

de  _ 1—cosx _ 1—cosx _ cos sinx =t
/1+cosm - /(H»cos:c)(lfcosx) dr = /1 cos? x dr = /smzz sin? x Logwdw :dt:|

:—cotgx—/% —cotgx——+c——cotgx+ +c-—cotg3:+51m+c

_ Ccos T 1 __ 1l—cosz

__Sinw+sin.7;+c_ sin @ +¢ for ze R— {kﬂ- keZ}
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6 Examples 31

do _ -UTS t=1tg 3 _ 14t 2dt _ [dt _ _ z
/sin:z:_|:dx 2dt oo 2t | = [T TheE T 7—1n|t|—|—c-1n|tg§|—|—c,

T 1420

for re R—{km; ke Z}.

sinzdxr __ sinzdr __ t = cosx dt _ 1 T+
sinx sinZz l1—cos?2zx — dL**Sin:rdl 21 — t+1
In|ese=ll 4 o= l]plocose 4 oy, [locose 4 o for pe R—{kr; ke Z).
2 cos z+1 2 1+cosz 7 1+4cosx
az 2dt
/ dz _ UTS t:tg%, dz = T2 :| _/1+t2 2dt 2dt 14+t=u
1+sinz — NI 2t _ 142¢4¢2 = [ @+)21+e2 T | (1482 T | dt = du
1+4+sinz =1+ TrT T it
-1 2 __ 2
= u2 =2%7+c=c—L=c—gy=c—g3 lH,foerR {—7+2k7r kGZ}

de 1—sinx _ 1—sinx l—sinz sin x
/1+sinx - /(1+smz)(1fsmm) dz = /1 sin? x dz = /COS2:E dz = /coszm cos? x dx

-
— {_sf;)i:fi.f:dt} _tgx+/t2 _tgx+—+c—tgx77+c—tg:cf +c
—sinz 1 4 . _sine_l . for pcR— {2+k7r kEZ}

cos T cos T cos

cos T

sin x dx cosxz =1t _ f=dt _  [,-5 . 7t_% _ 2.1 _ 2 1
/ Vcos® x {fsinmdw:dt} B V- /t 2dt = -3 tc= 3\/,734»67 3m+0,
fora:( %+2kﬂ';%—|—2kﬂ'),k€2.

+c—3\f—|—c—3\/smx+c

“"“‘ o=

coszdr __ sinx =1t . dt _2 o
\3/:{;;; - {Coswdw:dt} - 37\/72 - /t sdt =
for € (0 + 2km; ™+ 2km), ke Z.

/siandxz/%dng—%—&-c, for € R.

/COSQJJdl‘:/WdJJ:%—F%‘FC, for z€R.

V = —COsST

ol !
g g : u =sinz |u =cosx g
I:/sm%nd.r:/smzsmmdxz {:/7:;”6 v S } =—cosxsmz+/c082mdx

= ——Sin;”” + /(1—sin2 x)de = —L“QQZ +x— /sin2 rdr

= [[Bamtion] 1= -2 s0 1~ ar—o- ] =g forgeR
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6 Examples 32

u=x
v’ =2sinz cos z = sin 2z

} :msin2x—/xsin2mdm

/
3 u' =1
/51112 rdx = [ o
v =sin‘“x
__cos2x

u/= T} — rsinz — |:_.'L‘c052:t +/0052mdx:|
v =1 2 2

:xsin2x+m—/%dx:xsinzx—&—%m—%—i—c, for x€R.

_ [ =sin2z
v =x

2

U =CcosT
IZ/COSQCCdLUZ/COSLL'COSLL'dZ‘ = [

’ o
U =—sinx . q
’ :| —Sln.’I,'COS.’L'-i-/SlHQ.’L'dx
UV =COSXT

v =sinx

= %+/(lfcos2x)dx:%+x7/0032xdx

= | [Baation] 7=32 401 = 2r—o4snZ | =244 forseR.

/
u' =1 u = .
cos?xdx = P , - » =zcos?z + [xsin2zdzx
v =cos®x|v =—2cosxsinx = —sin2x
/ g cos 2z
u' =sin2x |u = —=5==
_ {u sin u/ ) ] :.’tCOSQQJ-i- |:_x00252$ _|_/c0322$ dx]
v =T v =1

:xCOSina;cchs%c +/00522xdx:$c082(£7ICO2$2$+SIH42$ +c, for z € R.

0 3 o 2 . o cosx =t _ 2 _ 2
/sm 1dm—/(1—cos z)sinzdx = {—sinmdx:dt} ——/(1—t )dt—/(t —1)dt

3 3
:%—t—i—c:%—cosx—i—c, for x € R.

cosxdx = dt

/cos?’xdx:/(1—sin2x)sinxdx:{ sine =1 }:/(1—t2)dt:t_§+c

=sinz — ¥5-* +¢, for zER.

. . . n— u =sin""lz|u =(n—1)sin” "2 zcosz
In:/sm"a:dx:/smxsm” 1xdx:[ . _( )
VUV =sInT V =—COsSX
= —coszsin” 1z + (n—l)/sin’“2 x cos® z dz
= —coszsin” lz 4+ (n— 1)/sin”_2 z(1—sin?z) dx
= —coszsin" !z + (n—l)/sin”fzxdx - (n—l)/sin”xdx
In = —coszsin® lax+ (n—1)I—2 — (n—1)I,
e ainm—1 —
= In+ (n—1)I, = —coszsin® lz+ (n—1)Ip_g = [, = —<oBZsn_ T & £ = L o
i —1 _ . _
= —SR2ER T %/Sm” 2gda, for x€R, n=3,4,5,....
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6 FExamples 33

/sin2"+1 xdr = /Sinx sin?" zdz = /Sinx (sin?x)"dz = [ sinz (1—cos? z)" dz

[ smert ] == fa-era=—[[ £ @ er]a—— [ £ e a

=0 j=0 7

o n K 27 z n j+1 $2i+1 2 n =1 cosZtl g
_ Zo (j)(fl) t27dt = Y (j)(fl) el O = ZO (j)(fl) s T | ¢
]:

: 2j+1

J
= —(3) cosz + (}) Cof;w - (%) LS; L4 (1) 7°°;in:11 T ¢ forneN, zcR.

v =cosx

_ u =cos" 1z
Iy = /Cos"asda: = /cosxcos" Lpdr = [

uw' =—(n—1)cos" 2 xsinz
v =sinx

=sinzcos" tx + (n—l)/cos”_2 rsin? rdr

sinz cos" 1 x + (nfl)/cos"’2 x(l—cos? x)dx =

=sinzcos" tx + (n—l)/cos”_gxdx - (n—l)/cos"acdx

I, =sinzcos™ !z + (n=1)Ih—2 — (n—1)I,

q _ T n—1 ;
= ’n+<n71)ln = sin x cos™ 1I+<n71)l7, 2 = [n— 751[11’("9? Z - "'nli,, 2:|
sin 2 cos™ !

= m—i—% cos" 2z dzx, for xreR, n=3,4,5,....

/COSQ"‘|r1 an Qe = /cosx cos?" xdx = /cosx (cos? z)"dx = /cosx (1—sin? z)" dz

{cozizi:z::tdt} :/(1_t2)n dt :/|: En: (?)(—t2)j} dt :/[ (?)(_1)jt2j} dt

=0

n

7=0
Y A I A AR
=R =R g1 T 2\ 2+
= (p) sinz — () L“;w + (%) Sin;I — o+ (=)D 75”;7:_:‘/” +c¢, for neN, z€R.

L2 _ 2
/tg2zdx:/zg;2§dx:/10;5'?; dm:/[—coslzw—l] dz =tgr — 2 +c,

for xER—{% + k7 kEZ}.

/cothmdx:/gﬁi;dx:/I_Sinimdx:/[ L 71] dx

sin? sin? x —cotgr —x + ¢,
for re R—{km; ke Z}.

g 2d =2
(sinz—cosz)dz _ UTS | t=tg 5, do= ljttQ _ (1-?.32 - 1+§2 ) 12:1;2 _ (t*+2t—1) dt
(l/sinrJrcosx 2 (

cosz=31=t  sinz=-2t; 1442)2 4 142¢t—t2
14+¢2

: : 4/ 2t 1—t2
2 2
1+t 1+t \/1 2 T T2
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6 Examples

34

(sinx—cos x) dx sinz +cosx =t t%
Fsinatcosz {(cos:cfsin:r)d:zzdt} dt:_?+c
—c—f\/ sin x + cos x)? forxe( keZ
/de—[ t=a’ — 1 [dt _ S| 2 _ 1 [14w? 2du
sin 3 — | dt = 3224 — 3 [ sint w4 2u - 3 2u  14+u?
2= ey df71+275111t71+u2

=3[ =lhju+c=1n|tgZ ‘+cfor:c€R {Vkr; keZ}.

g _ _ 3
22 dz = t=zx3 _ 1 dt __ 1 [sintdt _ 1 sintdt __ | w=cost=cosx
sin 23 T | dt=322dz | = 3 [ sint = 3 [ sin2¢t =~ 3 [ 1—cos2t Ay = — e dlh
1 [ —=du _ 1 du _ 11 _ 1 _7 cosz®—1
_3/17u2_3/u271_321n’u+1’+c 1n‘u+1|+c In ! | +c,

cosz3+1
for re R—{Vkn; ke Z}.

daz _ 4dx _ 4de 2z =t _ [ 2dt _
/sin2wc0521: _/(2sina;cosw)2 _/sin22w - {Qdm:dt} _/s1n2t - 2COtgt+C

= —2cotg2z + ¢, for re R—{£F ; ke Z}.

dz _ [sin®z+cos®x _ _ _ __ sinz _ cosz
‘/sin2 rcos?x / sin? z cos? x do = /sm2 T /0052 =tgxr —cotgxr +c= cos T sin x

2 = krm .
2“2““”1”1;22:; +c=2 Sfr‘f;i”” +c = —2cotg2x +c, for tc R—{3F; ke Z}.

1= /cosaxsinbxdx: [u —sinbz

v’ =cos azr

u/ =bcos bz } .

1. sinazsinbe _ b [gin gz cos bx dz
v = sinar a a

, .
u' = —bsin bx i - si q
) sin az sin bx b cos ax cos bz b cos ax sin bz dx
v =—_cosax a a a a
1

. . 2 .
= < sinax sin bz + a% cos ax cos bx + b—z/cos ax sin bx dx

I:é sin az sin bz + -5 coua:xcosb:rJr I’ =1 :|

_ [ uw =cosbx
v’ =sinaz

2 2_;2
= ( 70—_>I—751na151nb1+ cos ax cos bx, 170—2:“”}

= % sinazsinbr + bz cos ax cos bx + ¢, for a,b€ R—{0}, a#b, t€R.

p »
. U = Ccosaxr T = —aS1n axr 3 3 .
I = [cosaxsinbxdr= |, . 1 — —gcosazcosbr _ & [ iy gy cosbr dz
v'=sinbz |v =—37 cosbx
= !
U =smax |u =acosaxr cos ax cos bx a sin ax sin bx a .
= 1. =— -4 — 2 [ cos ax sin bx dz
ﬂv’:cosbx v :%smbx} b b |: b b/ ]

. . 2 .
= —% cos az cos br — ¢ sin ax sin bx + ‘g—z/cosaa:smb:z:dx

1 7%COSGJLCOSZ)L7 3z sinaz sin bz + ¢ '1 5 1 :|

2 1 a2 b2 _ a2
= (1 = —)If — 3 cosax cos br — b2 sinazsinbzr, 1 — 45 = 7

L = sinax sin bx + ¢, for a,b€ R—{0}, a#b, r€R.

— 52—z COS ax cos bx —
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6 FExamples 35

/COS ax sin bx dz = [ sin o cos B = w } — /sm (bﬂc—ax);sm (bz+az) 4.

_ sin (b—a)x sin (b+a)z __cos(b—a)x  cos(bta)z
= [ 2 + 2 dz = - =55 20+a) 1€
__(b+a) cos (bz—ax) + (b—a) cos (bz+ax) +e=
2(b—a)(b+a) - [
(b+a) [cos bz cos az+sin bz sin az]+(b—a)[cos bz cos axz—sin bz sin ax] +
2(a—b)(atb) €
__ 2bcos bz cos ax+2a sin bx sin ax __ bcosaxcosbr+tasinaxsin bx
= 2(aZ—b?) tec= aZ—b2 tec
for a,be R—{0}, a#b, x €R.

cos (a £ B) = cos acos 8 F sin asin 3 ]

cos ax sin ax dx = [ZSinacosa:sinZ(x] :/51n22az dx = = s g +c=c— ot My

2-2a 4a
for ac R—{0}, z€R.

I = /cosa:rcosbxdx: {u —cosbr

o= 7b sinba | _ sinas cosba —|— sin az sin bx dz
VUV =CcosSaxr |v = — s1n ar
w =sinbz | u’ =bcos bz
- { 1', =sinax |v =— l cos axr i| = . aa:acos b + % |: — aa:abln = + g COS ax cos bx dx
= lsmaaccosbac — i cos ax sin bx + —/cosa:ccosb:cdx =
Equamon = % sin ax cos br — a}—z cos ax sin br + 2—21
P 2 2 2
= (1 = b—.)] = i sin ax cos br — i cosarsinbr +ci1, 1— b— = "a;zb
= % sinaxcosbr — 26()2 cos ax sin bx + ¢, fora be R—{0}, a#b, xGR
, .
U =Cosar |u = —asimaxr 3 31 . .
I = [cosaxcosbrdr = |, 1. = cosazsinbr | a [gi g sin be da
v' =cosbr |v =— sinbz b

[ w =sinax

v =—7 CoS bx

Ul =acosaxr g .
I 1 — cosamsinbz 4 a |_sinazcosbr 4 & [ 650y cosbr dx
| v/ =sinbx b b b b

. . 2
= %cos ax sinbr — 5 sin ax cos br + ’g—Q/cos ax cos bx dx

Equation | I = % cos ax sin b.r = bZ sin ax cos bx + [

. 2 5_.2
= ( )I— cos ax sinbr — % sin ax cos bz + c1, 172—2:}’ -

b2

b
= ﬁcosaxsinbx — msmamcosbx + ¢, for a,b€ R—{0}, a#b, t€R.

/cos azx cosbr dz = [ cosacos g = LletBitcos(@=p) | = /COS (M+b£);cos (az=b2) 4y

_ s (a+b)x s (a—b sin (a+b)x sin (a—b)x
_ /[co (2 e ( )T ]dx _ 2((a+b)) + 2((‘171)) T

_ (et (ax;(zgi)z;g((aﬁbg) sin (az—bz) +c= [ sin (£ 8) = sina cos 8 & cos asin 8 }

(a—b)[sin az cos bx+cos az sin bz]+ (a+b)[sin ax cos bx—cos az sin bz] +

2(a—b)(a+b) €
__ 2asinax co;(bam 2b s)m bx cos ax +e= a sin ax cos bx:ll:zcos ax sin bx 4 c,
for a,be R—{0}, a#b, x€R.
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6 FExamples 36

/C082 ar dLI’J — [COSQa _ 1+<:(2)s2<y ] — /1+00252a:t d.’E — /I:% + cos2az:| d.’E _ @ + sglézm T

=2 4 sin2az 4 ¢ for ge R—{0}, z€R.

. . u =sinbx | u’ = bcos bz
I:/smaa:smbxdx: {v,_smax —1oosar | = w+ cos ax cos bx dx
u =cosbx | u =—bsinbx cos az sin bz b | sin ax cos bz b : .
= L/:COSM . :%sinax == z 2 = + o [ sinazsinbz dz
= —l cos ax sin bx + > Sin ax cos bx —|— sin ax sin bx dz =
= —i cos ax sin bx + = sin ax cos bx +
= (lf—)l—flcosalbmbl+ sin azx cos bx + ¢y, 17’—2:%
= — %5 cosazsinbr + b2 sin ax cos bz + ¢, for a,b€ R—{0}, a#b, x€ER.
: !
. . u =sinaz |u' = acosax
I = [sinarsinbzrdx=| , . ’ = w+z cos ax cos bx dx
v =sinbzr |v = — 3 COS bx
p .
_ | ¥ =cosax |u =—asmnar | _ _ sinaxcosbxr a | cos ax sin bz a :
= L’:msbm v = Lsinbe } = 5 + 3 [ + ¢ [ sinaxsinbx dx]
_ _1 g . -
+ sin azx cos bz + 4 3z Cos az sin bz —|— sin ax sin bx dx =
Equatlon = f% sin ax cos bz + cos az sin bx + £ = I
2 2 2
= ( )I* smaz(()sbz—&- % cosax sin bz + c1, —‘b’—z:bb}a

2smaxcosbx—l— e 2cosaxsmb:c+c fora be R—{0}, a#b, z€R.

/sin az sin bz dx = [ sinasin B = <= (afﬁ);cos (0+8) } = /COS (”*bz)gcos (az+b2) 4

cos (a—=b)x  cos(at+b)x _ sin(a—b)z  sin(atb)x
[ 2 2 dz = == Natd) 1€
(a+b) sin (az—bzx) — (a—b) sin (az+bx) +ec=
2(a—b)(atb) c=|
_ (a+d)[sin ax cos bz—cos ax sin bx]—(a—b)[sin ax cos bx+cos ax sin bx] +
2(a—b)(a+b) €
__ 2bsin azx cos bx—2a sin bx cos ax bsin ax cos bx—a cos ax sin bz
= 2(a?=b?) tc= —5 +c
for a,be R—{0}, a#b, z€R.

sin (o + ) = sin acos B =+ cos asin 8 ]

in2 — [ «in2 , — 1=cos2a | — 1—cos2ax _ 1 _ cos2ax _ x _ sin2ax
/sm azxdz = [ sin? o = 1= }—/ 5 dx_/[g 2 ]dm—2 320 1€

:%_51112(11 +c, for ac R— {0} TER.

u =Inz =1 3 3
/lenmdx:{ ‘;}:glnx—/gldx lnm—/?d
=z2 |v =& x
3 3 £
=% Inz—- %5 +¢ forz>0
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6 FExamples 37

ln xf/xlnxdx

2 2
_z 2,,_ =z zdz
=% In"z 21n:c—i—/—2

:1n|1:71|fw_—_llfln|z|+c:1n|w7fl|+%+c, for te R—{0,1}.

/ Z 2 ds — x = asint, t = arcsin £, dr = acostdt, x€(~a;a), te (—g; g)
Va2 —z2 = \/a2—a?sin’t = a\/1—sin’t = aVcos?t = a|cost| = acost

:/a20082tdt :a2/1+05)52t dt = ¢ t+a231n2t +e= a t+a2251ntcos +e

2 S . 2 . /a2 —12
= & ¢4 esintacest | o — & aresin £ 4 IVE=L | ¢ for a > 0, €(—a; a).

2 2 2
_ 2 _ 2 — a“dxr zdr a“dzx z-xdx
_/\/a x?dx = //7‘12 — dz = / P2 /\/azf:nz /\/a2712 /\/azimz
i u' =1

2

v =—+va?—x2

u =
= v = — 2z
\/{1277“- 2\/0,27m2
_a’de | 2_ 2 2= 2 — a2 in 2_ 2 _ )
Var—z? [ Va2 —zx —I—/\/a 07 dx} = a’arcsin £ + zva?—x /\/a z?de

= { I:a?ar(:siu%+:I:\/(1,2—1 —J = 21 =qg? {).I‘(Slll*—‘rl\/(l —12}

2 q Va2 —z2
= % arcsin £ 4 =2 4 ¢, for a > 0, z€(—a; a).

\/ 2 _p2=q—uat, t=2NE T8 ‘2712, z€(—aj;a),z#0,te(—1;1),t#£0

/\/CLQ —22dx = a?—z? = 2?t?> —2axt+a?, 2axt = x2 4222, 2at = x+at?, x = 12:52
_ 2a(1+4t2)—2at-2t 2a(1—t2) 5o _ .. 2at> _a—at?
dz= =D dt= 12 dt, va =a—gt=a— {5 =3

—42) 2a(1—t2 .2 _ _
_ / 808 2608 gy — 2(12/ Ur) 4t = 2a2/ il(litj;)g“ dt = 2a2/ L e g

_ (1+t2)%2—4t?—444 (1+t2)%—4(14+t2)+4 4 4
_2a/—(1+t2 dt= /—(1+t2)s dt—Qa/[th (1+t2)2+(1+t2)3:|dt

— . dt t dt
- {p'm'/(md)’ 3 arctgt+ ey, tER, /W’ arctg t+ 53 oy + @Y tER}

= 2a° {arctgt—él(l arctgt+ %ﬁ) +4( arctgt + 32 81+t2 + 4(1+t2)2)} +c

= a®arctgt — 1+t2 + (1+t2)2 + ¢ =a’arctgt — & 2at 4 1 (2at)? RIS

2 1+¢2 2t (1+t2)2
— 1 z o z a+v/a2—x2 l(r1+\/(r712) rl+\/u27:r:2
t (L—\/(12—7132 a—\/a——rz n+\/u,——r2 —(aZ—2?) &
— 2_ 12 2__ 2_ 2 2_ 2
= a2 arctgai Vl;;w 33‘ < a+\/a 2 +C = g2 arctg \/(; a? 4 :E\/a2 T +ec,

fora >0, z€(—a; a).
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6 FExamples 38

z = asinht,

dxr = acoshtdt, x€R, teR
Va2 +z2dz =
Va2+z?2 = \/(L2+a,2 sinh? t = (L\/1+sin}12 t = aVcosh?t = a |cosht| = acosht

;L
:/aQCoshztdt: “ _asmht} :aQSinhtcosht—/aQSinh2tdt

|

:/aQCoshztdt:-n@

u =acosht

v/ =acosht|v =asinht

u =asinht |u =acosht

} = a?sinhtcosht — {aQ sinh ¢ cosht — / a2 cosh? t]

v =acosht

v’ =asinht

x = asinht,

dr = acoshtdt, z€R, teR
Va2 +z2dx =
Va?+z? = \/a2+a2 sinh? ¢ = (/L\/1+sinh2 t =aVcosh’t =a \cosht| = acosht

:/a2cosh2tdt:aQ/(%fdt:az/Wdt:(ﬂ/[ }dt
t a2

2 | e?t t e 2t _ P& g™ t _a® a’t
[?+§ _T} ta=7T"—> *T3 t¢c= TSInhQHTJFC

_ | t=argsinhZ =1n (me / (’;—§+1> = |p THVattes VZZJ”Q =1In (z+\/a2+12) —Ina

a?sinh 2t = 2asinht - acosht = 2xv/a2 + x2
a®|In (z++va2+z2)—Ina Vo) 2 2

[ - | o =2t 4 20 (z+va2+22) 41— % Ina
2

= ”7“’;“”2 + % In (z+va?+a?) +¢, for a >0, z€R.

_ xVa?+a2
= 3 —+

2
[cl—%lna:c:const.]

x = asinht,

/Vﬁtwﬂdx:{

dz =acoshtdt, z€R, teR
Va2+z? = \/a2+a2 sinh? t = a\/l+sinh2t =aVcosh?t =a \cosht| = acosht

t 2t —2t
=/a2cosh2tdt:a2/(e ) dt:aQ/—e L2t dt:aQ/[ }dt
_ g2 e L et
=a { 5 T3 5| T ¢

u=e' >0, z=asinht=g(e! —e ") = 2(u—u"'), 2r=au— 2, au? —2vu—a =0
o =) N — . =
i = EEVETE _ et _ a2/
2
= 21 2 : z+v/a2 422
t:ln@ =1In (;1:+\/a2+:r:2> —Ina, e2t = (ef)2 = 7( — )
2 2 2
2t a2 a2 ( a?+z? ) 17\/a2+12) (1*\/@)
e 4t — — —
I (T+,/ 2+,')2 (m+\/az+m‘) (,,\/aer, )2 (z2—a2—22)2 a?
9 (ac+\/a2+x2) (ac+\/a2+x2)—1na (ac—\/a2+x2)
= 8a? 2 - a2 +
_ 2 12+2z\/m+a2+12 In (e4va2+a?)-Ina 42 9u/a?F 7 4o +a?
—a = + ) - e +o
_ 2 4w\/a2+w2 n(m+V¢l2+12)*lna o aPiaz? a?ln (m+\/a2+m2) a21
=a 8a2 2 +c = ) aF 2 -3 na-+cy

= [017§1na:c:const.] :L;-i_xz+%2ln($+va2+$2)+0, for a > 0, x€R.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

6 FExamples 39

- - . . 2_,42 - -
1st ES | Va2 +a2=t—x, a?+22=t2—2tzx+z2, z="1 5 t=aAEY @
2

- 2 _ 28:2t—2(t2—a?
/\/a2+x2dx: Vaia?=t-Loal _ Pha? o 2N a) gy 2074207 gy 2407 gy

1 _ 1 :ltf\/(12+:l: o ,I,f\/{IZJr.'l: _ = (LZ+J?
t z+v/a2+22 z—/a2+z2 T 22— (a2+22) a?
2 2 42 2 4 2 2
= /t Ta e qt = /715 H2a e gt = /[t+ 202t~ + ot 73] dt

i[%+2a21n|t|+a4ﬁ}+c=%—%+2a2mltl+c
T2 2
i N o P 1n|x+¢m|+c
:m—i-QE\/m-‘ra +a? 71—2m\/a2+m +a’+z? | o ln(er,/aQer?)Jrc

4““2”2 e ln(:ch\/m) +c= "““2”2 + % In (z+ vV +a?) +
fora>0,m€R.

_ 2 2 a4z _ a® dx 22 dx
_/\/a +z?dx = /de /\/a2+x2 /\/a2+$2
W =07 uw =1
_ " a”dx 2 2 _ 2 2
B |:U, \/(L;+:v - 2\/(12+J v 12+I /\/ﬁ + |:x\/a +x /\/a +x dx:|
:a21n(m+\/a2+x2)+x\/a2+:1:27/\/a2+x2dx:
{ I=d%ln <m+\/a2+m2)+x\/a2+z2 —I = 2I=ad%In (Jz+\/a2+m2)+m\/02+m2 }

= Cin (¢ +Va? +22) + 222 | ¢ fora >0, zER.

x =atgt, t =arctg 7, zER, tE( ok 72’) Vcos? z = |cosz| = cosz
/ _ adt 2 __ a? sin? t_ a? cos? t+a slnzf,i a? /72 1.2 _a
/ a2 + 1‘2 dz = do = cos2 t’ a’ +z & + cos? t cos? t ~ cos?2t’ ast+zs= cost
tgt = SR gint = cost-tgt = a z _ B smf:l:l*; Va?ta?
cost Va2+z2 @ Va2 +a2? Va2 +z2
a?dt a®costdt __ a®costdt __ u = sint _ a’>du_ a?du
cos3 t cos?t T [ (1—sin2¢)? du =costdt | — [ 1—wu?)2 = [ (u2-1)2
_ _A B C D
_/ a? du (ufl)z(uﬁ»l)*2 - u+l + (u+1)2 + u—1 + (u—1)2
= | w2t D)? T _ 1 _ 1 _ 1
A=3,B=3,C=—-3, D=y
2 2
_ a? 1 11 a? 1 2 1\-2
_ 4/[r+1+7(u+1)2 T e } 4/{%1 Lot (ut1) 24 (u—1) ]du
_ d? . (u+1) (u— 1) _a? ut+l| 1 1
T |Infutl|—In|u—1]+ +o | ta =4 |2 -4 1| Ta
%
— a? ]y |ukl| _ a(utltu—1) _ @@ |utl
! ln|u71 4(u2 1) to = 4 { } + 2) ta
_ ﬁ sint+1 a’sint _ ﬁ sint+1 2 sint
-4 ln’sint71‘+2 51n2t)+cl -4 ln’bmt 1‘+0052t ta
— sint+l _ o+ /a2+a:2 ot /a2+12 (L a2+4x2 ) L (1:+\/a2+:v )
sint—1 ([:7\/a2+152 :1:+\/(L2+1'2 z2 —(a2+z2) a?
2 z+vaZtz2)’ 2 BT 21,2
=2 Ip (a+varyar) - ) (a®+22) —2— —|—c1:a—ln}x+ a’tx |—|—x‘/“ =
4 2V a?+x2 2 a 2
2 % faZ+ 22 2
%1 |.’17+\/(l2+$2‘ e lna-i-%"FCl:[(:1—%111(1,:(::(3011%.}
2 faZt 22
=% In(z+Va®+2?) + L 4 ¢ fora >0, z€R.
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6 Examples 40

/\/952 a?dr =% 7M - %ln!aﬁ—&—\/aﬂ—aﬂ +c, fora>0,ze(—00; —a) U (a; 00).

x =acosht, dz=asinhtdt, xz€(a;o0), t€(0; co0)
Va2 —atde = | P T K :
Vz2—a?= \/a2 cosh? t—a2=a/cosh?t — 1=aVsinh? t=a \sinht|:asinht

= fazsinn ear = a7 (=) a0 = a2 [z ar a2 [ - 4+ 2

2t —2t o 2 2
:az[e——i—eg +01:%i—%t+c:%smh2t——+c

8 2

_ t:argcosh%:ln<f+\/z—§—l> :lnu ln(r—&-\/xz—a )—lna
a? sinh 2t = 2asinht - acosht = 2zv/x2 2

- $;_a2 . a2[1n(m+\/z27a2)71na] e = a:\/m a T (x—i—\/m)—l—cl——lna

= [cl——lna—c—const ] Zwi””;_ag—§ln(x—|—\/x2—a2)+c, for a > 0, x > a.
/\/xQ—anx: [w:ft, dez = —dt, z < —a, tZa} :_/vt2_a2dt

—a

= —t/t—a 4 %zln (t+Vi2T—a?) —cp = —=2VE=a | ﬁln( z+vVr2—a?) — 02
- {*(*I+\/$2*u2) = s=vy/ar=a= (‘Li\/‘lf) ji\/xz:jz o CL’E\(/I, :a112> 1:+\/1:—7u- :|

2

_a | e = zVEP—a® | a _ 2 _ 2| —

P Cy = 5 +22lna ln|x+\/x a| Co
2 S =l 2

= [%lna—cg:(t:c()nst.] = %_ %1n|$+\/$2_a2’+c7 fOTU/>O7 z < —a.

2_,2 2
:x\/xg a +%ln’

0 o . 2, 2
1st BS | Va2 —a2=t—zx, 22 —a?=t2—2tx+a2, =" ;fl ,t—ZL‘Jr\/érQ*aQ

2, 2 2 2 2
2 2 _ s> s> SN 1t = N 1t _2t-2t—2(t%2+d?) 2t2 242 t2 a2
/\/JC =@l = zé—at =ttt =S5, de= 42 dt="p —di="5p—dt
1 _ 1 17\/3:27112 . lf\/z27a2 z—+/x2—a2
t J;+\/J;27UL2 :177\/1:27@2 —(z2=a?) — a?

= [£5attoat gy [E2tatid gp — 1 [ [p 26271 4 a%73] dt
2t 2t 4t 4

:%{——2a21n|t|—|—a4t }—FC*E 2t2 —2a%Int| +c
V2 —a2 Ny 2
_ e mg =) (o= xg ¢ —“ ln‘x—i—\/xQ a?| +c
_ a:2+2a:\/a:27a2+;v27a2 _w272$m+m —a? —*hl’l‘—f— ’xQ—a2‘+c

:490@ ln‘Hch—iJﬁ_%ln]Hch,
fora>0,a:€( 00; —a) U (a; o0).

_ Voi® — 72 _ [ 2?—a® _ z2de a’?dx z-zdr a®dx
I_/ Z a*dz = \/mdm — /\/172—(12 /\/zz—a2 - /\/mz—az /\/x2—a2
u =z '=1 2
= — 2 2 2 2 a”dz
= x  _ 2 _ 7 | = |avri—a? — [Vri—atdr| - | =
|:’L \/:::;—(12 a 2\/:1:;—(1,2 —E = :| |: / :| z?—a?
:x\/xQ—cﬂ—/\/ﬂc2—azdx—a21n|x+\/x2—a2’ =
{ I=avz2—a?2—1—a? 111|1L’+\/:L’27(L2| = 2] = zv/x2—a2—a? ln‘er\/:L'QfaQ‘ }
2
= x%ﬂ—%lnh—l—\/x?—aﬂ—i—c, fora >0, z€(—00; —a)U (a; 00).

€ =
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6 Examples 41

U =

u' =1 1
/arctg;z:d:c: {7‘ I - } :marctgx—/1+x2 dx = xarctgx — 7/1+x2 dx
= garctgr — 3In|l1 +2?| + c =zvarctgz — 1 In(1+2?) +¢
= zarctgr —Inv/1+ 22 + ¢, for x€R.

v’

u =
I, = [z"edx = L,: .

for neN, xeR.

!/ n—1
u =nx —
o } =z"e” —n/:c” le*dr = 2" e® —nl,_1,

dx =e® +¢, for z€R.

/x de =xe”—Ip =xze” —1e* +¢, for x€R.

/ e?dr = x2e® —2I) = 1%e® —2(ze® —e%) +c = x?e” —2re® +2-1e% +¢,
rzcR.

/:L‘ dr = 23e® =3I, = 23e® —3(2%e® —2ze* +2-1e%) + ¢

=23e® —32%e*+3-27e* -3 -2-1e% +¢, for zER.

3

/46 do =2t e” —4I3 = 2" e® —4(23 e” =322 e® +3 - 2ze” —3-2-1e%) + ¢
=g%e® —4z%e® +4.3z%2e* —4-3.2ze®4+4-3-2-1e% +¢, for x€R.

]"7~773

(n—j)!

J‘”-]nl

medx—me—nf,lfz(l) "'—f—cfeGEZW—}-c

G
\

=e* ;)(—1)“1(”—1)'~-(n—j+1)xn—1 Te

=e” [z" —na" " + n(n—1)z" 2 — n(n—1)(n—2)z" 3 + .- + (—1)"n!} +ec,
forneN, z€R.

dz _ dz _ Ve+tl=t o+1=t5 _ [ettdt _ g [Pt
Vetl+ Vel ~ [ (Yar)+(Yat1)’  lde=60dt, o> -1, t>0] — [#H2 ~ ° [
_ 3422 —tt41—1 _ 3412 24t | t+1
_6/ t+1 dt_6/|:t+1 t+1+m_m:|dt
:6/[t2—t+1 t+1}dt_6[———+t—1n|t+1|}+c

—2(Va+1)’ -3 (Vo + 1)’ +6Va+1—6In|l+ Yz +1|+c
=2V +1—-3Yx+1+6vx+ —6111’1—&—{’/1:4—1‘—&—0,form>—1.

/ln(1+x2)dx= V zllll<1+él72) Z/::i: } :xln(1+x2)_/21xjff

=zln(l+z )72/14-1 Ldz =zln(1+2?) — 2/{171+I2}dx
:xln(1+x)—2x—|—2arctgx—|—c,forx€R.
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6 Examples 42

, t=x++va2+z2 >0

/ des Va2+zZ=t—z, a®?+22=t2—2z+a2, z="1_

/a2 DR 2 —

o VaTFat—t- 500 - £4at | gp 2230 o >dt ”475“ di= 5 dt
2 2

= [ i dt:/%=ln|t|+c=1n|x+\/a2+m2|+c

=In (:U+\/a2+x2) +c¢, fora >0, zeR.

T =atgt, t = arctg 7, zER, 1‘6( ok 2) Vcos2 z = |cosz| = cos T
2 2 2
__ adt 27 a Sll’l t a (‘,os I,+a, sin“t _  a /-2 2__ _a
a R a + cos? t cos2 ¢ T cos2t’ a*+z ~ cost
z++/a?+a2
sint £ 1= ———
Va2+z2

_ cost adt __ costdt __ u = sint _ du du _ll | |+C
- a cos?2t ~ [ 1—sin2t = | du = costdt | 1—u2 uz—-1 — 2 u+1 1
2

sint—1 _ z—+/a2+z? L ztV a?4z2 $27(a2+z2)

t—1 _ _ _ B B |
1n|:2t+1| te = |: sint+l 54 /a2422  o++/a2+a2 (:1:+ a,2+m2)2 (T+\/m)2
_ _1 _ o _ i
=—3n (M—W ‘-f—cl— 21n x+\/m +ec = 1na+1n|x+m‘+cl
= [m+\/m>0 ‘ (:1—lna:(::c0nst.] :ln(l‘+m) te, fora>(), cER.

_dz )
a2 fz2 st
sint & L= =
tgt = s i? sint = cost - tgt = \/a2+12 a \/a2+ 27 "

2R .
1st ES | Va2 —a2=t—z, 22 —a?=t2—2tx+az2, z="1 ;Lla , t=x+Vz2—a?

dzx _
VaZ—aZ t2+a _t?—a? 2t-2t—2(t%+a?) 2t% 242 =a”
v =t— 5 dT= T2 dt= T2 dt= 572 dt
2
= %%dt— Tt:1n|t|+c:1n|x+\/x2—a2|—|—c,

for a > 0, x€(—00; —a) U (a; c0).

dw x = asint, t = arcsin 7, dz = acostdt, z€(~a;a), t (7%,§)
Va?—z? Va fIQ*\/anaQSm t*a\/lfsm t =aVcos?t =alcost| =ac
:/M :/dt:t—l—c:arcsin§+c, fora >0, x€(—a; a).

acost

Al _ x = acost, t = arccos 2, dz = —asintdt, z€(—a; a), t€(0; )
Va2—z2 | \Ja2—22 =+va2—a2cos?t = av/1—cos2 t = a\/sith:a|sint| = asint

in ¢ dt .
:—/%:—/dt:—t—l—c:—arccos%—l—c, fora >0, z€(—a; a).

\/ 7502—51 xt, t_7M7 z€(—aj;a), z#0, te(—1;1),t#0

_dx 2 2 242 2 Qaf
Jat—22 a?—z? =22 —2axt+a“, 2axt =« 242242, 2at = r4at’, = T2 .
. 2a(1+t%)—2at-2t _ 2a(1—t?) 5 2_ ., 2at> _a—at? _ a(1-t%)
clip= =D di= A+e)2 dt, va*—z?=a—xt=a T e e ey
2 2a(1— [aZ — 12
Ltt? 20187 4y — 9 b = 2arctgt + ¢ = 2arctg =Y =2" 4 ¢,

a(1-t2) (1+£%)7
fora>0,zx€(—a;a) — {0}
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6 Examples 43

— g
2r u =
/I‘ e dl' |:,U1821)

I
U = u' =1 2 2z 2z 2z 2 2z 2z 2z
. zZe’™  |ze®®  [e @& _ ®aE @
B |: v =2 2 :| - /7 dll':| = 2 P} T 2 dx

v =2 2 2 2
ZIZQEH—“5290—l—ezjz—i—c:e%[%—%—i—%]+c,f0rﬂceR.
/a: e**dz = e* [Az® + Br + C| +c =¢e** [12—2—%4—%]4—@ for € R.

Derivative

. !
z2?e2% = /x%%dr} = [e2*(Ax?+Br+C)+c] = 26%*(A2?+Ba+C)+e* (24z+B)

0+ 0z + 22 = (2C + B) + (2B + 2A)z + 2Ax?

1=24, 0=2A4+2B, 0=B+2C, A=1 B=-1 C=1
9622 qp = u =a°
rretdr=| | _ o

/179629“’dx:e2z [Ax9+Bz8+C'x7+D:c6+Ex5+Fz4+Gx3+Hx2+Ix+J] +c

x2e2® = 2e2*(Az® + Bx®+C2" + Dz + Ex® + Fz* + Gz3 + Hx? + Iz +J)

+e2%(9A28 +8Bx" +7Cx8+6Dx® +5Ex* +4Fx3 +3Gx% +2Hz+1)

29 = 242° + (2B+9A)a® + (2C+8B)a” + (2D+7C)zb + (2E+6D)x

5
+(2F+5E)z* + (2G+4F)x3 + (2H+3G) x? +(21+2 )z + (2J+1)
235 J=

_ 1 _ 9 _ _ 63 __ 189 . 945 __ 945 _ 2835 _ 2835
A=z, B=—2,C=9, D=-%, E=12 F=—_322 (G=322 H=_28° I1=2 — 2850
_ 2z [x®  9a8 7 63z% | 189xz® 945z | 945z%  2835xz2 | 2835z 2835
= |y - A T T T T *T]JFC» for z€ R.
kﬁdx 17\/5 17\/a?d _[1- f>0 VT 40 —
v 1++/z V1+vz A1 z€(0; 1) Vi-z \/1 T \/1 —x
l-z=u —t2 x=1t2—xt?, x =
_ [_x 2 1+t2
/<1 @) o / dx z=—du dr* 2"(1“2%{2'% dt = -2tdt
- T (=) T SR

[N

B it t2tdt _ _u 2dt L]
= */’LL 2 du — /(1+t2)t2 = *? = 2/(1t+t2t)2 = *2\/57 2/(?_@2)2 dt
= —2\/?*2/[# — (1+t2)2} dt =

=-21—xz—2 {arctgt = farctgt 2t2+1} +c=—-2y/1—x —arctgt + tQH +c
t2+1_ 1+171 — 1 :l

= —2y/1—-z —arctg /7% + z(1-2) + ¢,
m: 1/ =4/( l—I )z 1

for z€(0; 1).

. 1t t
p‘m./m—*dlct t+2(r,2+1)’ teR

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

6 Examples 44

/xdx = Tz—z +c= II;‘ + ¢, for >0,

/|x\dx: .
—/xdxz—%—i—c:%—&—c, for z <0.

/1 d |:u:lnw
nrar =
v =1

/ T(lnz+1)de = {“’/mw
v =1

=x" + ¢, for z > 0.

=

1
v } :xlnxf/xdf:mlnxf/d:c:xlnzforc, for z > 0.
X

S
I
88—
O._
S
C
I

[c:’” l““’]/ = ezlnz [111,7; + f] =z%(lnz 4+ 1) :l

1

Y= e } =zln (z+vV22+1)— xfgﬁl

v =

finfosvamTT) o [ 2o
= {$2+1_t} z1n

2z dx = dt (IJFM) 77IIH(I+\/W)—7/t*Edt
=zn (z+V22+1) — 3¢

+c=zln (m+\/x2+1) — V2241 +¢, for xeR.

Y

VL dx /v —vr—4 qp
z—3—(z— 4)

e v /ﬁ+ﬁﬁ
:/[W—JF] dx:/[($—3)5 (-4} de = @t _@ed

2
VICROL (AN Y |

/dx:x—l—cl, for z€(0; 1),

/mln {1,1}da =

z€(0; 00) d )
/%:lnas—&-q7 for ze(1; 00).
. 1st BS | Va2 —1=t—z, 2?—1=t>—2tzx+x2, :J(,':ttzfl7 t:,'/['-l—m

__dz  _ 2t

2o —1
a \/ﬁ /771‘ t2 +1 t2:l’ dmizr 2t 1?(1 +1) “,Zt“fl 1]‘7 df
— 2t \2 2t t2—1 atdt _ [ t2H+1=u] _ [2du _ _9
_/(t2+1) t2—1 2t2 dt = /(t2+1)2 = {Qtdt:du} = 02 =2 [u"*du

=i
—QUT L —e — 2 — (o —c — 2 —y — — L
— ta 1= 5 1 1~ %% 1 (a2
_ _ 1 rz—Vax2—-1 __ _ x—va?-1 __ _ z—ax2-1 __ _ Vz2—1
= a ac(ac+ xz—l) z—VzZ—1 “ P =aa ) ‘ T a LF T

= [clflzc:const.] Zi‘ggi_l—kc, for x€(—oc0; —1) U (1; 00).

_2
t2+1
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6 Examples 45

dz _ Vzx2-1 . .
/ = = Y=+, for z€(—00; —1) U(1; 00).

x2/22—
1 a dt
ar__ _ =4 o=t ecio) teO ] [ a0 g
v?-1 VaT—1 ,/pq, , VI—=,/1— Vi@ 12

xr

—tdt 1-t2 =u } 1 du 1 f, 1 1u% )

= = = =5 fuzdu=5%+c=v1—-t?+c
Vi-tz [ —2tdt = du Vu / 2L

:,/1—%24—(::7””271+c,form€(1;oo).

iz o z=—t, do = —dt _ dt ——m+c——m+c
22v/x2—1 = | z€(—o0; —1), te(l;00) | t2vt2—1 t B -z

= 7””;*1 +¢, for z€(—o0; —1).

x—x+1 da |: x27x71:(x7%)2f%:(’7%7‘25)(x7%+\§)<0 }
Y 2 1_ V5.1 5 1_ 5. L1, V5

. (2z—1)dz dz _ \/ﬁ . 242421+ —a2
_/\/1+$ — +/z\/1+m_w2 =-2Vl+z—=x In | SRR |

for $€(——£ 0)u/(0; %4—‘/75)

(2z—1)dz _ [ 1+z—22>=s] _ —ds _ -1 __% _
/ /1+2—x2 - |:(1*21’)d27=ds:| = / \/g = / 2 dS = % C]_ — 2\/}‘1’01
=-2V1+z—22+¢y, forze( %,24- v2).
_ o _d o Vit2+t—1 \/t2+t—1
T=3, t—i, dz = — [2’, Vitz—aZ=./1 %7% T

dz _
oV1+tz—22 VIS +i— =V Tz+’*1 \/1+L o \/IJM o ,0<z< 2 \/5

t=1> = _2 1—f:2<1 V5) _ <1—f>:f71
oz 1+\/5 1+v5 1-V5 1-5 =4 2
_ t-t =cb _ __ dt _ t+§ =wu, dt =du, u > @ _
Veri-1 V-1 P4t—1=(t+3)? -3 =u?-2 w2—%

“+co

= —ln’u—h/uQ—%’—!—cQ =—In|t+3+V2+t—1|4cc = —In

— I ‘ 24ot2vTde=—a?| | o = _]p ‘ 2+a+2vItz—a?
2x x

1,1, Vitae—a?
x+2+ an

+1n2-|-c2 = [1n2+c2103}

_p | 2tzt+2vite—a® N EEVE)
hl‘ . + c3, for xE(O, Lv3),
2 2 _
2=1, t=1, do= - %, Vito—a?=YEH1_ Vil
dz — \/1+r x2 \/1+:r7m— 1—vV5 — —t-t —dt
_dz  _ > B : _
oVita—a ViZtt-—1= S 0> > 5P Vo1 P
t=1 o _2 1+f _ 204+Vv5) _ 200+v5B) 145
Tz 1-+v/5 1445  1-5 —1 = 2
_ dt _ | t+i=wu, dt=du, u<,§ _ du ‘ 5 5‘
= |7 = ' - 52 | = =In|u+/u“—5|+c
/¢t2+t—1 2hi-1= (t+5)2-§ =i~} =% Ve
2 _ —
=ln|t+l+\/t2—|—t—1|—|—c4:ln’l+%+—\/1+_xxx +C4:1n‘2+w 2To=s?| 4 ¢,
2+0-2y/Itaa? 24e42y/Ita=a? _ 1 (+e)~4(4e=s®) _ 1 50?
2z 2—}—7-&—2\/1+7ﬁ—12 2z 2+m+2\/1+m—m2 2 2+:1:+2\/1+,7:—.T,2
=In3 _— — (5 4e = | = — In |2+et2vITa=a?
1n2+ln’2+w+2m‘+04 [1112+C4—C5] ln‘ Z + cs,

for z € (%g, O).
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6 Examples 46

2x% a1 dz @ =m=1= (17%)27 g = (xiéii)(xil+\§) <0
oV1to—a? xe(%f‘ég;%Jr 2‘)79:#0 = xe(%f 5, ) (,§+%)

— [ [ :72m—ln’72”+2\/;”—12 e

Vitz—22 /14
for xe(——i 0)u/(0; %4—‘/75)

2z—1)de _ | 1+xz—2"=s | _ [—ds _ 1 __é _
/—T_I_m2 = {(1—2x)dx=ds} —/\/g = /3 2ds = T ta = 2Vs+
:—2\/1+x—x2+cl,forac€(l—ﬁ; %—i—ﬁ)
[20d ES | v=2ZFa+1 = wt+1,6 = Y2Eeaol ye (1B, _145) ¢40

—x +x+1—x2t2+2t1+1 T — 2t:r—xzt2+:r2 1— 2t—:rt2+:c z = 172t

)

\&

dx _ 21
zV/1+z—a2 _ —2(241)—2t(1—2t) —2t2_2_2¢44¢2 2t2-2t—2 2(t2—t—1) dt
do = @ = Ty A= A= Ty
7 _ _ 1-2¢ 7t2t+t+1:7t+t+1_ —t—1
Vi4+x—zx xt+ 1= t2+11‘+1 o] ] o
2(t27t 1) dt e
T #2102 2dt 2V1+x—z2—2—2
fut —— = [555 =n|2t-1| +c2 = ln‘—w + ¢y
t +1
_ | =2= ,+\/1+7,,2 24a+2y/I4z—a2 _ 1 (2+a)2-4(1ta—a?) _ 1 502
g 2+a:+2\/l+z z2 z 2+m+2\/1+1712 & 2+I+2\/1+1712
= — & = e | == 2+424+2v1tx—a2
_]n5+ln‘2+m+2m +02—[ln5+02—03]— ln‘ -~ + cs,

for xe(——i 0) U (0; %—P/Tg)

/7”"2;”dx:%ln’2x—1—2\/x2—x‘—|—\/:1c2—:13—|—c, for z€(—00; 0) U (1; 00).

x>0, z=Vz2, 22 —z=z(x—1) >0, z€(—00; 0)U(1; 00) = z&(l; 00)
_ \/ ;1 _ 12 —(=2t)dt _  2tdt
e b= = , te(0; 1), =t? z= = fz, dr = o2 = (o)
z 1+t=1=+ ‘\/E :ﬁ% F #:wt::ry/%fl:ﬂ\/wf =Vz2 -z

1ot _ VE-VEET _ VEVEET VEVEET _ (VEVESD? (= 2
Th = Vervaol © Vervesl yva—ve-l = = G-1 - (Ve=Va-1)

/W—x dx—/ e dx_/,/ lde = [A260 — —z(fi%

_ 22
= | @-e)? 1t @zt e :é/{tlﬂt 1)2— }dt
ALy B=1 o=-1 D=}

—il —
L[ je—1+ S8 — et + S o= {ln|t+1|+—t—l+t}+c
:%{ln—t—i-l—’_t_—(l_t)}—i—C—llnl byt te=1n(Vz—Vz-1)*+Va2—z+c,
1

T+ T—¢2 1+t
Iln(2z—1-2Vz2 —2) + Va2 —z + ¢, for z€(1; 00).
V2= B — — 2
/ 5 ”‘dx—/ 5 = = / 7 de=— (12t—tg§2 =-3 {ln|t+1|+1 t_1+t]+c

i € ), = ﬁ t=/%2= Vl*‘,tE(O;l), %:t{x: 1[2,dz—(12”;12”)2
= t:tl:v\/jzztlzivlj%/:, s =at= Va2 /2L =\ fa(z-1) = —VaT—a
_ VI—a+v/=s _ ize+v=s VI—atv=z _ (VI—etv=a)® _ g,

1= Vice—v=e  Vie—v-sz vicatv-=z T—o—(-2) (1‘”+‘/7)
%1 iT—W—I—c il — ot e=1ln(VI—z+—1)? +\/x2—m+c
;In (1 21 +2¢/—x 1—3:))+\/a:2—a:—|—c,f0rx€(—oo;0).
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6 Examples 47

2+l=t xz>-11 _ 1 [@¢=Ddt _ 1 [ _ 1}
SIde:dt,t>0}_§/ Vi 3 vt Wdt
{t% t%} L= 2/ 2Vt L 2¢/(=3+1)3 72\/r33+1+cv

9 3 9

dz | ef=t zeR, t>0| dt o 4dt 544t =u?, t >0
Vitder — | x=Int, do =% = [ tvErat [ 4v/5+4t T | 4dt = 2udu, uw > V5

_ 2udu _ 2du _ 2 o VEEAE—\/5
_/(u275)\/u72_ u2—5_2\/51n u+\f‘+c ln‘mwg‘JrC

/m de = x =sint, t = arcsinz, dez = costdt, ze(—1;1), ¢ <7g; §> _/Cost‘costdt
2 = = = a5
r V1—22 =/1—sin?t = Vcos2t = |cost| = cost L

:/Pssiigjttdt:/[sir}%— 1]dt = —cotgt —t+c=c— B8t ¢

sint
/1—x2 . .
=c— Y% —arcsinz, for r€(-1; 1) — {0}.

/de H—T>O¢>( )(1+;1;)7171 >0, ze(—1;1), ':11f7f6<0'oc)
= = o —12(14g). p= 1=t ,.7*2f(1+f) = f) _ _—4tdt 2 77
+x z=t*(l14+z), z T2 dz (132)2 dt= )2’ 1=

_ [ —4etdr _ ¢t ttyeryioo?o41  (PHD-204D41 g 2 1
1+t2)7 T | (1462)? (1+¢2)2 (1+2)? 1+t2 7 (1442)?

2 1 _
—4/{1—W+W} dt = {p - /uwﬁ*ﬁm b+ aery: € R

74[t72arctgt+ arctgt+2t2+1}+cf6arctgt74t t22_|tr1+c

— 11—z 14
= 6 arctg 1+z —4 1+z =2 1+1? G

= Garctg ﬁ—4,/ﬁ—\/1—x2+c, for ze(—1;1).

S e sosiin ] - Ve
——{6arctg 1—;—4@—@]4—0

= —6arctg 1jL””—|—4 H“"—i—\/l—xz—&—c for xe(—1; 1).
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6 Examples 48

b P 2 — 2_
l+z=t2(1—x), I_igq dp = 26@7HD =2¢(t7—1) 4, atdt t2+1_

e SN %>O<:>(171:)(1+x)—1712>0, ze(-1;1), t2 = HZL, te<o~oo)
(1£5)" do =

+1° (t2+1)° (t2+1) —x
_ [ 4attdde _ ¢t ttye?i1oo® 241 (P41)2—o(f FUH g 2, 1
@+1)7 | (2+1)? (2+1)° (2+1)° 1462 T (1241)°

= 4/[1 — —1ft2 + ﬂ(thlrl) } dt = |:p 21: /(1+dttz)z ,7 arctgt+ 2“21&“)7 teR
=4 [t— Qarctgt—l— arctgt + 2t2+1} +c = —6arctgt + 4t + t2+1 +c
= —6arctg /112 44, /3L 4 9, /adeloz 4 o

= —6arctg /1L + 4, /1L + /T — a2 + ¢, for z€(-1; 1).

V=7

/x2 Invl—zdz= /m—; In(1-z)dz = [UIZI;Z(lm)
2

_ z3 In(1—z) /gg_S do  _ z3 In(1—z) l/(xs—m2)+(m2—m)+(ac—1)+1 &l
6 6 1

6 r— 6 T—
3 _ _

_zlnél z)_%/ x2+x+1+ﬁ:|df£:z In (1 m)_%[ +Z 4z+In|z 1|]+c

2% 1In (1—x) g 2 In (1—x) =il
_ { _flc_g_ﬂlc_z_z_ 4+ec=2Z2 In (1 x)—%———g—l—c for z < —1.

1 A B C D _ A B C D

dz __ _ | 38(1+a7) t3gl+t) Srtetestig T o tate e

28 (142?) =t, A=1, B=-1,C=1, D= -1

:_;1—_—3—1—_—55—arctgq:—l—c:—%—i—ﬁ—%—arctgm—i—c,forxeR—{O}.

17’7 ; — 2 : — -z 42 __
/ o gy — >>06 (1-z)(1+z)=1-2°>0, z€(-1; 1), t ,/H—;, t 1+; te(0; o)
Ltz —2( i _ =204 —2e(1—1) ol
L—e=Flara), 6= 1+/27 o (1+t2) di= (1+¢2)%’ t +1_?
_ [zattdt .y [£241-1 g _
= |Grr = 4w 4t =4 / |t — o 4

= |:p 21: /(1+12)2_7arctgt+m, teR | = —4 [arctgt— 5 arctgt — 2t2+1] +c

= —2arctgt+ gy +o = [ Ay =a, [lpz e [0 /G - T |

=1 —a? — 2arctg 1+934—c for ze(—1; 1).

14z 3, _ —y wE(l 1—¢ A2 1-—t
/ ﬂdm_ dr*—dt te( 1, 1) / e dt = [ 1_252_23“Ctg\/1_ﬂ te¢
—V1— 2%+ 2arctg /1L + ¢, for z€(—1; 1).
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6 Examples 49

/ 2 >0 (1—z)(1+2)=1-22>0, z€(-1; 1), t=4 /1L, 2=1EZ 1€(0; o0)

112 gy =
T2 de =
1=a I to=t2(1—g), p= B2l dpe 2HEHD=20E 1) gy _atdr g2 g
= =2 0 = (t2+1)2 _(t2+1)2’ ——,I

at-tdt 2411 3, _
(1+2)2 — 4/ (a+t2)? dt = 4/[1+t2 o (1+t2 }dt

= |:p 21: <1+dft2)2 = alct0t+2(t2t+l), teR] =4 {arctgt— 5 arctgt — 2t2+1} +c

= 2arctgt — t2+1 +c= [ t2+1_2 /(1+z1><1I )2 _ (e ﬁz}
= 2arctg 4/ 1= — V1 — a2 + ¢, for xe(—l; 1).

1 —t2(g 1422 ,‘,2t(17t2)+2t(1+t2> __d4edt .
z—1=t*(z+1), z=1507, dz= (—e2)? dt= 21y te(0; co)—{1}

/ dx = o1 1>0e (@—1)(z4+1)=22—1>0, z€(—oc0; —1)U(1; c0), t:’/x+1’t2 =]
z+1 —

2
:/% = (1‘,24;)2:il ot :/[LJr%—L%—%} dt
2—1) ALl B=1 C=-1 D=1 P L € R S WL ()

:ln|t—1|+/(t—1)*2dt—ln|t+1|—I—/(t—i—l)*th In [B=L] 4 E=0T 4 @47
L +e=Inlt—1—Inft+1| - F5 +c

—[ — =l_i==2 —LZQ_'I:(;E+1),/§1}: (e+1)2 7 L— J(z+1)(z—1)=v22— }
[ =1l
:hl‘ T_H—l‘—ln

% + 1|+ vVa2—1+e¢, for x€(—oc0; —1) U (1; 00).
/ oL gy — (wfl)(:r+1')=:r271>0 je(,w.,w (1;00), t=4 /28 2 =241
Z=1 z+1=t>(z—1), x:i?ﬂ, dep = 2t (tlz) f;“ D gp= (;245;1;2 te(0; oo)—{1}
_ [ =attar _ %’fz:fﬁ-ﬂwmﬁ-t T (t,DDz _ 1 1 1 1 dt
- [ -1 — (Af)l Be-1 C=—1. D=1 - 1 (t+r0DZ " t—1  (t—1)2
_ |t+1|—/(t+1)—2dt—1n|t—1| —/(15—1)—2 dt =1In |EEL| - G0 _ 0= 4

ln|t+1 +t_1+t+1+c_ln|t+1| In |t— 1|+t2 TAFE

]:1+1 121217 t22t1 (z—1) /ri»l / 2r+1 \/ﬁ \/xgi:|
1n’,/§+}+1 ,/i—ﬂfl‘Jr\/folJrc, for z€(—o00; —1) U (1; 00).
1+v1—z2 14+vV1—22 1+/1—22 14+2v/1—22+1—2° _
/17\/1 %2 dx_/l V1—22 1++/1—22 dx—/ 1-(1—22) dz =
11 —T
' =2(1—a%)" 2( W) = = ‘|

V1—2z2
:2/$_2dm—/dm+2/—vlz_2z2d [ - w?

2249 /1—x2
/2 z+221w dﬂ?

2|y —xt _ _1

—1 aw
—_9z"l _ lw dz __2_ _oVi=aZ _ dz
=257 —a42[- ¥ /ﬂzz e

% 2arcsinz + ¢, for xe(—1; 1) — {0}.
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6 FExamples 50

+ ¢, for ze R — {0}.

dz _ _1 I 2423 4+2v/1Fz3+20
x\/1+a3+26 3 e

dz — [ 6431 1—(p341)2,3 _1 32> d _ =" @>0
/w\/lia:3+w6 [I tz +1_(I i2) +4>0] 3/m3\/1iw3+16 |:3T2dtidf t>0

_ 1/ dt  VIEt+2=/1x1+ L ‘/“Z‘f““ ‘/“Zi““, t>0
WIEAE | gt==dr, Vil Euri= /5 £ 1 +1_v1ﬁ+f2 ViR g
_1 wu  —du _ 1 du 1 v v
=3 | Vemer v 3 JomerT thjuti+vVultu+1|+a
2 2
=—lm[lely \/lzl:ttth e — _%ln‘Qit+2x2/t1:tt+t to = [tm2te=c]
:i 2 3] / 3 ]

= _%ln)zitH AEHE | L tIn24¢ = _%m‘ﬁz Hzie}ﬂdﬂ + ¢, for > 0.

dz o [ t=23,2<0 } 1 dt . t:%, V1tt+t2= m, t<0
zV/1Ea3+a5 32 de=dt, t<0 tvV1Et+t2 e *%u,m «/Tm

_ 1 —uw-u  —du __ 1 /22
B 3/\/u2iu+1 u? \/(u:I: )2+3 ok g < IR S

— 2
:lln lil_s/lit-&-t e :lln‘%:t 2\2/75@‘4_01
_ | 2£t= 2\/1it+t2 2+t424/1+t+t2 1 (2+8)2—4(1+t+t2) _ 1 _3t2
24 t+2y/ 1542 Qt 24t +42+/1Et+£2 2t o4 t420/1+t+12
2 3 3 6
=cl—§ln’§2ﬂ+2— W’Z[(;lf%ln%:c}:—%ln’mﬂ— VIZSTEST| | for 3 <0,

de = | V&=t 220, 1—z/z=1-va3>0, a<1 | _ 2 ordq — [2t2dt
1- :cf LftQ dJLthdt z€(0;1), te(0; 1) ) Vi s
_ 1—t3=u 2 [du _ -1 2w 4
_[73t2dt=du} N AV _5/ du_—§?2 c=—3Vu+tc
—%\/1—t3+c=—%m+c, for z€(0; 1).

o 1—x 2__1—=x 2 . _ 1 —1-2t _ —2tdt
3rd ES |t=/—F, t°=—"7, t‘z=1-z, x—m, dz =3z dt—m

dz = z—z2 =x(l—x) >0, z€(0; 1), te(0; ), t = 7\/11211771‘2

az

— 3 _ o 1-9-12 t2 1442 2
Vm—=a? = al = 1+t2 71 e S v A t(1+t2)

Jrverasigs =2 [ = -2 it an= -2 [[1 - i)

—2(t — arctgt) + ¢ = 2arctg y/1=% — 24/ 1=% + ¢, for € (0; 1).

z\/z :v2

T—w -z 1 — il —2tdt
3rd ES |[t=4/-—>7, t2:777 t?r=1—z, T=1m, do= e dt*(lﬂé>2

mdl’— z—a2 =x(1—2) >0, €(0; 1), t€(0; 00), t = /28 =, /2 77”5;12

=2, — _t° B = _ _t _ 1%t

1 1:7151:71+t2, T—x 7zt71+t2 T+ Vx t2i1+t271+t2
3 B Dt+E
_ t2 1442 —2tdt 2t dt - m = %1 4F lt;;z(y F (1+tt+2];2
1462 1—t (1+82) (t=1)(1+¢2) —-1,C=3D=1,E=-1

_ 5 8=% _ 1 [ tat tdt dt
- /{t% tig Tt m dt / /1+t2 - 5/1+t2 Jr/1+t2)2 B /(1+t?)2
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6 Examples 51

1+ t2 = u, te(o 00) .
2t dt = du, ue( ‘ BT /(Hfﬁ)ﬁ*"”Ctgtﬂmww HE
1 d t
=5sIn|t— 1|+ arctgt—f/7+2 u—“—farctgt s@F) T ¢

1 1

—1 o
= Inft—1|+arctgt — §Inful + 325 — gty +e = [ 15 - = 5ty
= 1 In(t-1)* +arctgt — zIn (P +1) — gy — ey +©
2_
:il tlffjl—i—arctgt—%—i—c:iln( th)—i—arctgt (}f;z)—i—c

= 11n (1-2vz—2?) + arctg Y22 — 2tV2=2* | ¢ for z€(0; 1).

_ =T el s L —1.(=2t) 4, 2tdt
3rd ES |t=4/ %, t*=%—=, t‘z=2-1, 171 , Clp= =122 dt= 22

/ 1-z  qp = 22—z =x(x—1) >0, ,7:6(—00;0)<:>t6(1;oo), z€(l; 00) & te(0; 1)

oVat—z z2—x =1l =1l i t 1 2

z€R—(0; 1), ¢ E Ry e 1 == m:t\lft \

2 __ 12—
—@—l—ln ﬁ + ¢, for x€(—o0; 0)U(1; 00).

t|1—t?|-2¢dt _ [o2t2dt _ [ te(l; 00) _9 [£dt _ o [?-141dt

zm [1—¢22 -t T | z€(—c0;0) | 2SI =1
2

_ — EEr
,z/[w r] dt =20t n (4] + e = 2t 12 e = 2 4 | 22 e

= 2Ty | VaToets| o for pe(—o0; 0).

Vo
[Fm e = [t = [ = [ L5010 ] =2 [t = 2 [
_ _2/[1+ﬁ] dt = —2[t+1In| &L ]] + ¢ = —2t—In|td | +e = —2t+In| &L | 4c
— —2¥E=2_j, ii 1 te— J@fﬁﬂn‘@fi e for ze(1; 00).

_[e?—e=2-1)>0] _ [ 1-2 e+ve=s g _ .2 . _ .
A== [0S ] - [FRs R e = [ et

= /w z +®2z2(;g7;:) 2w dz = /(1-%4-4\/3:53?_\/ ($_%)2_i) dx

p.:/ v wiﬁ dz = %111|217172\/;1:2 733} + Va2 —z,2€(—00; 0) U (1l; o0)

= p.:/\/wgfazdw: Ti‘fﬂlz — §111|:L‘+\/w27a2|, z€(—0c0; —a)U{a; o), a >0
- (z—1) z—1)2-1 1
/ D —Tdo= ZBVET3 |- b+ /-1)2-1

—z-Z 41l |2z-1— 2\/x27—x|+\/m27 [@—Hﬂx—l +m|}+01

5 5 In

:x—f—i- tln|2c—1-2Va?—z|—(£-2)Va?—z+ 3 1n | 2= o142Vt oz
_ { 2w— 1+zm 20-1-2/a2—x _ 1 (4o’ —da41)—4(x®—2) _ 1 1 }
2c—1— 2\/1‘ =67 2 2c—1— 2\/1“71 292z—1— 2\/1‘ =G5
R 2 5—2x 2 _ 1 i 1
=z-2+iin|2-1-2v2?—a|+ 52 VaT g+l i L ——|+a
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6 Examples 52

:xf%er%ln|2x7172\/x27x|+—5_42””\/x27x7%ln|2x7172\/H|+%1n%+01
=[tinite=c] :x—%—l—%ln|2x—1—2\/x2—x’—l—%\/x?—x—l—c,

for z€(—00; 0) U (1; 00).

/ &l . |:o""t. .’IJGR,t>O:| _/ dt

e2r fev 41 z=1Int, de = de B R Y

t=f VETTE =/ ] 1=t :_/ ot __/ du
dt= =9 VitutuZ=/1+ 1+ 5 = L2l 1 V/iusa? Vitutu?
=— diuz—ln(qu%Jr (u+%)2+%)+c1=—ln(u+§+\/m)+c1
:cl,ln(%+%+7@t+1):q,mL VPR — ) _ J 22V g L

o gy = | ©°>0, 1-€"20, 1>¢%, z€ (o0
I+e® T | e =t z=1Int, dz = de te(0; 1 1+t

_ 1—-t . 2__ 1-—t 2, 1—u? —2u(1+u?)—2u(1-u?) 4u du
U=\ /17 W =13 U AlaPi=1=4, t71+u , dt= (1+“2>2 du ~ 2

= _ VI—t _ IFtE /It 4u? _2u?-242u242 _ 2 2 .
lfu=1t == >0, DT = DD — o t ey uE€(05 1)

VI=t  IFt—I-t _ 14t=2V1—-t241—-t _ 2-24/1—-t2 _ 1-1/1-t2
2t - t

T+u [EEm = T+i+/1—¢ T+i—/1—t 1+t—(1—t)

2 2
:/}j& ?145::231; Z/(uf?)(igﬂ) :/[ 2+1+ }dx_2arctgu+21n|“ |+c

—t2

= 2arctg |/ 175 + I 12 4 ¢ = 2arctg /176 +In S e
= 2arctg Hem -Hn(l—\/m)—&-x—kc for z€(—o0; 0).

R Si112 = lfc;»s 2w _ 2 dw - 2 =t
a?cos?x+b?sin?x — | ooo2, — Ltcos2z [ T | a2(I4cos2z)+b2(1—cos2z) ~ | 2z dx = dt
: . 2
_ UTS u—toi—tdm . 22d_f1
(a?+b2)+( a2 b?)cost (a2+b2)

2

dt= zzd:l,cost—u 11 +(a2—b2) 522

_ 2du 2du _ 1 du _ 1b bu

- /(a2+b2)(u2+1)+(a2 b2)(1 u?) — /b2u2+2a2 T8 g2 T Q aretg o+ c
b

1

Earctg( th) +e= ab arctg gtgx) +¢, forzxe R, a>0,b>0.

2+1

I sin® z = # . 2dx _ ip = {i
oo P el m cos2 ¢ — Lhcos2z - a2(l+cos2z)—b2(1—cos2z) ~— | 2z dx = dt
2

UTS u:tgé:tﬁm . szfl
(a?=b2)+(

dit= 2du cost=1zu a2+b2)1

— dt
- /(a27b2)+(a2+b2)cost -

) 2+1 2+1
_ 2du _ 2du _ 1 du *—iiln u—¢ +c
= [ (a2=b2)(u+1)+(a2+b2)(1—u2) — [ —2b2u2+2a2 — b2 uz_% b2 2a ut+ %
b
_ bu—a _ btgx—a
= 2abln|bu+a|—|—c 2abln‘ibtgm_s_tﬂ—|—c,f01rac€R,a>0,b>0.
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6 FExamples 53

1 2
Jotado— [z - [oeln oo — fate — foao— [2g -5

W = u =1 . 2 e 9
sinz | =rtgr— [0 dr - & =xtgr+ [Z22Edr— 5

I v =tgx = cos T cos T

-1
cos2 x

=ztgx + In|cosz| — 7”2—2 +¢, for z€R, x#w, keZ.

de  _ [z=t3t=Yx, >0 _ [3:24¢ _ 3 [£dt _ g [£rt—t=141 g4
1+ dz =3t2dt, t >0 I+t I+t — T+t

:3/[ 1+t+—1} dt =32 _3t+3Inft+1|+c=32 —3t+3In(t+1)+

=3Y2 397 43I (Yz+1)+¢, for €(0; 00).

do . ==ttt = G de =12t dt, 2 >0 12¢11 4t —19 8 dt
Vet Ve = | Ya=Vil2=t!, Yo=Vi12=¢3 t>0 | | #+5 = t+1
8,7 47T 46,46, ,5 .5 3.3
=12 ot =t =t 1"t =t tt:"‘,:])f o ot At =2 th +t—t—141 dt

:12/[t7—t6+t5—t4+t3 24t—1+ 7] at

cos

_ 8 7, 18 @ P 2 _ th = R/xn

= 3¥e" 1T 17%*7”\/5_712 Vot | 3T —4YT+69T—12 WT+12In| ¥/T+1|+c,
for € (0; 00).

_n/1 1—z7 _ Yi—g” - 1 P 1 o .
dz t= ln 717 zn T b tn — l‘” 71 ‘L t”+1’ Tr= ”/71‘,”4»1’ ‘LG(Os 1)

iz ; o 11 n—1 —e =" gl A — gt .

Vi dz= (t +1)~ nt dt=——=—— T Vi—ah=to= 1=, te(0; o0)

= (Rl _entde o f i fde £ds .. [Partial fractions]
)

- t V(tn_}rl)rr}l - W 1
forxe(0;1),n=2,3,4,....

n ' n /x™+1 Ve +1 ]

dl t= {1+ =}/ = Y, in=14 5, on =k, 2= v 2€(0; o)
o = 1 -1 3 _ —t" L4t @ t .
Var+1 de=——(t"—=1)"n " 'nt" 1(1t:,\7/ﬁ, Van+l=te= e, t€(1; o0)

n/Tm _yn—1 =2 n—2 . .
= =t & df [ di — ... [Partial fractions],
K/(tnfl)n#»l n/ tn— 1)n =

for z€(0; ), n=2,3,4,....

. zn—1 _ Yz —1 . 1 _ 1 _ 1 .
la o t= \/1_1777 \/1 T z ) tnfl—lmn, ;I;”ility” =g z€(1; 00)
nen_—1 _ 1 o —1 o t" T dt n/om o _ t .
vV dz= n(] tn) ( nt™ )dt_ e =)t s wl =1l == Vi tE(U, 1)
Y VA O s U t"2dt [t T?de ; :
= / T i s aer =) T [Partial fractions],

for xe(1; 00), n=2,3,4,....
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6 Examples 54

\/;i;ﬁ =1In (\/mQ +1—|—x) + ¢, for z€R.
2211 - >
t=y/1+ H =Y, =14+, 2=, ‘r:\/% 203 o2

b 1
\/% = d:czfé(tzfl)*E*thdt:\/%, \/x2+1=m:\/;7_1, te(1; o0)

» t—1 (w24 1—g  (@2+1)—a?
2_ =
Vit2—1 _ —tdt = __ dt 11n|t+1|+c_11nt+1 +c

:/ VaE-1p [
=1ln(Va®+ —|—:E) —|—c:ln(\/x2+1—|—x)—|—c for z > 0.
x r=—u, <0 _ /—2
2241 [dx:—du, u>0} B u2+ ln( “ +u)+c
— 2 _ = P 22414z (o341)— 1
In (Va2+1-z)+c = {\/x2+1 z = (V22 )\/7\/24-1-4—7 \/T—I—H ——
—lnm+c:ln(\/x2+1+x)+c, for z < 0.

= 7I2+1 £1= Izjliz Ll Vet _ (Ve H +I) = (Va2 +1+2)2

ﬁ% =—1iln(Vd+1-12) - @arctgﬂi””s\}l”” +¢, for ze(—1; oo) — {0}.

1/ 3 3
da 13/1+ +1, =1L =3, a3 13 = :1::37%, z€(0; 00)
\3/ 3+1 = 143 1o,2 t2 de ' 7/1
dmzfg(t‘fl) 3 3t dtZWy Vad+l=tax= m te(l; o)
t ¢ _ A Bt+C
\/1537 _ —t2dt tdt | -1 T (- 1)(t2+t+1) - ﬁ + t2+t+1
HoE -1 A=t p—_1

37
_ 1 gl gt 2t—2 dt 2t41-3
= _E/L Tt t2+t+1} dt = - /t2+t+1 dt = __/t Tt /t2+t+1 de

d
By

——gln(t—l) 11n(t2+t+1)

_2t+1 dt _ 2 _
g1 4 /m—[f tt+l=(t+3)°+3>0]

\

= [ Ln(t2+t+1) = % %ln t::; = %ln(tdfl)f lln(iﬁfl)}
2 1 3 1 1 2+1
= gln(t—l)—f—gln(t —1)—61n(t—1)—7§arctglf 4@ 1 3
In(t3—1)=¢ln—=5 = 3 lnx
_ 1 _ 1 3_ 1) _ 1 2641 3 3 6
=—iln(t-1)+gln(*-1) 5 arctg 28 +c 2t+1:2m+1_2m”}
_ 19 YByi- 1 1 2 ¥ 1t '
= — lip == z—§1nx—7§arctg3#+c
3
=—1ln (\3/x3 +1-2)— ?arctg 27”;\%1“3 + ¢, for x€(0; 00).
dz _ =—u, 23 +1=1—u _ du
Y2311 | doz = —du, xe( 1;0), ue(0;1) | Y1—u3
= [p‘m: \3/‘11‘7‘7 iln(\/l u +u> - arctgii\/?ﬂt, u€e(0; 1):|

I
|
Nl= N= N
=
—
w
8
o1
+
—_
|
&
S e S

+%arctg2—vlu_\}_“+c
+ {arctgsz3f+z +c

- % arctg 27”‘23%” + ¢, for ze(—1; 0).
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6 FExamples 55

dx _ 1 YA itz 1 Vi1
i = 10, — jarctg 5=+, for x € R—{0}.

_ T V@il 4 4_ 1
de t=/1+g=""7", t'=1+, at=—, gy 1,:}06(0,00)
477 - 1 5 53
i1 _ 1.4 —3—1,43 34 _ —t>dt 4/ 7 o t :
de=—Z(t*—1)"4" "4t dt_%/ﬁ’ ot =tm= Yl te(l; o0)
_ [T —®de 1 f2t2dt 1 [24142—1dt 1 LR W ¥
= t Yui-np | 2f -1 T TR @-D@+) C 2 |[E1 T P
11 t—1 4/ a 4 :
:—551n|t+1 ——arctgt+c- [\til\:tilzig“r] i1:7@ﬂ}
— 1yl 1 —1 Ve'fits _ 1 v z731
=7 In o sarctgt +c = In Vs 2 arctg + ¢, for > 0.
dz z=—u, £€(—oc0; 0) du _l \/u4+ +u \/u +1
/\I/z4+1 {daﬂf—du ue(0; oo) ui+l In Furt T3 arctg &

— 1 7In %—f— arctg Y= Vaiil oo 1 71n ﬁv;iiﬁi %arctg 7“2—&—0, for x < 0.

/\/;12:6771 — 1n‘\/ﬁ+x\+c, for z € (—oco; —1)U(1; o).

«/. =il
=./1 ,z ,t2:17ﬁ,m2:ﬁ,w:\/#, z€(1; 00)
_dx o1 727,—717 _ tdt o0, R N .
T dz 2(1 )27 2t)dt W Vz2—1=tz i te(0;1)
o \/1271 _ V@2—lds t41 _ Val-—l4z _ ( m271+T)2 2
L= Yol = s, e = e = —(Va2—1+xz)
_ (VA2 tat dt [ .dt _ 1 17, |41
—/ Vi T2 T 71 — 1n|t+1| +e=gln|H|+ec

= %ln‘(\/x — —i—x ‘—i—c = %1H|\/CL’2—1+1‘| +c= ln{\/xz—l—&—x’—i—c, for x > 1.
—;12:”_1 = [di::’_“éu‘”i;ll} = T ln‘\/u2 +u‘—|—c = —ln’\/xQ 1— x’+c
_ [mixz(\/; )\/1 —ltz (z®—1)—a?

e } =—In|—t—|+c
Vz2—1+4z 22 —1+4z Va2 —1+z Vr2—1+4x
=1n|\/:c271+x}+c, for x < —1.

3dm _ ‘_177%7I3:ﬁ7 = \;/ﬁ~xe(1voo)
Jx3—1 t2 dt 3/ 83 1 g t .
= Va3 —l1=tz= i te(0; 1)
t ¢ _ A Bt+C
_ /\3/1—153 t2dt  _ f tdt _/tdt _ { BTl = D@D — =1 T 2141 }
- 3 3\4 1—t3 t3—1 o 1
Vv (1=t%) A=Li B=-1 Cc=1
—_1f] 1 4 —t+1 dt_ 2t—2 _1fdt 4 1 [2i+1-3
- 3/{t—1 + t2+t+1 / +%5 /t2+t+1 dt = S/t—l + 6/t2+t+1 dt
_ 1 fat 1 241 4, [ L= (41 1)243
= 3 t—1+6/t2+t+ldt (t+T)2 3‘“ +t+1*(t+z)+4>0}
1 1 2 1
=—zlnft—1/+zIn (2 +t+1)—§7 arctg * { +c
_ 3 .
= [ 1ln(z‘2+t+1)* 1 % = éln Hl = %m -t —lm@-e3) - éln(l—t)]
— 3 1 1 2t+1
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6 FExamples 56

iml-B)=LimL =-3ns
=—3l(1-H)+5(1-£)— \}arCthf}l-i-C— 2f+1:2m6+1iz:;;n:?_1+;n
:_%ln@ 21n$—%arctg2\/¢+x+c
:_%ln(ﬁ_31;3—1)—%arctgwifiTﬂ_Fc’forxe(l;oo).

%/%: %ln% vzﬂcjjf%arc‘cgAliv'”;_lJrc, for x€(—o0; —1) U (1; 00).

_ 4 T afat1_ Vato1 4 1 4_ 1 _ 1 .
s _ |t=V1-m= YT*TJ*F?‘T*W%*@: z€(1; 00)
Vi1~ 1 a—1_1 3 t3 dt & t
dep=—2(1—-t*)"1 L—at )dtf\/ﬁ, o 71:251‘:W7 te(0; 1)
_ [ ¥i=m Bae . [+2ar 1 [2t2dt 1 [£2414£2—1d¢
- Y (1—t4)5 1=t T 2 [ tt—-1 T 2 [ (2-1)(t?+1)

Il + 2| dt =11 | arctgt—I—c
2| |71 T #41 22 i
:{‘til‘_lit_li%/1:4771:1':(:4\/’#‘71}—11nﬁflarctgt+c

:iln”ﬁi\/ﬁ”f* ! 4””;’1—i—c,f01r;10>1.

dz _ [z=—-u, x€(—00; -1) | _ du 17 utVui—1 | 1 Yui—1
VzT—1 [ dz = —du, ue(l; co) ] B Vui-1 — 4111 u— Vut—1 taarctg = — +tc
_ Y17 Y17 &i— i
=—1ln _i+\/—+ arctg Y=l 4c=—1In $+€/Tl—%arctgw71+c
= iln”ﬁ—\/ﬁ v‘7‘/’*—larctgi””%f +c, for;zc<—1.
dzx _
T
i - , = :ﬁ, w:\/éﬁ’ z€(0; 1)
Vi—z2 142 1_q —tdt 2.t .
de=—3(t +l) 2 2tdt—\/m, Vi—z _m_m, te(0; o)
VitZ+ —tdt dt _ de _ \/
/ N /\/(t2+1>2 - /t2+1 A e = 1o
for x€(0; 1).
_ [z=—u, z<—1 | = du \/ﬁ _ \/ﬁ
7\/@ = [dm:—du, w1 } = s — arctg + ¢ = arctg +c

= —arctg 7%*“"2 +e¢, for ze(—1;0).

/ ol _ [ xr =sint, t = arcsinz, ;EE( 1-1): (*%; %) :/costdt :/dt
V1-a? dz = costdt, V1 — 22 =+/1—sin?t = Vcos?t = |cost| = cost cost

—t+c=arcsinz + cs, for z€(—1; 1).

de [ x = cost, t =arccosz, z€(—1;1), t€(0; m) . intdt
Vi=2% | dg = —sintdt, VI— a2 =1 —cos?t = Vsin?t = [sint| =sint | i)

:f/dt:ft+c:farccosz+c, forze(—1;1).
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6 FExamples 57

da [ V1—z2=gt+1, 1—x2:m2t2+2m+1, x:t;if’l, t:%z_l, ze(—1; 1)—{0}
Vi—z® - _2(¢2 2t 21
! VI—aZ= 220 p1= 120 dp= S2EEDR00 gy = 20200 e (15 1)— {0}
z t°—1 JI—z2—
i t% (75(2+1)2) dt = /tzdil = —2arctgt + ¢ = —2arctg % + ¢,
forxe(—1;1) —{0}.
d _ 1 291 —a3— . .
T =3 In (x+ V1—a3) - arctg =5t for z€(—o0; 0)U(0; 1).

_3/1 _3/1-23 _ ¥1-a3 ,3_ 1 3_ o 1 .
I R e e R et ot A IRy

Yi—a3 130N L= 1lolo —t2dt 3 t
dz=—3(t’+1) 3 "3t dt:W, V1—23 7f7*%/ﬁ, €(0; c0)
-t _ —t _ A | BtiC
/\/t3 —t2dt —tdt /—Stdt _ { Bl ()2 — z+1) = T+1 tz t+1 }
3 4 3/(43 t3+4+1 _ 1 _ _
Y (#3+1) /(3 +1)3 A=1 B=-1 c=-1
_ 1 41 242 1 1 [2t—143
- /[t+1_t2 t+1 dt /t+1_ /t? t+1dt 3/t+1_6/t2 t+1dt
_ dt 1 [_2t—1 _ 3 _ 2,3
= /t+1 6 [ 2—t+1 dt — 3 (t_l)2+§ = [7‘ —t+1=(t—-2)2+2 >0]
t—1
=iln|t+1| - ln(tQ—t—&—l)—%%arcthgl—i—c
=
- 27 «
= [ Lin(t2—t+1) = L EHEDEED 1y ’t++11 =1l ‘:’jll =1l (+1) — LI (t+1) }
2 1 1 2t—1
Zln(t+1)—gln(3+1)+ 1n(t—|—1) \/garctgl\/g +c 1 %
—ln(t3+1) ln—: 3nx
_ 1 1 3 1 2t—1 =3 6
=iln(t+1)—3In(t +1)—7§arctg 5 Tec {2t+12 /77 lm;sﬂ,}
_ 1 \3/1—w3+x _ l 1 2Y1—z°—=z ’ ’
=5 Inz \/garctg o3 +c
:%In(\/l—x‘?—i—x) e arctg2vl ILI—i—c for x€(0; 1).
dz _ z=—u, 1—x3=u3+1 _ du
Y1—23 dz = —du, z€(—00;0), ue(0; o) Yud+1
— du _ 3/ V3 2/ udf1+u .
= [p@ /\/T 75 ( u5+1u)3arctgm,u€(0,oo)}

1ln (Vud 1—u)+%arctg23—”3}1+“+c
=ilm(V1-23+2)+ aurctg2v1 \xf—x—i-c
sln(V1-a8+2x) - arctg2v1 2’2 4 ¢ for z€(—o00; 0).

zV/3
de 2. VI—attaz/a(l—at)+a® 5 VAa(l—at)+z 5 VAQ—z4)—a
/%/1f7 =% W—z¢4(1 20 +22 —farctg ———— —-parctg ————+¢,
for xe(—l; O)U(O; 1).
171:4 4 1 4 1 1
aw = =4/1 - V=gl at=gy, 7= W,me(();l)
2 = . :
/'1_904 da:zfi( +1)_’_14t3dt77_"3d" V1—zi=tz= te(0; co)

/(t4+1)57
Y s W L VR t2dt . [2dt _ 2 dt
¢t Y () Y tA+1 (242t +1) (12— /2t +1)
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6 FExamples 58

441 — L2+\5/+1 t2—\/2t+1

2 y ;
—t At+B Ct+D ‘ B=0, (7:7$7D:0

~

7

_ @1/[ 2t } /{2t+\f V2 2t7ﬂ+\/§} dt
T4 2] [e+voet ft+1 £24+/2t+1 V2t+1
:ﬁ/2t+\f dt_ff/ o [ aeys dt_ff/
8 [ t24v/2t+1 t2+ft+1 —V2t+1 t2— ft+1
_ f _2t4V2 gy V2 2t 2=V g4 1 dt 1
- t24+/2t+1 —V2t+1 (t+2)2+1 4 ) - f)ul
42 _V2
= %1n|t2+\ft+1| ‘fln|t2 V2t+1| — Tarctg 72 = %i arctgtﬁi—i—c
Vz vz vz vz
_ i t+ﬁ 11 t—

% L arctg ‘F—&—c

= 2 1n (+v2t+1) — ‘/Eln(t2 \[t—l—l)—f?arctg T . =
- ilnt +ﬁﬁ — YZ arctg (V2t+1) — %2 arctg (vV2t—1) + ¢
fti1:f*4/1;7i1 VaYi-atie _ mir
LQ:tﬂt—H‘/FiﬁvT—i-l \/ﬁilmﬂ
m+£ farctg@Jrc’

arctg —— =7 p

2 In VIi—zttz {/4(1—z4)+a? 2
8 Vi—zt—z {1/4(1—w4)+z2 4

for z€(0; 1).
dz _ ==, <=l _ du
Y1—at — {dx—fdu u>1} - Vi—ut
Vi—ui4u i —u)+tu ud)+u VAl —ut)—u
_ _%1 1 L 4(1 4)+ + f arctg M + f arctg % + c

Vi—uf—u ‘\1/4(17u4)+u2

=y Ve e Vil e v YA e | o YA
In Vi—zt+z Y/4(1—z")+a? + -7 arctg + - arctg - tc

o fl Vi—zi4xz /41 —zt) 4> 2 " Y4(l—zt)—x 32 " Ya(1—z4)+x
Viet-zi/a(l—at)ta? 4 8 5 T 1 arcts 5 T
for x€(—1; 0).
v =1 =z
/ln(v1+1+v1$)dx{um(\/lem) O
2x+/1—x2
o (l 111 ): 1 Vi—z—/I¥z  1—z—/If=
- ) \/m+\/ﬁ 2\/77 2 \/ﬁ Vi—z+/1+z Zm T—z—+/1+z
- - —2¢/1—a241+x  2-2y/1—a2 /1 1 1
o ‘*“’*(1“ z\/i T _ozoy/1—22 \/ﬁ 2z op/1—22

xln(\/l—i—x—l—\/l—x)—/d”—f—/m
cln(Vi+to+/1—x)— L+ 2802 4 ¢ for ze(—1; 1)—{0}.

/sinnzdx = {Tﬁizfﬁ} :%/sintdt:f%ﬂ+c:7%+c, for re R, ne R—{0}.

N«
P o w == u' =1 __ __xcosnzx cos nx
/‘T sinnz dz = {z,v’:sinna: y =_<osno } - n + n dx
— _cemmmm o Lanem o — Bome £eosnt ¢ for x€ R, ne R—{0}.

n n n n
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6 Examples

zsinnx dz = (A+ Bz)sinnz+(C+ Dz) cosnx + ¢=SLpL _ ZCOSNL 4

for z€e R, ne R—{0}.

|:/x sinnzdr| = [(A+Bx) sinnz+(C+Dx) cosnx}/

0cosnz+zsinnx =
= Bsinnz+(A+Bz)n cos nx+ D cos nz— (C'+ Dz)n sin nx
= (B—Cn—Dnz) sinnz+(An+ D+ Bnz) cos nx

=L B=0

n2’

sinnz: O+4+x=B-Cn—Dnzx, 0=B—-Cn, 1=—Dn, A
cosnx: 0+0z = An+D+Bnz, 0=D+An, 0=Bn, C=0, D:—% ]

— 2 V= 2
2 . W = u' =2x x° cosnx 2
1n = . IR, = —=— =
/x sin nz dz [ o/ —sinna | v = —connz } osne 4 2 [y cosnx dx
/
u =z u' =1 z?2 cos nx 2 | zsinnz 1 :
= G o = === Z | L3Rt = [ gin nx de
[ v/ =cosnz |v = SERE } n T3 n n
2 : : 2
_ x° cosne 2 [xsinnzx 1 —cosnx| __ 2zsinnx 2 cos nx x° cosne
- +2] -1 | = 2zsigne | 2cosns _ zcosnz 4 o

n n n

for xeﬁ, nGRn—{O}

/xQSinnxdxz (A + Bx + Cx?)sinnz + (D + Ez + Fa?) cosnx + ¢

=Zsinnz + (% - %) cosnx + ¢, for z€ R, ne R—{0}.

x?sinnx = {/:cz sinnzxder| = [(A+BZL‘+CCI72)Sin n:z:+(D+E:z:+Fx2)cosnx],

= (B+2Cxz)sinnz + (A+Bz+Cxz?)ncos nz + (E+2Fx) cosnz — (D+ Ez+ Fz?)nsin nx
= [B—Dn+(2C — En)z— Fnz?] sin nz+ [An+ E+(Bn+2F)z+Cnz?] cos nx

A=0,B=2%,C=0

sinnz: 0=B—Dn, 0=2C—FEn, 1=—Fn, =
0=An+E, 0=Bn+2F, 0=Cn, D=3%, E=0, F=-1 |

CcCosSNnx:

/x?’sinnxdx = (A + Bz + C2% + Dx3)sinnz + (E + Fx + Gz? + Hz3) cosnz + ¢
) cosnz + ¢, for z€ R, n€e R—{0}.

— (= &+ ) siuno + (5 - 2

[ ,
x3 sinnx= x3sinnzdz| = [(A+B{IJ+C{I:2 +Dz3) sin nz+(E+ Fz+Gz?+ Ha3) cos n:l:] '

= (B+2Cz+3Dx?)sin nz+(A+Bx+C2%+ Dx3)n cos nx
+(F+2Gz+3Hx?) cosnz— (E+ Fz+Gz? + Hx?)n sin nx

= [B—En+(2C—Fn)x—(3D—Gn)z? — Hnx?] sin nx
+[An+F+(Bn+2G)z+(Cn+3H)x2+ Dnx3] cos nx

sinnx: 0=B—FEn, 0=2C—Fn, 0=3D—Gn, 1=—Hn, Azfﬁ,B:DZO,C:%
cosnz: 0=An+F, 0=Bn+2G, 0=Cn+3H, 0=Dn, E=G=0,F=-% H=—1 |

/cosmcdx: {n’rgjrz:it} = %/costdt = sint 4 o —smne 4 ¢ for z€R, ne R—{0}.
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6 FExamples 60

r_ . . .
u' =1 __ xzsinnx sinne q.. — rsinnxz _ 1 —cosnz T+
) = ShLind n n n n n

u =
/xcosnxdm:{ , )
UV = COSNx =
— cospx 4 SNt 4 ¢ for z€ R, ne R—{0}.

’I’L2

/CE cosnz dz = (A+Bz) cosnz+(C+Dz) sinng + ¢ =SpL 4 ST 4 o
for z€e R, ne R—{0}.

l

I
0sinnz+x cos nx = |:/a: cosnzdzr| = [(A+B;r:) cosnz+(C'+Dx) sinnm}/
= Bcosnz—(A+ Bz)nsinnz+ D sin nz+(C+ Dz)n cos nx
= (B+Cn+Dn«) cos nz+(—An+D— Bnz) sin nz
Equations | cosnz: 04z = B+Cn+Dnz, 0=B+Cn, 1=Dn, A:#7 B=0
sinnz: 040z = —An+D—Bnz, 0=D—An, 0=—Bn, C=0, D=1

n

2
u =
/zzcosn:cda:: [

/
u' =2z 22 sin nx 2 .
of = cosmE sin nx :| - — zsinnz dx

v o= n n

n

u' =1 2 si 2 1
__cosnz =L SnT _ 2 | _JCOSRT P cosnx dx

n n

L =
| v =sinnz

v o= n n
n
2 . . . 2 .
x” sin nx 2 T COSNT 1 sinnx 2 cos nx 2sin nx z” sin nx
eepne — 2 [~ GELRE] = 2mepne  ZeRne 4 LSRDT 4,

for ng, nET}%—{O}é

/:CQCOSHLL'd.T: (A + Bx + Cz?)cosnz + (D + Exz + Fz?)sinnz + ¢

2 .
= 2L cosnz + (— % + L) sinnz + ¢, for z€ R, ne R—{0}.
Derivative ,

z2 cos nz = |:/T2 cosnzdzr| = [(A+Bx+0x2)(:osnx—ﬁ-(D—&-Eaz—&-Facz)sinnx},

= (B+2Cxz) cosnx — (A+Bz+Ca?)nsinnx + (E+2Fx) sinnz + (D+ Ex+ Fx?)n cos nx

= [B+Dn+(2C+ En)x+ Fnz?] cos nx+[—An+ E+(—Bn+2F )z — Cnx?] sin nx
Equations | cosnxz: 0=B+Dn, 0=2C+En, 1=Fn, A=0, B=2%, C=0

n2?

sinnz: 0=—An+FE, 0=—Bn+2F, 0=—Cn, D = —n%, E =0, F:%

/x?’cosnxdx: (A + Bx + Cz? + Dz3) cosnx + (E + Fx + Gx? + Hx3)sinnz + ¢

= (— % + 37%2) cosNT + (— % + %5) sinnx + ¢, for z€ R, ne R—{0}.

Derivative ,

x3 cosnz = /:1;3 cosnrdr| = [(A+B:1:+C’:1;2 +Dz3) cos nz+(E+ Fz+Gxz?+ Hz3) sin TI/.'IJ} '

= (B+2Cz+3Dx?) cos nz— (A+Bx+Cz?+ Dx3)n sin nx
+(F+2Gz+3Hx?) sin nz+ (E+ Fz+Gz? + Hx®)n cos nx

= [B+En+(2C+Fn)z—(3D+Gn)z? + Hnz?) cos nx
+[—An+F+(—Bn+2G)z+(—Cn+3H)x? — Dnz3] sin nx

cosnz: 0=B+En, 0=2C+Fn, 0=3D+Gn, 1=Hn, A=—5 B=D=0,0=23

sinnz: 0=F—An, 0=2G—Bn, 0=3H—Cn, 0=—Dn, E=G=0,F=-5% H=1
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7 Integration and Series

oo
5 i P K
/e“"d:r: {e“'— oL =l4+z+LG +5+--+Z +---, z€ER

&9 k o9 k+1 ce k+1 k+1=n ce
:Z de:z & +C1227z +C1:|: ]:ZL‘FC
! E+1)k! E+1)! = = ! 1
k:O/ jzo k+D) fzo D Bl e L n=1 "
8 oo X
=[1=2 =%+ Er+a—1=[a-1=c| =) Z +c=e"+ ¢ forzeR.
=il =

/[1+m+2,+3,+ 3+ |de

dz =
:/dm+/xdx+ %dx—&— ﬁdm+~-~—|— %de+--~
4

k+1

=T+ +32'+43'+ +(k+1)k'+ !
LRt
k_2k+1 5 1\21\}1
/smxdm— sm:zfz((l;“l). —g— Tyl +%+-~,IER
_ (—1)kg2k+1 _ (=1) x2k+1 _ _1)kg2kt2
_/LZO (2k+1)' }dx Z/ (2k+1)! = Z; (2k+2 2k+1)'+cl
[ k+l=n k=07 _ (—1)"1g2n 1)042°0
B {ZkJrZ*Zn n*l] _n2=:1 (2n)! +e = 1= 2o
_1)042:0 1 _q)ng2n
— S S G o= [a1-e] = 5 SR 4
= —cosz + ¢, for xGR
12/\ 5 k 2k
/cosxdx:{wwz<8”, :17“‘2—2 ;—47%+ +%+--«.m61{

1)k 2k 1)k S} 1)k p2k+1 S} _ 1)k g2kt
/{Z — (Q)k)' }dx = Z/ (Z)k)‘ Z Ezk}rn(zk)' :kz_:o( (2)k+1)! tc

=sinx + ¢, for z € R.

k=0 k=0
o (—D)ka* < [(=1)ka* o (—1)kahtt k+1=mn
:/Lzo( k)! ]dx:kzo ( k)! dz:kz}o((kll)k! +Cl:{k:t)~ ";1'}
o n—1,n nn a o0
_21( 1)n! +c = 2(1) +C1_[1:”—!}:—%? 1( ) +c+1
:{01+1:C}:*Z%+C:*67I+C,for$€R.
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/e(*IQ) dz = |:C(:(:2)i (*-T Z( 1)k 2 7:E2+§7§7T+'“+(711j12k+"'7 LER:|
k=0
o0 1)k g2k oo 1)k g2k _1\k,.2k+1
=/[Z% dz = ) %dx:i%+c,f0rzER.
k=0

k=0

2 2 z2k g T 26 z2k
/e(x ) dz = {M” Z< I EINECER SRR R T xeR:|

k=0

x L2k 2k Sl 22k+1
= | dr = Z Trde =) oo T 6 for x € R.
k=0 k=0 k=0

. (—1)F (22)2k+1 (—1)F k2
sin (22)dz = SEiCs Z Tl)‘ Z 2k+1)'
,-5 210 14 (—1)kg4k+2
+r| - 7|+ +W+’(L€R
_ ( 1)k 4k+2 - k 4k+2 _1)k 4k+3
- /LEO R |dT = Z 2k+1)' Z W +cfor z€R.
(=DFE22F SN (—1)katk
cos (xQ) dz = cos ( Z (2k)! - Z (2k)!
24 28 212 (—1)k gtk
717?+77?+'.+ (2k)! 7J’€R

k 4’9 k 4k k: 4k:+1

z z Ok 2, >, . : k—
/edm:[%izz,z I N
k=0 k=0 k=1
1 = gkt dz
= Sk ) T |lde= |24 Z e dx—ln|x|+zkk,+c for x€ R—{0}.
k=1
dfing _ 1 > (—1)Fa2k+1 (—1)Fa2k+l o (—1)F a2k
sin x dlp = z EL;) (2k+1)' Z z(2k+1)! _kZO (2k+1)!
v - z* w(j (_1)km2k
= —?"ry—?‘i"'"‘rm"r”'vme]?_{o}
o0 (71)kz2k ce (— )k 2k 71)1« 2k+1
= kzo @Rr | 4T = kz—:o @rpnr de = Z e T 6 for ze R— {0}.
cosz _ 1 (—=1)kz2k (71)01,2-0 (=1)kz2k (=1)kz2k—1
COST o — - Z (2k)! - z(2:0)! Z z(2k)! Z 2R
T o k=0 k 2L»71
_ 1 x z3 a:') (=1)"=z
_57?+E7W+'”+W+'”’ IGR*{O}

k 2k —1 00 vk 2k— )k g2k
g e e 3
for x€ R— {0}
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8 Fourier Series 63

8 Fourier Series

/f )dz =0 for all a€ R. /f —/f(a:),for all a,be R, f(x)E€R(q,p)-
b

b
f()ER;py ... [f(x)is Riemann integrable on (a; b) ... exists finite /f(x) eER

Theorem.

a+2m 27 T
[ r@a- 1wz = [ fe)de

for a peI‘IOdlC function f( r) € Ry, g2 With period 27, a > 0.

a+2m 2 a+2m
. _ z = t—2m, de =dt |z — 27 t—0
/a f(x)dx_ “ f(x)dx+/2 f(m)dx_[1:6(2%;(1-‘,—271')71‘/6(0;0) m—>a+2ﬂ"t—>a}

T

@ 27 a
_ __ [ periodic function | __
x)dx+/of(t 2m) dt = [ Hie2m) = £(0) } =/ f(x)dx+/0f(t)dt

27 a 27 ™ 0
— [t o+ [f@)do= [ fe)ds= [1@)te = [ f@)a
a 0 0 — —2m
for ac R, e D(f), f(z) € Ry, 2x) is a periodic with period 2.

Theorem.

b —a
/f(.r)dx: f(—z)dz, for f(z)E R, a,bER, a <,
a —b
specially

b —a —a
/f(JL) dzi= f(=z)dz = — f(x)dz, for a odd function f(x)€ R4,
a —b J—b

b —a —a
/f(.L) dz = f(=z)dz = f(z)dz, for a even function f(x)€ R, .,
a —b —b

f( r)dz = 0, for a odd function f(z)€R(_4;q), a >0,

x)de = 2/f dz, for a even function f(z)€R(_4;4, a > 0.
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8 Fourier Series 64

Tr —a

r—b|t— —b

—b —a
L= ‘"} =) Jnar= [ j-ta

_ z=—t, z€{a; b)
/f ) da _{d — _dt, te(—b; —a)

f( r)dz, for f(z)€Ria;p), a,bER, a < b,

/al}(x) dx =

a 0 a 2/f(m) dz, for a even f(z)€R(_q;a),
f@)do= [ f@)do+t [ fa)do =4
- - 0 0, for a odd f(z)€R(—q;ay, a > 0.

[ f@)=f(-2)] = _; f(z)dz, for a even function f(x)€ R4, p),

[ f@)=—f(-2)] = — _; f(z)dz, for a odd function f(z)€ Rq;4p)-

n n n
a

a+2m s P27 a+2m .
/ cosnx dx = / cosnxdr = / cosnxdr = [M] _ sin(nat2nm) _ sinna
a 0

—T

_ periodic function __ sinma _ sinna __
_ {sin (na+2nm)=sinna | ©= n no 0,forneN, a€R.

a+2m g 27 a+2m
. . . 5 cos (na+2nm) cos na
sinnz dx = sinnz dr = sinnrdr=| — <0 =— +
a 0

n n
—T a

periodic function __cosma | cosna __
B [ cos (na+2nm)=cosna | noton =0 B EL, @S,

a+2m T 27
/ cosnx - sinmzx dr = / cosnx - sinmx dr = / cosnz - sinmax dr = 0,
a —T 0

for m,ne N, a€R.

1

27
9 u =sinmx
I=/ cosnz - sinmz dr = [ :
v = = Sin nx

u' =m cos mx
v =cosnz

27

sin nz-sin mzx 2 m . sin2nm =0, sin0 =0
=& sinnz - cosmx dr =
0 0

sin2mm =0, sin0 =0

27
= % 7] —%/ sinnx~cosmxdx———/ sinnz - cosmz dz
0
/ . 27
U = —msinmaex .
. Z—Q[—icosmcosmx} + 22 [ cosnz - sinmaxdr
=sinnx v = % COS nNx n n 0 n n 0

2T
cos nx - sinmx dx

33

n n

[mesgiene
_ { u = cosmx
<

cos2nm =1, cosO=1 | _
Cos?rmr*l cos0=1|

— cosna - sinmadr = Mo ] = { i 1,2(1—’"‘)]0} =0,

— n? m?
0 m#n, 1# 75 i #0 = I=0

for m,ne€ N, m#n.

[_ 1-1_1_1-1} + o

o\w

:N‘ 3
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8 Fourier Series 65

2 2
/ cosne - sinmazdr = [ cosasin B = w } — / sin (ma:fnz);rsm (mz+nz) dz
0 0

27 2m
_ sin (m—n)z sin (m+n)z _ cos (m—n)z cos (m+n)z
- /0 |: 2 + 2 :| dz = |: ~ " 2(m—m) 2(m+n) :| 0

__cos2(m—n)m _ cos2(m+tn)w + cos 0 + cos 0
2(m—n) 2(m+n) 2(m—n) 2(m+n)
= { cos2(m—n)m =1, cos2(m+n)r =1, cos0 =1 ]

=0, for m,neN, m#n.

_ 1 1 1 1
— 2(m—n) 2(m+n) + 2(m—n) + 2(m+n)

27 27

27
cosnz - sinnx dx :[cosasina:M} =1 sin2nx dz = L| — cosznz
2 2 2 2 |,
0 0
__ 1| _ cosdnm cosO| _ 1| _ 1 0 _
_2{ n +2ni|_2|: 2n+2n:|_0’form_n'

a+2m g 27
/ cosnx - cosmx dr = / cosnz - cosmx dr = / cosnz - cosmx dr = 0,
a —T 0

for m,ne N, m#n, a€R.

uw' = —msinma
v =L sinnz
n

2m
u = Ccosmax
1= / cosnx - cosmx dxr = { ,
0 vV =Ccosnx

i 25 °r sin2nm =0, sin0 =0
= || e iy + sinnz -sinmzdx = | 7 - -
n 0 n @ cos2mm =1, cos0 =1

_ 27 27
= %7%]+%/ sinnx-sinmxdx:%/ sin nz - sin mx dx
0 0

27
= . / . 27
U =SIMmx | U =1mM Ccosmx m cos nx-sin mx m m
= | — CosRE ie L, D cosnx - cosmz dx

v:—%cosnz} n[ n }O +"n/0

v’ =sinnx

_ 27
_ [cos2nr =1, cosO=1] _ m| __ 1.0, 1.0 m2
= | sin2mm =0, sinO:O} = [ promi el B s ; cosnx - cosmz dzx

27‘— 777/2 V ”12
2 2 Equation | [="51, -2 )I=0
ES 732 COS NI - COSmx dx = %I E= 5 n?2 2( n2 ) — O7
0 m#n, 1#%, 1—%;&0 = I=0

for m,ne N, m#mn.

27 2
/ cosnz - cosmxdxr = [ cos acos f = cos ((\«kﬁ)«}z»c(,)s (a—p) ] — / cos (n$+mw);cos (nz—max) dz
0 0

2T

27
cos (n+m)x cos (n—m)x __ | sin(n4+m)x sin (n—m)x
/ [ P + 2 } dz = [ Sntm) T 2(n—m) }0
sin 2(m—n)m sin2(m+n)T  sin0 sin 0
2(m—n) + 2(m+n) 2(m—mn) + 2(m+n)
[ sin2(m—n)m =0, sin2(m+n)m =0, sin0 =0 ]

m0+n) =0, for m,neN, m#n, r€R.

0 0
o) " T =)
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8 Fourier Series 66

a+2m g 27
/ coszn:cdx:/ cos2n:vdx:/ cos?nx dr =, for n€N, a€R.
a J0

—T

2 2 27
COS2 nrdr = [COSZQ _ l+cf)s 2a } — 1+cos2nx dr = [l 4 cos 2nac] dz
@ 2 @ 2 @ 2 2

2 q
— |@ sin 2nx _ | sindnm=0] _ 2 sindnmt _ 0 _ sin0 __
= [2 + San }0 = [ i@ =0 } =S+ ¥ -3 -5, =mforneN.

a+2m T 27
/ sinnx - sinmzx dx = / sinnx - sinmz dr = / sinnx - sinmxz dx = 0,
a —T 0

for m,ne N, m#n, a€R.

27
. . u =sinmx Ul = 1m cos mx
= sinnx -sinmzdr=| , . i
0 UV =SsIn nx v =— P CcCos nx

[ cos nz-sin mzx m m o cos2nm =1, cos0 =1
= |- = 4= £ cosnr-cosmxdr = | ) o
n 0 ™ Jo sin2mm =0, sin0 =0

- 27 27
= %_m]+m/ cosnx~cosmxdx:%/ cosnx - cosmx dx
0

n n
[ uU =cosmx 71, = —msin mx 2m 2
= | T ' :%[bmmcosmw] + 2 | sinnz - sinma dx
L UV =CcosSnx v = P Sin nx 0
[ sin2nm =0, sin0 =0 n
sSin znm = U, Ssin =
= : =2||Q1_ 01 sin nz - sin mz dx
| cos2mm =1, cos0 =1 n|n n

n

E uation I:L[7 1-m2)1=0
=7 / sin ne - s1nmxdx*m— q , ™ 2( ) =0,
m#n, 1# %5, 1-75#£0 = =0

for m,ne N, m#n.

2m 27
/ sinnx - sinmxdr = [ sinasin 8 = cos (afﬁ)gcos (a+8) ] — / cos (nz—mw);cos (nz+ma) dx
0 0

2 ™
|:cos (n—m)x _ cos (n+m)9::| Al = [sin (n—m)x  sin (n+m)w}2
0 2 2 2(n—m) 2(n+m) 0

sin2(n—m)m _ sin2(n+m)m + __sin0 __ sin2(n—m)w =0
2(n—m) 2(n+m) 2(n m) 2(n+m) | sin2(n+m)m =0, sin0 =0

Q(nﬂm) T Q(nim) = Q(n‘im) — 2(n0+m) =0, for m,ne N, m#n, x€R.

a+2m T 27
/ sinandx:/ sinandx:/ sin? nx de = 7, for n€N, a€R.
a 0

—T

27 27 2m
i~ — 2 1l—cos2a _ 1—cos2nx _ 1 _ cos2nz
/0 sin® nz dr = [ sin?a = 1=g20 }—/0 1=cos2nz dx_/o [ — cos2nz] gy

2m q
_ |z _ sin2nz _ | sindnm =0 ] _ 2w _ sindnm _ 0 sin 0
= [2 o }0 = [ =0 } = + % =m, forneN.
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8 Fourier Series 67

Scalar Product and Norm in R, ,4or)

a+2m a+-27m
cﬁm:3/ f@e@) dz, 1l = VTP = ‘/ P(c)de, for g€ Riz:arin).

Scalar Product and Norm in R, .12

a+21 a+2l
Um:/.mmmmww:wm%:/ P(0)ds, for foge Ry o

a+2m a+2m at+2m
(1,1):/ 12dx:/ dz = [m} =a+27 —a = 2m,

1] = /@, 1) = v2r, for a€R.

a+2m
(l,cosnx):/ cosnzdr = [p.El| =0, for n€N, a€R.

a+2m
(l,sinna:)z/ sinnrdr = [ p.El| =0, for n€N, acR.

a+2m
(cos nx, sin mzx) :/ cosnx - sinmx dr = [pIEZII} =0, for m,neN, a€R.
a

a+2m
(cosnx, cos mz) =/ cosnx - cosmx dx = [p.IEI] =0, for m,ne€N, m=#n, a€R.
a

a+2m
(cosnx,cosnz) = / cos?nzdr = [p.E@| =,
a

|| cosnz|| = /(cosnx,cosnx) = /7, for n€ N, a€R.

a+27
(sin na, sin ma) = / sin nx - sinmx dz = [p.} =0, for m,n€ N, m#n, a€R.
a

a+2m
(sin nz, sin nx) = / sin? nz dz = [p.ET| =,

a

| sinnz|| = +/(sinnx,sinnz) = /7, for n€ N, a€R.

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk/~beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb
mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/~beerb

8 Fourier Series 68

a-+2l a-+21 a+21
(1,1):/ 12dx:/ dz = [m} =a+2l —a =2,

a

11| = +/(1,1) = V21, for a€R, 1>0.

z — a+2l
t— %—&—QW

a+21 - 1t
t=T2 =2 z€(a;a+2l) | z—a
(1,cos 7%) = cos 7% dx = ke ™ m.<7_a )
@ = 7 dt, te (7 G +2m)

Ta
t—= 7

La+27.r
:% cosntdt = [ p.Gd | :%'O:O, forneN, aeR, [>0.
i
(1,sin 272) = /a+2l81nmdx = [f ¥z == :f<:;a+21> mﬁ:a m—>::-21
a de = = dt, te(F; Tt+2m) | t— F | t— F42m
——‘,—271'
:% sinntdt = [p.} :% =0, for neN, ac R, 1>0.

Ta

1

a-+21
(cos "%, sin L) = / cos M - sin T dx
a

T — a+2l

'm 27

T —a

3~

. t:%,“:%,i € (a; a+2l)
, tE(SE; BEHom) | & — B2

= [p.E2] :% 0 =0, for m,neN, a€R, l>0

—+27r
/ cosnt - sinmt dt

a-+2l1
(cos ™%, cos L) = / cos "% - cos M dx

T —a z — a+2l

42
/ cosnt - cos mt dt

3|~

Tra

€ (T Tt +2m) 7
= [ p.G3] =L1.0=0, for m,neN, m#n, aGR 1>0.

= 4 w:%, x € (a; a+2l)
dt t—+ 12

a-+2l1
cos? % dx

—
)
@]
)]

‘3
~3
8
)
o
53
‘ﬁ
~3
8
—
I
Q\

. —+27r
t=12 =1 2¢c (a; a+2l)y | € —a z — a+2l
— 1 ’ _ 1 2
- [ dz = L dt t2<ﬂ~ zai9m) | t— Zo ma oo €08 el
} T ! [} . l
_ _ 1 _
— [P} == ’/T—l7

|| cos 272 || = | /(cos ZZE  cos TZZ) = /I, for n€N, a€R, 1>0.

a+21
(sin “7%, sin ™E) = / sin 272 . gin ML dg
a

T — a+2l

ma

a8 = @

—+27‘r
/ sinnt - sin mt dt

pp
dz = ldt te(Tr; T t2m) [ t— TP

=[pEH| = L.0=0,for m,neN, m#n, a€R, 1>0.

[f L = L re(a; at2l)
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8 Fourier Series 69

a+21
(sin “FE, sin %% ) :/ sin? 212
a
TE42m
t=72 =2 sc(agat2l) | z—>a |z—at2
_ T 0 ) _ L 2
- _ l T ma. 7Ta ma Ta - sin ntdt
de = = dt, te (7 +2m) | t— TE |t TE42w

= [p.mE@] = ; =1,

s

| sin 272 || = /(sin 7%, sin %) = V1, for n€ N, a€ R, 1 >0.

Theorem.

The Fourier series of a function f(z)€ R4, q42x), a € R is given by

fz) =~ AO\/% +n2::1 {An“ij;x 4 BnSi\n/;x}, for x€{a; a + 27),

where
a+2m a+2m a+2m

Aoz\/% ] f(z)dz, A, F f( ) cos nzx dz, anﬁ ' f(z)sinnxdz, neN,
respectively

[an cosnx + b, sinnz|, for z€(a; a+ 27),

118

fla)~ %+

n=1

where

a+2m a+2m a+2m
aO:%/ f(z)de, an:%/ f(z) cosnz dz, bn:%/ f(z)sinnzdz, neN.

A Fourier series converges to the function f (x), zER:

%[ lim f(z)+ lim f(m)}, xo € (a; a+2m),

I*}IO CE*}E

f(zo) =< f(xo—2kn), zo€(a+2km; a+2n+2km), kEZ,

1 [ lim f(z)+ Lm f(x)}, 2o = a+2kT, ke Z.
z—at z—a+2m—

Function f (z) is a periodic function with period 27 and equals to the original function

at the interval (a; a + 27) at points of continuity or to the average of the two limits

at points of discontinuity.

f( ) f 2 [A cosna | B 51\11/E$:|
a+27r ( . a+2m i a+2m i
\/—7 x4 E |:cosnz/a f($)co\s/£z dz + mfl/;m/a f(x)m\n/;:x dl‘:|

a+27 a+2m
f x)dx + Z [COS "‘"’3/ f(z) cosnw dz + =2 "“”/ f(z)sinnz dm]
a a
+

ﬁl

l\)lH

n=1

= [ancosn:chb sin nz|, for x € {a; a + 27).

HMS
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8 Fourier Series 70

Theorem.

The Fourier series of a function f(z)€ R(q;q421), a€ R, [ > 0 is given by
[ee]
f(@) =% + > [a,cos Z7E + by, sin 27Z], for z€(a; a+ 21),
n=1

where
a-+21 a+2l a+21

a =1 f(z)dz, a, =1 () cos 22 dz, b, =1 (z)sin 7% dz, neN.
a a a

A Fourier series converges to the function f (z), x€R:

%[ lim_f(z)+ lim_ f(x)], 2o (a; at2l),

T—T x—)aﬁo

f(zo) ={ flxo—2Kkl), zo€(a+2Kkl;a+21+2Kkl), keZ,

1 [ lim f(z)+ lim f(at)}, 2o = a+2kl, ke Z.
z—at T—a+20—

Function f (z) is a periodic function with period 2! and equals to the original function

at the interval (a; a + 21) at points of continuity or to the average of the two limits

at points of discontinuity.

S

<
5
—

(a; a+ 2m) (a + 27 ; a + 4m)

Y Y ~

g A A N AN ANA S

—IN ‘0 S N3N\ ‘0 l V31

(=1; 1) (=51; —3l) (=3l; =1) (=1; 1) (L; 3l) (3l; 5l)
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8 Fourier Series 71

Theorem.

If f(x)€R(_r,n) is an odd function, then a,, =0, n =0,1,2,... and the Fourier series
collapses to Fourier Sine Series

f(z) = > bysinnz, for xe(—m; m),
n=1
where

by =21 [ f(z)sinnzds = %/f(x)sinnxda?, neN,
. 0

respectively
for an odd function f(z)€ R(_;.;y, {>0 the Fourier series collapses to Sine Series
(o]

f(x) = > bpsin 22, for xe(—1; 1),
n=1

where
ol l
by, = %/ lf(a:)sin%dx = %/Of(x)sin@dx, neN.
Theorem.
If f(x)€R(_r,x) is an even function, then b, =0, n = 1,2,... and the Fourier series

collapses to Fourier Cosine Series

o0
flx) =@+ > ancosnz, forxe(—m;m),
n=1

a0 =1 [ f@)as =2 [ fia)da,

where

an:% f(m)cosnwdx:%/f(a:)cosnxdx,nGN,
- 0

respectively

for an even function f(x)€ R(_;,;y, [>0 the Fourier series collapses to Cosine Series
o0

flx)~ %+ zlbnsin%, for ze(—1; 1),
where

l I
ag = %/_lf(x)dx = %/Of(x)dx,

l I
Uy = %/f(x)cos”lﬂdx = %/f(x)cos"lﬂdx, neN.
=i 0
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N AAAAAAAANS

o\_/! \ L3\ L2a 1 \S o\ 1 V2 \

(05 1) (2050 L 0) (050 (120

—1

JE€R©, Fourier Series

s
e \ f/\\ 72N\ VA f/\(\
! \D\/SI \\/4 \f’\/ \Vgl
(—1;

1) (15 3l)

—1

—31; =)

feR ;0 Fourier Sine Series
X A A A M
Lo A A

N\ AN AN o\ s\

(=31; =1) (=1; 1) (15 3l)

Fourier Cosine Series

(05 7)

JE€Rp;y

Fourier Series of the function f(z) =1, z€(0; 27)

~ o5} 0
flz) = f(z) =% + 2_: lan cosnz + b, sinnz] =2+ > [0-cosnz +0-sinnz| =1,

2 : 2m : :
T = %/ cosnzdr = %[—Smn"“”]o = %[—sz"” + —SIEO} = %[0 = 0} =0, for ne V.
0

27

27
_ 1 : _ 1| _ cosnz _ 1| _ cos2nm cosO| _ 1| _ 1 1| _
bn—ﬂ_OSll'lTL.’Edl'—ﬂ_{ n :|0 _7l'|: n + n:|_7r|: n+n:|_0’
for ne N.
Yy 1 Y f
1
® 1 B
0 ™ 2 —27 0 2m A
(0; 27) (27 ; 47)

(0; 2m) (=27 ; 0)
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8 Fourier Series 73

Fourier (Cosine) Series of the function f(z) =1, z€(—7m; )

f@) = f(z) =% + Zlancosna::%—i— Zlo-cosnx =1+ 210:1,x6<—7r; ).

b, =0, for ne N (f is a even function).

s s
aozi/dx:%/dx:%’rzl
—7 0

™ ™ . ™ . 3 8 -
an == [ cosnzdra, =2 cosnzdr =2 [—Sm "””] =2 {L‘”“ + L“O} = | e =0
T . s i s n 0 T n n neN
=2[0—0] =0, for neN.
Y 1 Y f
T
1 iz 1 x
-7 0 ™ —3m -7 0 ™ 3
(—m; m) (=37 ; —m) (—m; ) (m; 3m)
Fourier Sine Series of the function f(z) =1, z€(0; m)
_ o) ) =) _ yedn ) [eS) —1)"+1 1 1] sin na
f@) = folx) = Y bysinnz = Y, 2EN T Hlginpg = 2 S (=D — Jsinnz
n=1 n=1 n=1

1, for x€(0; m),
f(z)=1,2€(0; 7), fo(z)—{ 0, for z=0,
—1, for ze{—m;0).

ap = a, =0, for n€N (f, is a odd function).

T T T -
B = % fo(z)sinnx dx = %/0 fo(z)sinnx da = %/0 sinnxdr = %[_ cosnmc}o
—T
2 cos cos0| _ [cosnm=(-1)"1] _ 2 =2 1] _ @ (=1)Pried
;|:7 nnﬂ'+4n :| — |: neN ] *;[* - +E:| —;#,fornGN,

2(=D%*41 _ 2 141 _ 4_1 B
b, — {71’ 2k—1 T w2k—-1 " w2k—1° for n—2k‘—17
n =

2 (=D 41 2 141 _
2 T =—1= =0, for n=2k, keN.
4 1 v fo f
lo——— —0 o———=o i
iz x
-7 0 T — 37 —T 0 Q 3
—1 —1 c——0 O
(=73 m) (—3m; —m) (=73 ™) (r; 3m)
-~
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Fourier Series of the function f(z) =z, 2€(0; 27)

flz) =~ f(z) = 24 2 [an cosnz + by, sinnz| = 2F + 2 [0 cosnz — 2 sinnz|

:7r—22 sing g e(0; 2m).

n=1

| 27 : . .
an =< xcosn:cdx:[p_} :;[602#4_%}0
0

— %|:c0222n7r + 27rsi22n7r _ Cf,);o _ O-STiLan| — %|:7Tl2 + 27;-0 _ # _ Oj| — 0’ for ne N.
2 2
1 __ 1 |sinnx _ zxcosnz
= = 0 msmnmdx—[p IE] ;{7 Lcosns }0
_ 1 sm2n7r _ 2mcos2nm __ smO OcosO _1(0 _ 271'1 _ _2
—W{ = + :|_7r|:n2 O—i—O} =, forneN.
Y y f
2m 2, j
ay
T . s . .
4 /
0 T 2 x —27 0 2 47
(0; 2m) (=27 ; 0) (0; 2m) (27 ; 4m)
Fourier (Sine) Series of the function f(z) =z, x€(—m; m)
o0 o0
- B _ . . 2(—1)nt! o (=1)"*!sinnx .
flz) = f(z) = bysinnr = ), =—— -sinnz = 22 T, xe(—m; ).
n=1 n=1 n=1
ap = a, =0, for n€ N (f is a odd function).
™ ™ T
_ 1 a _ 2 i _ __ 2 |sinnzx T cosnx
by =+ [ zsinnzdr = ;/Oxsmn:cdx = [pm} = ;[7 — T}o
—T
__ 2 |sinnwm _ mcosnm _ sin0 0-cos0 | __ cosnm = (—1)" _ 2|0  w(=1)"
_W{ n? n n? T ] _[sinnﬂ':O, neN | =~ w|n? n 0+0
2(—1)"
= & ") , forne N
Y Y
™ / ™
/ f
— @ /
0 w —3m - 0 w 3 z
—T —T
(=73 m) (=37 —) (=73 m) (r; 3)
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8 Fourier Series 75

Fourier Cosine Series of the function f(z) =z, 2€(0; 1)

flz) = fe(z) =% + Zlan cosnz = + 21%(71 cos nx
n= n=
X [(=1)"—1] cos na o cos (2k—1)z
=2+2 Zl[()nw :%_% ZIW,JJE(OHT}.
n= n=

f@) =2, w05 m), fele)=lol = {_

b, =0, for n€N (f. is a even function).
fE )da = /fe dx—f/xdm:%[%z];r:%[”;—%]:m
a fe(z) cosnz dr = /fe cosna:dmf%/mcosnxd:ci [ p.ED]
0

|:cosnm + msinnm:|7r _ 2 |:cosn7r 4 T sinnmT cos 0 O-Sino] _ { cosnmw = (71)”’ }
0

n? n | n2 n n? n sinnt =0, neN

n2 n n?2 T n2

2
_ ﬂ(—l)" pom0 L _0] =20EU1 g neN.
2(D?1 2 11 4

RF—1)Z  — ?(21671)2 - (2’€ e for n=2k—1,

—L =0, for n=2k, keN.

(2k)

Fourier Series of the function f(z) = 22, x€(0; 27)

f(z) = f(z)= 2 + 3 [an cosnx + by sinnz] = %—i— > [ cosnz — 4Z sin na]

n=1 n=

+4 Z COS NT—nm sin nx I€<O; 27T>

n?2

ey

27 27
‘ 4 2
I %/ 22 cosnzdr = [pIZSIII] = l[zuﬁm = 25171:3"1 I £ Tm}o
0

n? n3 n n2 n3 n

|:2~27'rc032n7'r _ 2sin2nm + 472 sin 2nm _ 2:0-cos0 + 2sin0 _ 02 sin0:|

2-271“1_70_'_47\'0 0+0— 0]— %:%,forneN.

1
™ N

27 2
_ 1 2 &8 _ __ 1 |2zxsinnz 2 cosnx z2 cos nz
bn—w/o T Slnnxdx—[p.} _W[ SaE o SEERE — = }0
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8 Fourier Series 76

1| 2-27wsin2nm + 2cos2nm 472 cos 2nm _ 2:0-sin0 __ 2c050 + 02 cosO
T n2 n3 n n2
_ 1 2271'0 _47r2~1_ _ 21 __l4w2__4l
—W[ + = na—i—O}— = n,fornEN.
Y Y
472 pd7r?
22 ° ° <
x2
i
—2m 0 21 —Ar —2m 0 2m 4
(0; 2m) (—4m; —27) (0; 2m) (27 ; 4m)
(—27;0)

Fourier (Cosine) Series of the function f(z) = 22, z€(—7; 7)

- 00
f@)~ fz) = % + 3 ancosnz = 25 +
n=1

i
=

b, =0, for n€ N (f is a even function).
s T 3 T . 5
=1 atar=2 [ =2[g] = 2[5 -§] =%,
-7 0

T s T
_ 1 2 _ 2 2 _ __ 2| 2xcosnx 2sinnx 22 sin nx
an—;/x cosn:cdm—;/m cosmcdm—[p.}—;[ D _ 2D g }0
0

w

n n3 n

_ 2 27rcosn7r _ 2sinnm + m®sinnm _ 2:0-cos0 + 2sin0 _ 0%sin0| _ cosnm = (—=1)"
P n3 n n? n3 n sinnt =0, neN
1 o 2, 2w (—1)" 4(—-1
- 2[EmG ag ate g o o] - 2O LS gy
Y
-
2
x a
-7 © w —5m —3m
(—m; m) (~57; —3m) (—3m; —m)
-~
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Fourier Sine Series of the function f(z) =22, x€(0; 7)

f(@) = folx)= 3. bysinnz = Y %{2(_3}:_2 - ”2(;1)1 sin nx
n=1 n=1

o0 n w
_ % S [2(*1) -2 _ 7*(=1) }sinnaﬁ, ze(0; m).

T
f@ =atveOimh fulw)=a-lal = {_5y o

ap = a, =0, for ne N (f, is a odd function).

b, = % fo(z) cosnx dax = %/fo(m) cosnx dx = %/xz sinnz dx = [p}
. 0 0

2 | 2zsinnx + 2cosnr z2 cos nz T
T n? n3 n 0
_ 2 |2msinnm + 2cosnm  wlcosmm _ 2:0-sin0  2cos0 + 0% cos0 —_ cosnm = (—1)"
T n2 n3 n n? n3 n sinnm =0, n€N
_ 2[2m0 , 21" _ =(=D" 21 — 222 m2(nn
—;{ Wt o 0= +0| = 1| T s — 5|, forneN.
Y Yy
7!'2 21
2
z T
J - 0o ™
2 _x2t
(—m; ) (57 ; —=3m)(—3m;—7) (—7;m) (m;3mw) (37;5m)

Some Applications

f@) ==z, ze({-m;m), f(z) = F(z) =
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8 Fourier Series 78

- 0 n @ s}
f(ﬂ_) -9 Z (1) 4: S ) Z (71)n+1 0 -9 Z 0=0
n=1 n=1 n=1
e=1] 3 =F3)=3
T Frmy S (71)"+1sm (-1) 2k—1+1 gjy Gk—D)m 1)7r (71)2]CJrl sin 2k™
§*f(§)*2217 k_[ 2k—1 + 2k 2}
00 . (2k—1)w . o (2k— - k41 o0 k1 (e k1
_9 |:Sm72 _Sm;m}: sin 2 =(-1) —9 [(71) _0}:2 (=t
kzz:l 2k—1 2k sinkm =0, kEN kz=:1 2k—1 kz::l 2k—1
o Fro ee 1)t sin 22
§:f(5)2221( ) n :
:2[sing—%51n2§+%sm3§—ism47”+%sm57” ésin%’r—i—%sm%ﬂ %Sln%ﬂ—i— }
:2[1—% (IR T R e T Uy R (o
o0 o0
_ 1,1 _1 _ (=i~ i (=D)kHt
_2[1_§+5_?+ =23 “Z5 = Z*Z: -1

—57 —3r -7 0

W 3 5w T

(—5m;—=3m)(—3m;—7) (—m;w) (m;3w) (37; 5m)

n=1 n=1 n=1 "
2 o0 n+1 2 0 1\n+1
N (=1 i (=1)
- 3 4 Z n2 = 12 — Z n?
n=1 n=1

3 | n? = (2k—1)2 (2k)2
n= =

2 o0 (2k—1)m C(2k—1)mw k
_ T cos km COS cos = w2 -1)
=T 44 2 ] =T +4 [ = 0}

3 kgl 4k2 (2]{:71)2 coskmw= (7 )k", kEN 3 Z 4k2

2 X (—1)kt? 2 2 ) 0‘ )A+1
—T-X 8T s ¥-g--PET S f-5C

=1 =1 k=1
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8 Fourier Series 79

r=7| g(m)=§(m)=m2
oo )
2 _ =~ _ 2 (=)"cosnm _ [cosnm=(-1)"] _ =2 (=1)Pe(=1)"
T =g(m) = 3 +4ZI nZ = neN -3 +4Zl n2
n= n—=
2 & 2 29 n41 2 00
= & 1 2n7 (=1) e _ 1
_3+4Zn2 = 3—42 7 = 0*271,2
n=1 n=1 n=1
o0 o0 oo
(G R (=1)"tt g2 1 2
P e & Y = I =%
=l =il n=1

(m2)/ =2z, for z€R, i.e. ¢'(x) = 2f(x), for z€{—7; 7).

G’(a:) |: +4 Z (=" cosnz:|/ 0+ 4 |:Z (=™ cosnx:|/ —4 io: I:(—l)"cosnx:|/
n=1

P
n=1 n=1

—43 |53 (= sinna) -n| =4 o B e _ g, g 0 G iy ),
= m=ll n=1

952:/‘/275dt:2/tdt7 for t€R, i.e. g(x)z?/f(t)dt, for z € (—m; ).
0

Q/F(t)dt — / |:2 Z (=) Lsinnt 1)"+lsmnt dt = |:
0 0 =

/( 1)7”;151“"’& ] 4y [ 1)n blnntdt}
0

n

(=p~tt {—Cosnt ] § |:( L=t _cosna:_’_coso}:|

(=p*

I M

blnnt:| dt

n

ol
=~ H~
M8 108

3

Il

_
_

n=1 n=1 " "

= e Ccos nx cos nx
=4y -1 7(112 ) _ Z (=0 + 4 Z (=0 752 )

n=1 —
_4 Z (- 1)n+1 14 Z 1) cos nr __ +4 Z (=1)" cosnx 1) cos nr G(:I,‘),

n=1

( 1)n+1 ao _ 1 " 2 _ _ 27°
where 4 ) “—5— =%, a0 = xdm—[p.}_ 3,f0r:r€R.
n=1 -7

Finita la commedia
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